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ABSTRACT

This thesis examines the critical relationship between data, complex models, and
other methods to measure and analyze them. As models grow larger and more intricate,
they require more data, making it vital to use that data effectively. The document
starts with a deep dive into nonconvex functions, a fundamental element of modern
complex systems, identifying key conditions that ensure these systems can be analyzed
efficiently—a crucial consideration in an era of vast amounts of variables.

Loss functions, traditionally seen as mere optimization tools, are analyzed and
recast as measures of how accurately a model reflects reality. This redefined perspective
permits the refinement of data-sourcing strategies for a better data economy. The aim
of the investigation is the model itself, which is used to understand and harness the
underlying patterns of complex systems. By incorporating structure both implicitly
(through periodic patterns) and explicitly (using graphs), the model’s ability to make
sense of the data is enhanced.

Moreover, online learning principles are applied to a crucial practical scenario:
robotic resource monitoring. The results established in this thesis, backed by simula-
tions and theoretical proofs, highlight the advantages of online learning methods over
traditional ones commonly used in robotics.

In sum, this thesis presents an integrated approach to measuring complex systems,
providing new insights and methods that push forward the capabilities of machine

learning.
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Chapter 1

INTRODUCTION

This thesis examines the critical relationship between data, complex models, and
the methods we use to measure and analyze them. As models grow larger and more
intricate, they require more data, making it vital to use that data effectively. We
begin with a deep dive into nonconvex functions, a fundamental element of modern
complex systems, identifying key conditions that ensure these systems can be analyzed
efficiently—a crucial consideration in an era of vast amounts of variables. Nonconvex
optimization problems are notoriously difficult to solve due to the presence of multiple
local minima, saddle points, and maxima, which complicate the search for global
solutions. This challenge is directly addressed in Chapter 3. This research contributes
significantly to the understanding of nonconvex optimization, paving the way for the
development of more effective strategies for dealing with such problems in various
applications.

We then take a closer look at loss functions, traditionally seen as mere optimization
tools, and recast them as measures of how accurately a model reflects reality. This
redefined perspective allows us to refine data-sourcing strategies for a better data
efficiency. The crux of our investigation is the model itself, which we use to understand
and harness the underlying patterns of complex systems. By incorporating structure
both implicitly (through periodic patterns) and explicitly (using graphs), we enhance
the model’s ability to make sense of the data. This aspect is tackled through the
implementation of bandit algorithms and the use of graph theory as a regularization
tool (Chapter 2) and periodic functions as implicit regularizers (Chapter 5). Through

these works, we demonstrate how bandit algorithms can lead to more efficient data



generation. Furthermore, the incorporation of graph structures and the exploitation
of periodic functions as implicit structures contribute to making data generation more
efficient, reducing the overall data requirements for complex models.

The third challenge this thesis addresses is the need for provable and efficient
implementation methods for these increasingly complex models. This is a critical
area, as the practical applicability of theoretical models depends heavily on their
implementation efficiency and reliability. In tackling this, Chapter 3 provides a
foundation by proving the efficacy of first-order methods in nonconvex settings.
Moreover, Chapter 4 extends this theme by developing algorithms that enable drones to
prioritize data generation for important phenomena, showcasing a practical application
where efficient data collection is paramount. This approach not only enhances the
efficiency of data collection but also ensures the reliability and applicability of the
models in real-world scenarios.

In sum, this work presents an integrated approach to measuring complex systems,
providing new insights and methods that push forward the capabilities of machine

learning.



Chapter 2

MAXIMIZING AND SATISFICING IN MULTI-ARMED BANDITS WITH GRAPH
INFORMATION

2.1 Introduction

The multi-armed bandit has emerged as an important paradigm for modeling

sequential decision making and learning under uncertainty. Practical applications

include design policies for sequential experiments ( ), combinatorial online
leaning tasks ( ), collaborative learning on social media networks

( ); ( ), latency reduction in cloud systems
(2017) and many others (2015); (2014); (2018);

( ). In the traditional multi-armed bandit problem, the goal
of the agent is to sequentially choose among a set of actions or arms to maximize a
desired performance criterion or reward. This objective demands a delicate tradeoff
between exploration (of new arms) and exploitation (of promising arms). An important
variant of the reward maximization problem is the identification of arms with the
highest (or near-highest) expected reward. This best arm identification
( K ( ) problem, which is one of pure exploration,
has a wide range of important applications like identifying and testing drugs to
treat infectious diseases like COVID-19, finding relevant users to run targeted ad
campaigns, hyperparameter optimization in neural networks and recommendation
systems. The broad range of applications of this paradigm is unsurprising given
its ability to essentially model any optimization problem of black-box functions on

discrete (or discretizable) domains with noisy observations.



While pure exploration problems in bandits show considerable promise, there are
significant hurdles to their practical usage. In modern applications, one is often faced
with a tremendously large number of options (sometimes in the order of hundreds of
millions) that need to be considered for decision making. In such cases, playing (i.e.,
obtaining a random sample from) each bandit arm even once could be intractable. This
renders traditional approaches to pure exploration ineffective. Fortunately, in several
applications, the arms and their rewards are related to each other and information
about the reward of one arm may be deduced from plays of similar arms. In this
paper, we consider the pure exploration problem in stochastic multi-armed bandits
where the similarities between arms are captured by a graph and the rewards may be
represented as a smooth signal on this graph. Such graph side information is available
in a wide range of applications: search and recommendation systems have graphs that
capture similarities between items ( , : , : , :

, ); drugs, molecules and their interactions can be represented

on a graph ( : ); targeted advertising considers users connected
to each other in a social network ( , ), and hyperparameters for
training neural network are often inter-related ( , ). It is worth noting

that such graphs are sometimes intrinsic to the problem (e.g., spatial coordinates or
social/computer networks), or may be inferred based on similarity metrics defined on
arm features; a recent line of work considers constructing such graphs to enable more

effective learning (see e.g., , : , ).
2.1.1 Related Work

The textbook ( ) is an excellent resource for the
general problem of multi-armed bandits. The pure exploration variant of the bandit

problem is more recent and has also received considerable attention in the litera-



ture ( : ); ( ); ( );

( ); ( ). These lines of work treat the
bandit arms or actions as independent entities and playing a particular arm yields
no information about any other arm. This leads to great difficulty in scaling such
methods, since in the problem setups with a large number of arms, attempting to play
all arms is not practical. We resolve this precise roadblock by introducing a convenient
way of appending graph side information into the mix which provably accelerates the
process of sub-optimal arm elimination (potentially without playing it even once!)

A recent line of work ( ) ( );

(2020); (2020); (2014); ( ) has proposed
the leveraging of structural side-information for the multi-armed bandit problem for
regret minimization. Such topology-based bandit methods work under the assumption
that pulling an arm reveals information about other, correlated arms
( ) ( ), which helps in developing better regret methods. Similarly,
spectral bandits ( ); ( ); ( )
assume user features are modeled as signals defined on an underlying graph, and use
this to assist in learning. The works ( ) and ( )
consider similar graph information models, albeit at a degraded level. The authors
in ( ) use the graphs to improve the regret bounds in a thresholding
bandit setting. Work revolving around spectral bandits utilizes the spectrum of the
graph laplacian. In contrast, we focus on the combinatorial properties of the graphs
to devise algorithms and analyze them. Another line of work ( );

( ); ( K ( ) considers search
problems on graphs under a different model and there is an opportunity for future
work to combine these techniques.

Most of the aforementioned works focus on regret minimization in the presence



of graph information. The problem of pure exploration with similarity graphs has
received far less attention. The authors in ( ) were the first to
attempt to fill this gap for the spectral bandit setting. They provide an information-
theoretic lower bound and a gradient-based algorithm to estimate this lower bound
to sample the arms. The authors provide performance guarantees for the algorithm,
but these results only indirectly capture the benefit brought by the graph; our results
on the other hand are based on a novel complexity measure that explicitly elicits the
benefit of having the graph side information.

Note that, similarity graph information considered in this work is fundamentally
different from linear rewards assumption in contextual/linear bandits. In the linear
bandits problem, the reward behavior is assumed to be low dimensional and this is
crucial for the improved regret bounds and sample complexity guarantees

( ) ( ). In the current work, we do not make any
assumptions on the low dimensionality of the rewards but still show improvements in
sample complexity provided a good arm-similarity graph is available. We show a toy
example in Appendix 2.8 where a low dimensional linear bandit cannot be competitive

with the corresponding graph-bandit setting.
2.1.2 Overview of Contributions

We consider the pure exploration of multi-arm bandits problem when a graph that
captures similarities between the arms is available. In particular, we consider the
problem of finding the arm with the maximum reward (i.e., the maximizing problem)
or one that has sufficiently high reward (i.e., the satisficing problem ! ) under the
assumption that arm rewards are smooth with respect to a known graph. Our main

contributions may be summarized as follows:

named after Herbert Simon’s celebrated alternative model of decision making ( )



(a) We devise a novel algorithm GRUB for the best arm identification problem (i.e.,
the maximizing problem) that specifically exploits the homophily (strong connections

imply similar average rewards) on the graph (Section 2.3).

(b) We provide a theoretical characterization of the performance of GRUB. To this
end, we define a novel measure J that we dub the “influence factor” which depends
on the resistance distance of the underlying graph. This measure captures the benefit
of the graph side information and plays a central role in the analysis of GRUB. In
the traditional (graph-free) best arm identification problem, the sample complexity

is known to scale as ) 1" | zz

" 1?, where A; is the gap between the expected rewards of
the best arm and arm ¢. On the other hand, we show that GRUB roughly has a
complexity that scales like >, _,, Ai? samples where the set H is a set dependent on the
influence factor, which contains arms which are hard to distinguish from the optimal

arm. For a broad range of problems |H| < n, yielding significant improvement over

traditional best arm identification algorithms (Section 2.4).

(c) In Section 2.5, we provide lower bounds on the minimum number of samples
required for the identification of the optimal arm when a graph encoding arm similarities
is available. This shows the near-optimality of GRUB for an important class of

representative problems.

(d) In many real-world scenarios, the aim of finding the absolute best arm can
often be too costly or even intractable. In these situations, it may be more appropriate
to solve the satisficing problem, where the algorithm returns an arm that is good
enough. We propose a variant of GRUB, dubbed (-GRUB for this important setting

in Section 2.6

(e) Finally, in Section 5.6, we complement our theoretical results with an empirical
evaluation of our algorithms. We further provide algorithmic improvements to GRUB

and discuss novel sampling policies for best arm identification in the presence of graph



information.

2.2 Problem Setup and Notation

We consider an n-armed bandit problem with the set of arms given by [n] £

{1,2,3,...,n}. Each arm i € [n] is associated with a o-sub-Gaussian distribution v;.

That is, Ex.,, [exp (s(X — u;))] < exp <02282> Vs € R, where p; = E,, [X] is said to
be the (expected or mean) reward associated to arm i. We will let g € R"™ denote
the vector of all the arm rewards. A “play” of an arm 7 is simply an observation of
an independent sample from v;; this can be thought of as a noisy observation of the
corresponding mean ;. The goal of the best-arm identification problem is to identify,
from such noisy samples, the arm a* £ arg maxX;e[y i; that has the maximum expected
reward, denoted by p*. For each arm i € [n], we will let A; £ pu* — p; denote the
sub-optimality of the arm.

As discussed in Section 5.2, our goal is to consider the best-arm identification
where one has additional access to information about the similarity of the arms under
consideration. In particular, we model this side information as a weighted undirected
graph G = (Vi, Eg, Ag) where the vertex set, Vi = [n], is identified with the set of
arms, the edge set Fg C ([Z’]), and adjacency matrix Ag € R™*"™ describes the weights
of the edges E between the arms which capture the similarity in means of connected
arms; the higher the weight, the more similar the rewards from the corresponding

arms. We will let L = Dg — Ag denote the combinatorial Laplacian 2

of the graph
( ), where D¢ = diag(Ag %X 1,,) is a diagonal matrix containing
the weighted degrees of the vertices. We will suppress the dependence on G when

the context is clear. Subsequently, we show that if one has access to this graph and

2All our results continue to hold if this is replaced with the normalized, random walk, or generalized
Laplacian.



the vector of rewards p is smooth with respect to the graph (that is, highly similar
arms have highly similar rewards), then one can solve the pure exploration problem
extremely efficiently. We will capture the degree of smoothness of u with respect to

the graph using the following seminorm 3 :

lulle 2 (o Lop) = Y Ayl — )™ (2.1)

{7‘7.]}€EG

The second equality above can be verified by a straightforward calculation. Also,
notice that ||p||, being small implies p; ~ p; for (i,7) € E. In such scenario, we say
that the mean vector g is smooth over graph G. This observation has inspired the use

of the Laplacian in several lines of work to enforce smoothness on the vertex-valued

functions (2007); (2014); (2005);
( ). For € > 0, we say that arms (rewards) are e-smooth with respect to a graph G
if g < e

Let C(G) c 2" denote the set of all connected components and let k(G) £ |C(G)|
denote the number of connected components of the graph G. For a vertex i € [n],
we will let C;(G) € C(G) denote the connected component that contains i. When
the context is clear we sometimes let C;(G) also refer all the nodes in the connected
component. We say a graph G = ([n], E') has k-isolated cliques if it can be divided
into fully connected sub-graphs G; = (V;, E;) such that V; C [n], E; = (‘g) for all

ek, VinV; =0,E;NE; =0 for all i,j € [k], and UL, Vi = [n],UL, E: = E.
Notice that we only have one clique if G is fully connected.

To solve the best-arm identification problem, we need a sampling policy to sequen-
tially and interactively select the next arm to play, and a stopping criterion. For any
time ¢ € N, the sampling policy m; = {7s}s<; is a function that maps ¢ to an arm in [n]

given the history of observations up to time ¢t — 1. With slight abuse of notation, we

3L¢ is not positive definite and can be verified to have as many zero eigenvalues as the number of
connected components in G



will let m; denote the arm chosen by an agent at time ¢. Let r;,, denote the random
reward observed at time ¢ from arm m;. We use ¢;(m;) (referred as t; for simplicity)
to denote the number of times arm ¢ is played under the sampling policy ;. In this

paper, we tackle the following problems:

P1 (Best arm identification): Given n arms and an arbitrary graph G capturing
similarity between the arms, can we design a policy wr that exploits the similarity to

find the best arm efficiently?

P2 (¢-best arm identification): Under the setting in P1, can we design a simi-
larity exploiting policy mp so as to find an arm belonging to the set B(¢) = {i € [n] :

< (} efficiently?

|Ni — Max

2.3 The GRUBAlgorithm

We now introduce GRUB (GRaph based Upper Confidence Bound), a novel but
natural algorithm for best arm identification in the presence of graph side informa-
tion. We begin with an intuitive description of how GRUB incorporates the graph
side information into an upper confidence bound (UCB) strategy. Most UCB algo-
rithms ( ); ( ) compute the estimates
of mean and variance, and use these to eliminate arms that have been deduced to
be sub-optima. The key idea behind GRUB is that the arm similarity information
allows us to create high-quality estimates of mean rewards and confidence intervals

for arms that have not been (sufficiently) sampled yet. In what follows, we describe

the building blocks of GRUB.

10



2.3.1 Leveraging Graph Side Information

We introduce two key ideas that lie at the heart of the GRUB algorithm. First, at
each step, GRUB computes a regularized estimate of the means of all the arms; the
regularization based on the graph Laplacian essentially promotes the smoothness of
the mean vector on the given graph. This allows the algorithm to estimate the means
of arms it has never sampled. To do this, at any given time step T, the algorithm
solves the following Laplacian-regularized least-squares optimization program:

T
ﬁ’T = arg min { [Z(Ttﬂrt - Nﬂt)Q

HER™ =1

+ p(u,Lcm} ) (22)

where p > 0 is a tunable parameter. Equation (2.2) admits a closed form solution of

the form

T -1 T
iy = (z ere + pLG> (z ) |
t=1

t=1

provided the matrix Vi £ Z;‘;l ere, + pLg is invertible; e; denotes the i-th standard
basis vector for the Euclidean space R". In Appendix A.1 we show that invertibility
holds if and only if the sampling policy yields at least one sample per connected
component of G. This is a rather mild condition that we arrange explicitly in our
algorithm, given that we know the graph G. In what follows we assume that every
connected component of graph G is sampled at least once. This regularized mean
estimation procedure yields an estimate of the mean that is both in agreement with
observations and smooth on the graph — thereby allowing information sharing among
similar arms.

The second key idea of our algorithm is the utilization of the graph G in tracking
the confidence bounds of all the arms simultaneously. Intuitively, for identifying the
best arm, we must be reasonably certain about the sub-optimality of the other arms.

This in turn would require the algorithm to track a high-probability confidence bound

11



on the means of all the arms. In the traditional (graph-free) best arm identification
problem, the confidence interval of an arm’s mean estimate depends on the number
of times the arm has been played. Requiring multiple plays of all suboptimal arms
for obtaining high confidence bounds is potentially disastrous when the number of
arms is very large. In our setup, we show that the knowledge of the similarity graph
greatly improves this situation. In particular, we show that a play of any arm not only
tightens its own confidence interval but also has an impact on the confidence intervals
of all connected arms. To quantify the benefit of graph information for the confidence

bounds, we will define a novel quantity for each arm — the effective number of plays.

Definition 2.3.1 (Effective Number of Plays). Let p > 0 and {t;}?_, denote the

number of plays of each of the n arms when a sampling policy wr is employed for T

time steps. Suppose that for each connected component C € C(G), there is at least one

arm ic € C such that t;. > 0. Then the effective number of plays for each arm i € [n]
A

is defined as tog; = [(Nr + pLG)_l];l, where Nt is a diagonal matriz of {t;}1,, and

L¢g denotes the Laplacian of the given graph G.

The effective number of plays t.g,; for any arm ¢ is influenced by two factors: (a)
the number of samples of arm i itself, and (b) the number of samples of any arm in
the connected component j € C(i),j # i. It can be shown that for any arm i, t.g;
depends on the number of connections of node 7 in graph G, and its value increases as
the connectivity of the node increases. The choice of the terminology for this quantity
is justified by the following lemma, which provides a high confidence bound for the

mean estimate of each arm.

Lemma 2.3.2 (Concentration inequality). For any T > k(G), the following holds

12



with probability at least 1 — J:

~i 1 le Y8 .

where w;(wr) = aontiﬁi for any constant ay > 0, fi» is the i-th coordinate of the

estimate from (2.2)

Notice that the effective number of plays has a similar role as the number of plays in
traditional pure exploration algorithms ( ). Indeed, in the absence
of graph information, t.s,; reduces to t;, the total number of plays of individual arms.
Lemma 2.3.2 recovers high confidence bounds for standard best-arm identification
problem ( ). It should be noted that while our work is the first
to identify this interpretable quantity explicitly, the result of Lemma 2.3.2 in other
forms has appeared before in the literature ( );

(2014); (2020).

We introduce our algorithm GRUB for best arm identification when the arms can
be approximately cast as nodes on a graph. GRUB uses insights from graph-based
mean estimation (2.2) and upper confidence bound estimation (2.3) for its elimination
policies to search for the optimal arm.

GRUB accepts as input a graph G on n arms (and its Laplacian L), a regulariza-
tion parameter p > 0, a smoothness parameter € > 0, and an error tolerance parameter
5 € (0,1). It is composed of the following major blocks.

Initialization: First, GRUB identifies the clusters in the G using a Cluster-Identification
routine. Any algorithm that can efficiently partition a graph can be used here, e.g.
METIS ( ). GRUB then samples one arm from each cluster.
This ensures Vp = 0, which enables GRUB to estimate i using the closed form
solution of eq. (2.2). A great advantage of GRUB is that the initialization phase only

requires steps equal to the number of disconnected components in the graph. This is

13



in direct contrast with traditional best arm identification algorithms, which require
atleast one sample from every arm initially.

Sampling policy: At each round, GRUB obtains a sample from the arm returned by
the routine Sampling-Policy, which cyclically samples arms from different clusters
while ensuring that no arm is resampled before all arms in consideration have the
same number of samples. This is distinct from standard cyclic sampling policies that
is traditionally used for best arm identification ( ), but any of
them may be modified readily to provide a cluster-aware sampling policy for GRUB.
In our experiments, we show that replacing cyclic sampling with more statistics- and
structure-aware sampling greatly improves performance; a theoretical analysis of these
is a promising avenue for future work. One of the major advantages of GRUB is the
lite nature of the computation. Every loop just requires a rank-1 inverse update which
can be performed very efficiently and it does not need any subroutines, unlike (

, 2020)

Bad arm elimination : At any time ¢, let A be the set of all arms in consideration for
being optimal. Using the uncertainty bound from (2.3), GRUB uses the following crite-
ria for sub-optimal arm elimination. At each iteration, GRUB identifies an arm ., €

. na 2 .
A, e = axgmax [ — B,(t) /1|, where 5(t) = (20\/ 1410g (252 ) +pe),
icA ’

with the highest lower bound on its mean estimate.Following this, GRUB removes

arms from the set A according to the following elimination policy,

A {ae g =i < 00ttt PO i |- (22)

Note that GRUB does not require any optimization innerloop as in
( ). This potentially provides GRUB with a significant computation
advantage, especially when the dimensionality of the problem is very large. The

pseudocode for GRUB can be found in Appendix A.4.
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Algorithm 1 GRUB

1: Input: Regularization parameter p, Smoothness parameter ¢, Error bound 9,

Total arms n, Laplacian Lg, Sub-gaussianity parameter o
2: 140
33 A={1,2,...,n}
4:t=0
5. Vo < pLg
6: C(G) < Cluster-Identification(Lg)
7. for C € C(G) do
8 t+t+1
9:  Pick random arm k € C' to observe reward 7
10: Vi« Viog +epel, and x; < x4 1 + 1y €4
11: end for
12: while |A| > 1 do
13: t+t+1
14: forie Ado

15: teff’i < ([V;il]ii)_l

2
2nteff,i

16: Bi(t) + 20\/1410g ( 5 > + pe

17  end for

18: k< Sampling-Policy(t, Vi, A, C(G))
19:  Sample arm k to observe reward 1
20: Vi« Vi + epel
21: Xi ¢ X1 + T p€k
220 fby Vt_lxt

1

23 Qpax ¢ argmax [ﬂi — B(t)y/tos
i€cA ’

24: A+ {a €A | pym= — g < ﬁa(f)\/te}fl,a

25: +/Bamax (t> \/ tgﬁ{atxxax }

26: end while 15

27: return A




Next, we derive performance guarantees on the sample complexity for GRUB to

return the best arm with high probability.
2.4 Theoretical Analysis of GRUB

In this section, we provide a formal statement of the sample complexity of GRUB.
To do this, we first introduce a novel quantity we call influence factor. The influence
factor of an arm is derived from resistance distance, a classical graph theoretic concept.
This adds to the interpretability and understanding of the instances where using graph
side information might be of tremendous use to the application. The usage of graphs
through the influence factor allows us to identify arms that can be eliminated quickly

from consideration.
2.4.1 Resistance Distance and Influence Factor

We first recall the definition of resistance distance in a graph.

Definition 2.4.1 (Resistance Distance). (2010) For any graph G
with n nodes, given a constant 6 > 0, the resistance distance r5¢(i,j) between two

nodes 1,7 1s defined as,
r56(1,J) = Rii + Rjj — Rij — Ry, (2.5)

where R = (LG + 5]1]1T)T; T denotes the Moore-Penrose inverse, Lg is the Laplacian

of graph G, and 1 € R" is the vector of all 1’s.

When the context is clear we denote the resistance distance simply as r¢(+, ). The
terminology comes from circuit theory: Suppose that a graph G = ([n], E') is thought
of as a resistor network on the nodes [n| where each edge {i,j} has a unit resistance.
Then, the effective resistance between two nodes 7 and j is precisely the resistance

distance r(7, j). It can be shown in general that nodes that are close by or connected
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by several paths have a small resistance distance. Given its ability to capture the

closeness of nodes in the graph, the resistance distance has found a broad range of

applications and has been the subject of many studies; see e.g., ( ,
: , 2010; , 2003).

Using the notion of resistance distance, we define the influence factor J(-, G) of a
vertex below. This novel measure quantifies the impact of the graph on the parameter
estimation of arm j, and in particular, allows us to use the combinatorial properties
of the graph and the arm means to classify arms into two sets: competitive and
non-competitive; the definition of these sets follows right after. As our theory will
show, the competitive arms are sampled as though we were in the traditional graph-free
setting; on the other hand, non-competitive arms are eliminated rapidly, often with
zero plays! Indeed, the smoother the reward vector is with respect to the graph, the
fewer competitive arms there are — it is this phenomenon that is captured using the

influence factor.

Definition 2.4.2 (Influence Factor). Let G' be a graph on the vertex set [n]. For each

J € [n], define influence factor 3(j,G) as:

- min{rg(i, )7}, if |C(G)] > 1,
j(], G) — 1€Cj(G),i#] J (26)

0, otherwise .
Here, rq(i, 7) is the resistance distance between arm i and j in G as in Definition 2.4.1.
Definition 2.4.3 (Competitive and Non-Competitive Arms). Fiz p € R", graph D,
reqularization parameter p, confidence parameter §, and smoothness parameter e. We

define Hp to be the set of competitive arms and Np to be the set of non-competitive

arms as follows:

). 2 2aonp?3(i, D)?
HD—{jE[nHAi§2 236, D) (20\/14log( 5 )—l—pe)} (2.7)
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andND £ [n] \HD

As the name suggests, the arms in H are close to the optimal arm a* in mean
(competitive compared to the optimal arm a*) and require several plays before they
can be discarded, as shown in the theorem below. Note from the above definition that
an arm is more likely to be part of this set if its mean is high (i.e., A; is low) and its
influence factor is low. Similarly, the non-competitive set is composed of arms whose
means are not competitive with the optimal arm.

Armed with these definitions, we are now ready to state our main theorem that

characterizes the performance of GRUB.
2.4.2 Sampling Policy Performance

Cyclic sampling policies have been traditionally used in multi-armed bandit prob-
lems for best-arm identification ( ). The sample complexity bound

for GRUB with cyclic sampling is as follows:

Theorem 2.4.4 (GRUB Sample Complexity). Consider n-armed bandit problem with
mean vector p € R". Let G = (V, E) be the similarity graph with the vertex set V = [n]
and edge set E, let G be the set of subgraphs of G , and further suppose that p is

e-smooth i.e., |p|lg < €. Define

. 1 Co pE 2 Co pE
Tsuﬂicient £ arg min Z Z 32 |:Cl IOg + —:| + max v |:Cl IOg + —
Deg Cecy |iccrmn Az 5Az 2 1€CNNp Az 5Az 2
i#1
where A; = p*—p; for all suboptimal arms, Hp and Np are as in Definition 2.4.3, Cp is
the set of connected components of a given graph D and ¢y, co are constants independent

of system parameters. Then, with probability at least 1 — 0, GRUB: (a) terminates in

no more than Tsygiciens Tounds, and (b) returns the best arm a* = arg max; f;.
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Remark 2.4.5. The required number of samples for the successful elimination of
suboptimal arms, and therefore the successful identification of the best arm can be split
into two categories based on the sets defined in Definition 2.4.3. Fach sub-optimal
highly competitive arm j € H requires O(1/ A?) samples, which is comparable to the
classical (graph-free) best-arm identification problem. Additionally, the non-competitive
arms N can be eliminated without being played, depending on the influence factor: one
round of the cyclic sampling suffices to eliminate these arms (even if they are never
played!). We refer the reader to Appendiz A.J for a more detailed discussion. Indeed,

the smaller |H| is, the more the graph side information benefits GRUB and vice-versa.

Remark 2.4.6. Note that Tgygicient tn Theorem 2.4.4 involves the minimum over all
subgraphs. As we show in Lemma A.7.8 in the appendix, J can actually increase if one
restricts their attention to certain subgraphs of G; this, in turn, increases the size of
N and decreases the size of H, hence, giving a tighter upper bound on the performance
of the algorithm. GRUB automatically adapts to the best subgraph to maximize the
influence factor J(-,-) to obtain the best possible sample complexity and this is reflected

in the statement of Theorem 2.4.4.

The complete proof of Theorem 2.4.4 can be found in Appendix A.4, where we
also provide more insights on the behavior of the confidence bound as a function of
the number of samples acquired. These results may be of independent interest to the

reader.
2.4.3 Improved Sampling Policies

As can be inferred from the pseudocode of Algorithm 1 the primary goal of the
Sampling-Policy is the quick and safe elimination of suboptimal arms, achieved

through shrinking of the confidence bounds §;(t)\/(tes;)~" for all arms 4 still in
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consideration at time ¢.

Theorem 2.4.4 established guarantees on Ty,gicient fOr naive cyclic sampling policy,
i.e. a sampling policy that doesn’t directly exploit the graph properties in this arm
choice. Note that, even if the sampling policy doesn’t utilize any graph properties,
the similarity graph is still being utilized in computing the mean estimate and the
confidence widths. To enhance the involvement of graph structural information in

arm sampling policy, a few alternatives can be characterized:

e Marginal variance minimization (MVM): Pick the arm which has the
highest confidence bound width. Specifically, at time ¢, let 7 = arg min teg,; =
icA

argmax [V '];;, where A is the set of indices of the arms under consideration.
icA

e Joint variance minimization — nuclear (JVM-N): This variant is inspired
from the concept of V-optimality ( ). JVM-N picks the arms which
leads to a maximum decrease in the value of confidence widths across all arms, in
the sense of nuclear norm. Specifically, 77 = arg min||(Vy +e;el ) 7| — V7 s,

icA
where || - ||« denotes the nuclear norm.

e Joint variance minimization — operator (JVM-0O). Taking inspiration
from Y-optimality ( , ), JVM-O picks arms which leads to
maximum decrease in the value of confidence widths across all arms in the sense

of operator norm. mp = argmin||(Vy + eel) " op — ||V lop
i€A

Comparison of the performance of MVM, JVM-N and JVM-O with the baseline of
cyclic sampling is provided through synthetic experiments in Section 5.6. In the next

section, we derive fundamental lower bounds on the sample complexity any algorithm

requires in order to solve the said problem
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2.5 Lower Bounds

Let us consider an n-armed bandit setup with arm indices [1,...,n]. Let u*
indicate the mean of the optimal arm and p; indicate the mean values of all other
arms such that p; < p*. For the rest of this section, without loss of generality, let the

index of the optimal arm be 1.

Theorem 2.5.1. Given an n-armed bandit model with associated mean vector p € R”
and similarity graph G smooth on p, i.e. {(u, Lopu) < €, for any 0 < € < €. Let
G = ([n], E) be the graph with only isolated cliques and w.l.0.g let arm 1 be the optimal

arm. Then define

. 402 log 5 40?log 5
Tnecessary - Z I;Iél(];l {m} + Z T, (28)

CeCg/C* jecx/1 J
2
where C* is the clique with the optimal arm and ¢y := min JANPN I A .
1 P O iemi/niech) { ! { VATHA] ”

Then any §-PAC algorithm will need at-least T ecessary Steps to terminate, provided
0 <0.1.

Using Theorem 2.5.1, we can show that GRUB is minimax optimal for a n-armed
bandit problems for a certain class of similarity graph G. The following result shows
that the upper bound on the sample complexity provided in Theorem 2.4.4 matches

the lower bound established in Theorem 2.5.1 in A; up to a constant factor.

Corollary 2.5.2 (Isolated clusters). Consider the setup as in Theorem 2.5.1 with
the further restriction that graph G be such that the optimal node is isolated and

. AZ
€ < minjep, 5= Define,

8o%logh
Thecessary = g max {T} . (2.9)
CeCa/{1} J

Then any algorithm that takes fewer than Thecessary Samples will have a probability of

error at least 0.1.
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As can be seen in Corollary 2.5.2, the lower bound expression can scale as standard
n-armed bandit (implying no added advantage of having graph side-information) or
can behave as a |Cg|-armed bandit problem (scales as the number of clusters in graph
G rather than number of nodes n) purely by changing the similarity graph G. The
difference between Cr (connected components in the subgraph constructed by making
optimal arm isolated) and Cg (connected components in the given similarity graph)
can lead to more interesting behavior in terms of lower bound expressions on sample

complexity.
2.6 (¢ Best Arm Identification

It can be observed from Theorem 2.4.4 that the fact that the means are e-smooth
implies that distinguishing arm j from a* would require at least O(¢~2) samples. A
tighter upper bound on the violation € and an edge between j and a* would make
the suboptimal arm j harder to eliminate. However, it stands to reason that in such
situations, it might be more practical to not demand for the absolute best arm, but
rather an arm that is nearly optimal. Indeed, in several modern applications, we
discuss in Section 77, finding an approximate best arm is tantamount to solving
the problem. In such cases, a simple modification of GRUB can be used to quickly
eliminate definitely suboptimal arms, and then output an arm that is guaranteed to be
nearly optimal. To formalize this, we consider the (-best arm identification problem

as follows.

Definition 2.6.1. For a given ¢ > 0, arm 1 is called (-best arm if p; > po» — C, where

a* = arg max; [t;

The goal of the (-best arm identification problem is to return an arm a that

is (—optimal. We achieve this by a simple modification to GRUB, which we dub
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(—GRUB, which ensures that all the remaining arms i satisfy 45(¢;) t;fflyi <( It
then outputs the best arm amongst those that are remaining. The following theorem

characterizes the sample complexity for (-GRUB:

Theorem 2.6.2. Consider n-armed bandit problem with mean vector p € R"™. Let
G be the given similarity graph on the vertex set [n|, and further suppose that p is
e-smooth. Let C be the set of connected components of G. Define,

. 1 Co pE
T Sergrgi 2 [ > e e mg s )

DeG  cecp Liecnmp

2 Ca pE
- s e e 5 ) (210)

where A; = p* — p; for all suboptimal arms, Hp and Np are as in Definition 2.4.3,
Cp is the set of connected components of a given graph Dand A; V ¢ = max{(, A;}
and cq, co are constants independent of system parameters. Then, with probability at

least 1—§ , (-GRUB: (a) terminates in no more than Tygicient Tounds, and (b) returns

a (-best arm.

The pseudocode for the (-GRUB is as below :
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Algorithm 2 (-GRUB

1: Input: Regularization parameter p, Smoothness parameter ¢, Error bound 9,
Total arms n, Laplacian Lg, Sub-gaussianity parameter o

2: 140

33 A={1,2,...,n}

4:t=0

5. Vo < pLg

6: C(G) < Cluster-Identification(Lg)

7. for C € C(G) do

8 t+t+1

9:  Pick random arm k € C' to observe reward 7
10: Vi« Viog +epel, and x; < x4 1 + 1y €4
11: end for
12: while |A| > 1 do
13: t+t+1
14: Bt) « 20\/1410g (M) + pe
15: k< Sampling-Policy(t,V;, A, C(G))

16:  Sample arm k to observe reward r
17 Vi Viog + epef

18: Xy ¢ Xy—1 + T €k

19 fu, < VX

20:  Gmax ¢ AIgmMax [ﬂi — B(t:) [Vt‘l]u]

€A
o1 A {a e Al e — 18 < Bt )V, Tua

H,_/

22: +B (tamax ) amaxamax
23: A<—A/{aeA|ﬁ( ) [ Moo <

\17a%
——

24: end while

25: return arg max {uz| i € {a € Bt VIV, N < 5} UA};

a)
2/{
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2.7 Experiments

For all our experiments, we use a standard laptop with Intel@®) Core™ i7-10875H
CPU @ 2.30GHz x 16 with 32 GB memory. We set the probability of error § = le — 3,
the penalizing constant p = 2.0, and noise variance of the subgaussian distribution o =
2.0..For the additional graph information, we consider 2 cases: G is a Stochastic Block
model(SBM) with parameters (p,q) = (0.9,1e™?) and G is a Barabasi-Albert(BA)
graph with parameter m = 2, both containing 10 clusters. We record the stopping time
for 20 runs and plot the results. We evaluate GRUB with different sampling strategies
from section 2.4.3 and compare its performance to standard UCB algorithm (

, ). The full code used for conducting experiments can be found at
the following Github repository.

Figure 2.1 compares the baseline cyclic algorithm (UCB algorithm without graph
information) with GRUB and its variants (GRUB-MVM, JVM-O, JVM-N) as listed
in Section 2.4.3. The x-axis represents the number of arms while keeping the number
of clusters constant. As can be seen, all the graph-based methods keep performing
better compared to standard baseline UCB, which shows almost linear growth with the
number of arms. Interestingly, note that JVM-O, JVM-N, and MVM perform better
with an increase in the number of arms in the bandit problem. This is attributed to
the fact that increasing the number of arms while keeping the number of clusters static

increases the density of connections per arm and thereby improving performance.
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https://github.com/parththaker/Bandits-GRUB
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Figure 2.1: (Best seen in color) Stopping time vs number of arms of GRUB using
various sampling protocols for SBM ((p,q) = (0.95, 1le — 4)) [Top] and BA (m = 2)
[Bottom]| . Graph based pure exploration methods outperform the standard cyclic

UCB method in terms of stopping time

Real Dataset: It is difficult to obtain a published dataset that exactly fits our
problem of pure exploration with graph side information. In order to create a semi-real
problem setup, we append an already existing network of users with a corresponding
(synthetic) mean structure so as to satisfy the graph side information constraint.
We use graphs from SNAP ( ) for these experiments. We
sub-sample the graphs using Breadth-First Search (to retain connected components)
to generate the graphs for our experiments. We use the LastFM

( ), subsampled to 229 nodes, and Github Social ( )

subsampled to 242 nodes.
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Figure 2.2: (Best seen in color) Cardinality of |A¢| vs. time ¢ of GRUB using different
sampling protocols for Github social graph (left) and LastFM graph (right). With
no graph information, UCB requires orders of magnitude more samples compared to
policies that use explicitly graph information. The cyclic sampling policy is not as

competitive on real world datasets

Figure 2.2 plots the number of arms still in consideration |A;| vs. time ¢ for a
single run of the pure exploration problems. This provides us better insights into the
behavior of GRUB with different sampling protocols (Section 2.4.3) and standard UCB
approach. In all the experiments, it is evident that GRUB with any of the sampling
policies outperform UCB algorithm ( ), which does not
leverage the graph. Further, within the various sampling policies, the MVM sampling
policy seems to outperform other sampling policies (Figure 2.2). For both Github and
LastFM datasets, the MVM policy obtains the best arm in ~ 300 rounds compared
to traditional UCB that takes ~ 4500 rounds. A rigorous theoretical characterization

of the above sampling policies is an exciting avenue for future research.
2.8 Comparison to Linear Bandits

In this section, we provide a toy example as well as a theoretical base to show the

difference between the framework of bandits with graph side information and linear
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bandits. In this appendix, we first explain the working of the toy example in more

detail and then head towards the proof of proposition.
2.8.1 'Toy Example

Consider 3-armed bandit problem with graph side information: Let graph G encode

the similarity relation between the mean values of the three arms, i.e.

(, Lap) < e (2.11)

for some constant € > 0. Let Eg denote the edge set of graph G and 1(; 2y, 1(2,3) and
11,3 encodes the event if edges {(1,2),(2.3), (1,3)} € E¢ are present in graph G. For
the sake of a non-trivial analysis, we take that either (1,3) or (2,3) is present in E¢
(alternate case is argued later).

We can write equation (2.11) as,

Loy (i — p2)® + Loz (p2 — p3)® + Lagy(pn — pa)® < € (2.12)

In order to compare the dependence behaviour of u3 on pq, s we can rearrange the

above as,

13 (]1(2,3) + 1) — 243 (1(2,3)M2 + L))

+ (Lsyps + gyt + La(pn — p2)* =€) <0 (2.13)

Looking at equation (2.13) as a quadratic in pz and finding the solutions, we obtain
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that,

(1(2,3),“2 + 1(1,3)#1)
(Loa) +Lag)

3 =

2
\/(]1(2,3)M2 +1asm) — (Les + 1as) Tesus + Tasud + Ty (u — p2)? —€)

(Lzs) + L)
(1(2,3)M2 + 1(1,3)#1)
(L2 + Lap)

p3 <

+ V (L + Laam)® — s + 1am) (Leapd + Lol + Lo — p)? o)
(Lezs) + L)

(2.14)

Further simplifying it, we get the following:

(]1(2,3)M2 + 1(1,3),&1)
(Lzs) + L)

\/6 (]1(2,3) + ]1(1,3)) — Tz las) (ke —m)? — 1oy (]1(2,3) + ]1(1,3)) (p1 — p2)?
(Les + Las)

3 =

(]1(2,3)M2 + 1(1,3)#1)
(L) + L)

Ve (os +1as) = TenTasn —m)? = Ta (Tes + 1) (n — m)?
(Les +1as)

3 =

+

(2.15)

The above equation leads to non-trivial bounds as e satisfies equation (2.12).
For the simple case of when edge (2,3) is present and (1,3) is not, the above

analysis simplifies to,

fo — \/6 — Loy (= p2)? < pg < g + \/E — L2y (p1 — pa)? (2.16)

A similar analysis can be made when edge (1, 3) is present and (2, 3) is not.
This shows that even with the complete knowledge of ji1, o we can only estimate

f3 to a interval [fiow, fihigh] Where the endpoints of interval are given by equation (2.15).
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For the case when neither of the edges (1,3) or (2,3) are present (i.e. 1. =0), then
i3 € [—00, 00] even with the full knowledge of p1, 1o as there is no relation between
the means of arm 3 to arm 1,2, this is also reflected in the equation (2.15)

We first formally rewrite the two setups:

Bandits with graph side information

Consider an n-armed linear bandit problem, each arm i € [n] is associated with a mean
vector pu € R™, where p; corresponds to the mean value of arm i. We are provided
with further information using a graph G that (u, Lop) < €, where € > 0. In each
round ¢, the learner chooses some arm ¢ € [n] and observes the reward y; = u; + 7,
where 7, is a subgaussian random noise with % variance. Denote the arm with the
best mean reward with ¢, i.e. i* = arg max;c, ;- The goal of the learner is to output

the index of the arm ¢* with probability 1 — 4, 0 > 0 in as few samples as possible.

Linear bandits

Consider an n-armed linear bandit problem, each arm i € [n] is associated with a feature
vector x; € R? where d can be lower than n. In each round ¢, the learner chooses an
action a; = x; for some i € [n] and observes the reward y; = (a;,8) +7;, where 8 € R?
is an unknown parameter and the 7, is a subgaussian random noise with o2 variance.
Denote the arm with the best mean reward with i*, i.e. i* = arg max;¢,(x;,8). The
goal of the learner is to output the index of the arm ¢* with probability 1 — ¢, 6 > 0

in as few samples as possible.

Graph vs Linear Bandit framework

In this section, we address the question of whether the n armed bandit problem,

with the additional information of (i, Lu) < € can be solved using a linear bandits

30



framework. The metric we use for such a comparison is the set of n-armed bandit
problems i.e. set of u which can be expressed once the parameters of the two frameworks
are fixed. For the case of linear bandits this would be the lower dimension k£ and
feature vector a corresponding to the reward and for graph bandit framework this
indicates the graph G and €. Let the set of problems addressed by the linear bandit
framework be denoted by L, and that by the graph bandits framework denoted by
L¢... We prove that L, and L . represent sets with fundamentally different properties.
Hence we prove that the set of problems addressed by linear bandits and the proposed
graph bandit framework of this paper are fundamentally different as there cannot
exist one-to-one mapping between the two.

We can further provide additional arguments for the case when (u, L) = 0. For
this, we demonstrate an example graph bandit problem that is cast as a linear bandit
to reveal the incomparability of these frameworks.

Firstly, a n-armed bandit problem without any graph can be easily seen as linear
bandits by associating the canonical basis for R {e;}" ; as the feature vectors and
the mean vector p € R™ as the unknown reward vector. This provides up with the
mean reward function for arm i € [n] as (e;, u) = p;.

In order to cast the graph bandit problem in a linear bandit framework, we need to
associate every arm index ¢ with a feature vector x; and identify the unknown feature
vector @ for the problem. We achieve this by modifying the feature vectors {e;}";
and the reward vector g based on the graph Laplacian L.

Following is the information available at hand in the current graph bandit problem:
we are provided with an n-armed bandit with an unknown mean vector g smooth on
a graph G, i.e. (u, Lgp) < e. For this toy problem, we consider the graph G to be
connected.

Let {v;}; and 0 = A\; < --- < A, denote the eigenvectors and eigenvalues of
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the Laplacian L¢ respectively. It can be easily seen that p = Y | a;v; for some

a; > 0 Vi € [n]. The reward function of arm j is

(1) = Y ailejvi) = a1 + Y aile;,v;)
i=1 i=2
the second equality follows from the properties of graph Laplacian we know that
vy = 1, is the only eigenvector associated with 0 eigenvalues in a connected graph.
Without loss of generality, we can assume a; = 0 as a; does not depend on the
arm index j. Notice that letting a; = 0 is equivalent to having > " | 1; = 0. Also, the
graph constraint can be rewritten as follows:
(i, Lap) <e= Y Nai =(6,6) = |0]|3 < e
i=1
where 0 = (Va1 ...,V Anan).
Using the above we can cast the graph bandit problem as the linear bandit problem

with the mean reward function of arm j expressed as
<ej7/1’> = zn: \/9_;\—<ejal/i> = <Xj70>
i=2 i

Hence, the new linear bandit problem is such that the set of arms is {x;}%_,, the
unknown parameter is a vector 8, the expected reward of an arm is (x;,0) and the
unknown parameter satisfies the constraint ||@]]3 < e.

We discuss below the drawbacks of casting a graph bandit problem into a linear

bandit framework:

e The original best-arm identification is an n-armed problem and the recasted
linear bandit problem still has feature vectors with dimensionality n hence no low-
dimensional benefit of linear bandits is completely lost. Having a performance
bound for any algorithm for linear bandits that scales in n, the number of arms

gives us no additional advantage.
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e The above conversion to linear bandit setup only works when the graph G is
connected. Recasting problem setup with disconnected components requires
an assumption of ) .- u; = 0 on individual connected components, which is

unrealistic. The results of GRUB hold with or without this assumption.

e Consider the corner case of ¢ = 0, the linear bandit problem setup derived
becomes that of argmax;(x;,0) such that ||| < 0 which is only possible if

l18]] = 0 and in this case we can observe two interesting facts:

— If the graph G is completely connected then the problem is trivial, since

e=0= (u Lop) =0= (u; —p15)? =0 Vi, j€n],i#j

This implies all arms are equal and optimal and the solution is trivial. Here
the mean reward function of all arms ¢ is (x;,60) = 0 since # = 0 and hence

gives the correct output (any arm 7).

— Suppose graph G has two connected components C, Cy, where C}, indicates
the arm indices in the connected component k. Further assume that
wi =1 VieCy,u;, =—1 Vi € Cy. Considering the case of € = 0 here gives

us the following :
e=0= <I‘L7LG/1‘> =0= (MZ_MJ)Q =0 VZ%],Z,] € Ck7k: 1,2

Here the mean reward function of all arms i is (x;,6) = 0 since § = 0 but

this is incorrect since not all arms are optimal.

Our graph bandit setup and the performance of GRUB is independent of all of
these drawbacks and provides us with a better sample complexity than vanilla

best arm identification algorithms.

We solidify these arguments with the following Propositions.
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Proposition 2.8.1. Consider n-armed bandit setup parameterized by mean vector
p € R Given graph G and ¢ > 0, let Dg = {p € R"| (u, Lop) < €} represent a
subset of bandit problems in R™, Lg denoting the laplacian matrix corresponding to

graph G. Then m(Dg.) > 0 where m(-) is the Lebesgue measure on R™.

Sketch of proof : We solidify the intuition from toy example 2.8.1 to show the
distinction in the two frameworks using measure theoretic argument. We split the n-
armed bandit problem with graph-side information into two complementary scenarios:

(a) Ls : {p € R"| 0 < (p, Lep) <e€,e>0}

(b) L= : {p € R*| (p, L) = 0}

We prove that the set Dg . = L~ UL_ has fundamentally different measure theoretic
properties than Dy (linear bandits framework) and hence the two problems setups

tackle completely different domain of questions.

Theorem 2.8.2. Consider n-armed bandit setup. Let D¢ ., Dy represent the subset of

problems in R™ as follows:

Dge ={p €R"| 0<(p,Lap) <e€e>0}

Dy ={peR"| u=(a;0), a, € R* Vic[n]}

where k < n,0 € R* indicates the reward vector and L¢ is the laplacian matriz
corresponding to graph G. Then D¢ ¢ Do, Do ¢ Dg.e,m(Dg.) > 0 and m(Dg) =0

where m(-) is the Lebesque measure on R™.

Proof. The two problem subset definitions represent the following :

a) Dg . — Given a graph G and violation parameter €, D¢ . represents mean-reward
vectors p € R™ which satisfy the graph bandit setup.

b) Dy — Given lower dimension k& < n and the corresponding reward vector 6, the
set Dy indicates the set of all the mean rewards {yu;}7; for n-armed bandit setup such

that the mean-reward vector can be represented by k-dimensional feature vectors.
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First, consider the following arguments :

e Notice that if a, 8 € Dy then cia + o8 € Dy and 0 € Dy, where 0 is the all
zero vector in R™. Hence we can conclude Dy is a subspace of R™. Since all
the elements of the set Dy can be as a linear map to a k-dimensional subspace
constructed out of {a;}7,, a; € R* for all i € [n], hence Dy is a k-dimensional
subspace of R™. Accordingly, m(Dg) = 0 where m is the Lebesgue measure on

the euclidean space R™.

e Consider the set D¢ and p such that (u, Lopu) = 0 (existence of such a p is
easy to prove by making p; = p; for every edge in G). Given that € > 0, 3§ > 0
such that Vo € B(0,9),

(B+0), Lalp+o)) = > Ayl +0i— p; — 05)°

{ijteEc
= ) Aiyloi—0y)? ((, Lap) = 0= p; = p; V(i,j) € Eg)
{i.j}€Ec
< [|[4clloo Z G 01)2
{i,7}€Ec

< 4| gl o3

(2.17)

Taking § < gz proves that Vo € B(0,9), (4 +0), La(p +0)) < e. Hence

B(0,d) C D¢, implying m(Dg.) > m(B(0,9)) = 6"
Further, consider # € R such that (0, Ls0) = € for some € > 0 hence § € Dg..

Then it is easy to see that 20 & D¢ . as (20, L(20)) = 4e > e.

We can thus conclude that Dy is a k-dimensional subspace of R™ which is a measure
zero set and Dg . is a positive measure set which is not closed under multiplication.

Hence we can easily see that Dg . & Dy, Do ¢ D¢ . O
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Theorem 2.8.3. Consider n-armed bandit setup. Let D¢ ., Dy represent the subset of

problems in R™ as follows:

DG76 :{MERR| <II’7LGII’> §€7€>0}
Dy ={peR"| u = (a;0), a, € R* Vic[n]}
where k < n,0 € R* indicates the reward vector and L¢ is the laplacian matriz

corresponding to graph G. Then Dg . ¢ Do, Do ¢ Dee, m(Dg.) > 0 and m(Dg) =0

where m(-) is the Lebesgue measure on R".

Proof. We can split the argument into two parts:
i <ﬂ'; LG”’) >0

® </J‘a LG/"‘) =0

Theorem 2.8.2 addresses the first part of the argument

For the case when second part, i.e. (u, Lgu) = 0,let L_ : {p € R"| (u, Lop) = 0}.
Note that for any g € R™ only happens if and only if p € N(Lg) where NV(-) represents
the null space of the matrix. Since Lg is rank deficient L_ is a set in a subspace of
R™ and hence m(L-) = 0.

Thus m(L~UL-) > 0 which is fundamentally different from linear bandits addresses
problems of measure zero.

]

Thus we can conclude that the two frameworks of graph and linear bandits address

fundamentally different domains of problems.
2.9 Discussion and Broader Impacts

In this work, we consider the problem of best arm identification (and approximate

best arm identification) when one has access to information about the similarity
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between the arms in the form of a graph. We propose a novel algorithm GRUB for
this important family of problems and establish sample complexity guarantees for
the same. In particular, our theory explicitly demonstrated the benefit of this side
information (in terms of the properties of the graph) in quickly locating the best
or approximate best arms. We support these theoretical findings with experimental
results in both simulated and real settings.

Future Work and Limitations. We outline several sampling policies inspired
by our theory in Section 5.6; an extension of our theoretical results to account for
these improved sampling policies is a natural candidate for further exploration. The
algorithms and theory of this paper assume knowledge of (an upper bound) on the
smoothness of the reward vector with respect to the graph. While this is where one
uses domain expertise, this could be hard to estimate in certain real world problems.
A generalization of the algorithmic and theoretical framework proposed here that is
adaptive to the unknown graph-smoothness is an exciting avenue for future work (

, ; , ). The sub-Gaussianity assumption of this work
can also be generalized to other tail behaviors in follow up work. Another limitation
of this work is that the statistical benefit of the graph-based quadratic penalization
comes at a computational cost — each mean estimation step involves the inversion of
an n X n matrix which has a complexity of O(n?log(n)). However, an exciting recent
line of work suggests that this matrix inversion can be made significantly faster when
coupled with a spectral sparsification of the graph G ( , :

, ) while controlling the statistical impact of such a modification. In
the context of this problem, this suggests a compelling avenue for future work that
studies the statistics-vs-computation tradeoffs in using graph side information.

For this work, we demonstrated the advantages of this side information in pure

exploration problems, given knowledge of such an €. Extensions that consider goodness-
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of-fit and misspecification with respect to the graph G and smoothness parameters
€ are interesting avenues for follow up work. Finally, we focus on the ridge-type
regularizer of the form (u, Lou). For future work, it may be productive to expand
to a much broader class of regularizers such as those of the form of || Au||?, where A
represents an information/ structural constraint matrix and p, ¢ are some positive
numbers.

Potential Negative Social Impacts. Our methods can be used for various
applications such as drug discovery, advertising, and recommendation systems. In
scientifically and medically critical applications, the design of the reward function
becomes vital as this can have a significant impact on the output of the algorithm.
One must take appropriate measures to ensure a fair and transparent outcome for
various downstream stakeholders. With respect to applications in recommendation and
targeted advertising systems, it is becoming increasingly evident that such systems may
exacerbate polarization and the creation of filter-bubbles. Especially, the techniques
proposed in this paper could reinforce emerging polarization (which would correspond
to more clustered graphs and therefore better recommendation performance) when
used in such contexts. It will of course be of significant interest to mitigate such
adverse outcomes by well-designed interventions or by considering multiple similarity
graphs that capture various dimensions of similarity. This is a compelling avenue for

future work.
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Chapter 3

QUADRATIC FEASIBILITY

This study addresses the quadratic feasibility problem, aiming to retrieve a complex
vector x € C" from m quadratic measurements (A;x, X>;7;1. Despite its numerous
applications, solving this problem is NP-hard, and achieving identifiability poses
challenges. Gaussian random measuring matrices are ubiquitous in existing related
literature. In contrast, we focus our analysis on deterministic measurement matrices
that can possibly reflect physical setups and structural constraints. The removal of
randomness raises the challenge of the problem setup in deriving identifiability and
retrieval guarantees. To overcome this, we introduce novel conditions for the design
process that ensure identifiability and retrieval through first-order descent methods.
Upon satisfying these necessary conditions, we guarantee key characteristics of the
optimization landscape which enables gradient algorithms to converge to a globally
optimal solution with high probability, regardless of initialization. Optimization
landscape simulation provides supplementary intuition supporting the necessity of our
proposed conditions and demonstrates the superior performance of our deterministic

measurement matrices compared to random Gaussian measurements.

3.1 Introduction

Finding a solution to a system of quadratic equations is an important problem with

a wide range of applications. It arises in areas such as power system state estimation

( ), phase retrieval ( : );
( ); ( ), x-ray crystallography ( ), the turnpike
problem ( ), and unlabeled distance geometry problems
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( ); ( ) among others. Such problems can be reduced to
a quadratic feasibility problem, where one is concerned with finding a feasible vector x
that conforms to a set of quadratic observations of the form {(A4;x, x)}™, with respect

to a set {A4;}", of measurement matrices. Formally, it can be cast as:
find x such that (A;x,x) =¢;, Vi=1,2,...,m. (P1)

The quadratic feasibility problem is an instance of quadratically constrained
quadratic programs (QCQPs) ( ), which has enjoyed a long and rich
research history dating back to 1941 ( ). Given their broad applicability to

critical problems, research in QCQPs continues to be of active interest

(2017); (2017); Beck (2009); (2006). Unfortunately,
it is known that solving generic QCQPs is an NP-hard problem ( ). This
combined with the lack of tractable duality properties ( ) has

made it hard to establish a sound theoretical framework for understanding the solutions
and computing them. However, an extremely productive line of research has instead
considered subclasses of QCQPs that are both practically relevant and can be analyzed.
While a significant portion of the research literature focuses on QCQPs characterized
with Gaussian random matrices, these don’t apply to deterministic situations where
the constraints represent physical restrictions of the underlying problem setup. In this
paper, we identify the necessary and sufficient conditions required for any quadratic
feasibility problem, deterministic or random, to be tractable, by which we mean that
the problem setup (P1) can uniquely identify the solution as well as retrieve it. We
provide a theoretical and intuitive understanding of the established conditions for
the identifiability of the solution, connect the existing literature on gaussian random
QCQPs with the specified conditions and further provide a novel extension of the

results to the case of noisy measurements, which is widely missing in the current
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literature.

Finding a solution to (P1) involves two tasks: i) Ensuring the problem is well-
defined, i.e. the intended unknown solution being the only solution solving the system
of equations, ii) Developing a trackable approach to recover the unknown solution. In
this paper, we solve both these issues for a deterministic system of equations as well
as provide guardrails as to when such a system of equations can be tagged as solvable.
(more on this later)

We start by analyzing quadratic mapping: x — {(A4;x,x)}™,, and focus on their
ability to generate injective maps up-to a phase factor (note that a quadratic function
of any matrix A € C"*", i.e. (Ax,x) is invariant to phase shifts). Following up on
injective properties, we establish the distance metric to prove isometric properties of
quadratic mapping, thereby ensuring uniqueness of solution for (P1) up to a phase
constant. Next, we consider the question of computationally tractable approaches to
converge to this unique solution. Unlike most other works in literature, for this work
we assume that measurements are corrupted with Gaussian noise. A natural approach
to tackle (P1) is to reformulate the problem as a loss function. We prove that the loss
function is necessarily nonconvex in nature making it NP-hard. Our main result of
the paper revolves around showing that under certain conditions, this loss landscape
is well-behaved. While such statements of this nature are already established in the
literature, we are the first to prove it in the case of deterministic matrix ensemble.
Such nature of the loss landscape enables successful global recovery for any first-
order algorithm to solve QFP. As a clear connection to the related literature, we
also prove that these required conditions hold with very high probability for random
measurements (specifically an ensemble of Gaussian random matrices {4;}7, with
m > 0(n))

The rest of the paper is organized as follows. Section 3.3 discusses about relevant
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works in literature. Section 3.4 highlights the main results of this work. We discuss
some related work in Section 3.3. In Section 3.5 we establish and analyze isome-
try /identifiability properties of the mapping {(A4;x,x)}", when the measurement
matrices are complex Gaussian. Finally, Section 3.6 casts the problem as a quadratic
loss minimization problem (suitable for efficient algorithms) and establishes favorable
properties of the loss landscape that allow one to find a solution using gradient-based
methods with arbitrary initial points.

Before we state the main results of the paper, we introduce some notation that

will be used throughout the paper.
3.2 Notation

For any r € N, we write [r] to denote the set {1,2,...,7}. We let C" and
R™ denote the n-dimensional complex and real vector spaces, respectively. Unless
otherwise stated, bold letters such as x indicate vectors in C"; xg and X¢ denote
the real and the imaginary part of the vector x, respectively. We denote complex
conjugate of x by x. Capital letters such as X denote matrices in C*"*". The use
of i (without serif) indicates the complex square root of -1 (we will use ¢ to indicate
an indexing variable). We let S**(R™*") denote the set of all matrices X € R™*"
having a non-negative eigenvalues and b negative eigenvalues, where a + b = n. The
set H,,(C) denotes the set of all n x n Hermitian matrices. We write AT and A' to
denote, respectively, the transpose and the Hermitian transpose (transpose conjugate)
of a matrix A. We use (-, -) to denote the inner vector product in the complex space.
The symmetric outer product, denoted by [[-,-]], is defined as [[u,v]] = uv’ + vu'.
Finally, we will let ~ denote the following equivalence relation on C": x ~ y if and
only if x = cy for some ¢ € C with |c| = 1. We will write C% £ C"/ ~ to denote the

associated quotient space. Given a set of matrices A = {A;}", C H,(C), we will let
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M 4 denote the following mapping from C? — C™:
MA(X> = (<A1X7 X>7 <A2X7 X>7 SRR <AmX7 X>) (3]')

While M 4 technically operates on the equivalence classes in C”, we will abuse the
notation slightly and think of M 4 as operating on the elements of C". Let d (-, )

denote the following Frobenius distance metric for rank-1 matrices,

d/(x,y) = |[xx! —yyl|[p for any x,y € C". (3.2)

We further define cross distance between two vectors x,y € C" as follows,
d.(x,y) = |[xy* —yx*||r for any x,y € C". (3.3)

In order to give an intuitive understanding of the core reasoning for some of the

concepts in the work, we use the following toy setup.
3.3 Related Works

QCQPs have enjoyed a lot of attention over the last century. When it comes to

provably solving, due to the limitation of the duality properties of QCQPs

( ), a significant fraction of research has focused predominantly on heuristic
approaches to their solution ( b); ( ). Recently,
an ADMM-based method has been proposed in ( ) with

an asymptotic convergence result based on the duality properties of QCQPs. Our
results in this paper bring new insights to this area by analyzing a subset of QCQPs,
namely, the Quadratic feasibility problems.

The Quadratic feasibility problem (P1) arises in many applications, including

phase retrieval ( ) and power system state estimation
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( ). Phase retrieval in and of itself finds applications in a wide variety of fields
such as imaging, optics, quantum tomography, and audio signal processing with a
wide literature, including ( ); ( );

( ); ( ). In ( ), an approximate /1
isometry property was established for the phase retrieval problem, but the bounds
therein are not strong enough to provide RIP-like guarantees. In this paper, we
improve these bounds to establish isometry results for a large class of problems and
provide RIP-type bounds.

The authors in (2017) provide lower bounds on the minimum number
of independent measurements required for a successful recovery for the quadratic
feasibility problem. Our high probability bounds are ordered optimal in the number
of measurements required for successful recovery. More recently, ( )
showed that the quadratic feasibility problem Gradient descent can be solved, with
high probability, provided a good initialization is used.The current work takes an
alternate path by analyzing the landscape of the associated ¢5-loss function. We suspect
that results, such as the recovery of solution using gradient descent, are a result of
underlying properties of the landscape of the function landscape. In particular, for the
l5-loss function, we prove that all local minima are global and all saddle points are
strict. Thus, our results enable gradient-based algorithms with arbitrary initialization
to recover the solution for the quadratic feasibility problem.

The study of recovery performance for the quadratic feasibility problem has largely
centered around phase retrieval problems. The earliest work in this field can be traced
back to ( ), who established necessary and sufficient conditions for
measurement vectors to result in injective and stable intensity measurements.

( ) showed that, when the measurements are i.i.d complex Gaussian and the

number of measurements is sufficient, there is a high probability that there are no false
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local minimizers and all global minimizers are equal to the target signal.

( ) provided a sharp estimation error of the model without noise distribution
assumptions, given that the measurement vectors are random Gaussian.

In the context of the general quadratic measurements model (QMR),

( ) and ( ) introduced the concept of phase retrieval property and
explored its connections to low-rank matrix recovery and nonsingular bilinear form.
They derived results on the minimum number of measurements needed for matrix
recovery and applied these to phase retrieval problems. Specifically, they showed that
a set of p X p matrices has the phase retrieval property if n > 2p — 1 in the real case
and n > 4p — 4 in the complex case. The concept of almost everywhere phase retrieval
property has also been investigated for a set of matrices.

In our previous work ( ( )), we investigated the quadratic feasibility
problem and established conditions for its identifiability. We concluded that, if
the matrices Ay, ..., A, are Hermitian matrices sampled from a complex Gaussian
distribution, any first-order algorithm from an arbitrary starting point can converge
to a globally optimal solution with a high probability.

In the phase retrieval literature, the problem of designing the measurement matrix
received considerably less attention compared to the design of retrieval algorithms.
An important desirable property that measurement matrices should satisfy is a unique
relationship between the signal and the magnitudes of its projections, up to an inherent
phase ambiguity. In many works, particularly in theoretical performance analysis of
phase retrieval algorithms ( : ); ( ), the matrices are
assumed to be random, commonly with i.i.d. Gaussian entries. However, in practical
applications, the measurement matrix corresponds to a fixed physical setup, so it is
typically a deterministic matrix, with possibly structural constraints. For example, in

optical imaging, lenses are modeled using dft matrices and optical masks correspond
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to diagonal matrices ( ). Measurements based on oversampled dft
matrices were studied in ( ), measurement matrices which correspond
to the parallel application of several dfts to modulated versions of the soi were proposed
in ( ), and ( ) studied phase recovery using fixed
binary measurement matrices, representing hardware limitations in optical imaging
systems.

All the works above considered noiseless observations, hence, the focus was on
obtaining uniqueness of the magnitudes of the projections in order to guarantee
recovery, though the recovery method may be intractable ( ).
When noise is present, such uniqueness no longer guarantees recovery, thus a different
design criterion should be considered. Recovery algorithms as well as specialized
deterministic measurement matrices were considered in several works. In particular,

( ); ( ) studied phase recovery from short-time
Fourier transform measurements, ( ) proposed a recovery algorithm
and measurement matrix design based on sparse graph codes for sparse soi taking
values on a finite set, ( ) suggested an algorithm using correlation based
measurements for flat soi, i.e., strictly non-sparse soi, and
( ) studied recovery methods and the corresponding measurement matrix design for
the noisy phase retrieval setup by representing the projections as complex polynomials.

A feasibility problem is often cast as a minimization problem with a suitably chosen

loss function. Even with a nonconvex objective, gradient based methods have proven

to work for phase retrieval ( ); ( );
( ), matrix factorization ( ); ( ) and
robust linear regression ( ). The work in ( ) has established

landscape properties for the phase retrieval problem, which sheds light on the success

of gradient based methods in solving the problem. In this work, we extend these
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results to a wider class of problems along with additional insights into the problem
properties. In ( ), it was shown that many nonconvex loss functions
have specific landscape properties, which allows gradient based algorithms to recover
a globally optimal solution without any additional information. One unfortunately
cannot readily transport those results to our setting, mainly due to the significant
differences between the real and complex vector spaces. For instance, a quadratic
feasibility problem in R™ has only two isolated local minima, while it has a continuum
of minima in C".

A natural optimality condition for the noisy setup, without focusing on a specific
recovery algorithm, is to design the measurement matrix to minimize the achievable
mse in estimating the soi from the observations. However, in phase retrieval, the soi
and observations are not jointly Gaussian, which makes computing the mmse for a
given measurement matrix in the vector setting very difficult. Furthermore, even in
the linear non-Gaussian setting, a closed-form expression for the derivative of the
mmse exists only for the scalar case ( ), which corresponds to a single
observation. Therefore, gradient-based approaches for mmse optimization are difficult

to apply as well.
3.4 Main Results

We consider the quadratic feasibility problem (P1) where the aim is to recover a
complex decision vector x € C™ through its m noisy quadratic measurements of the
form of (A;x,x) where A; € C"*" are Hermitian matrices and the noisy measurements
are represented by ¢; € R for all i € [m]. We start by characterizing conditions under
which the quadratic feasibility problem (P1) is well-defined. We define (a, 5)-stability

to establish the uniqueness of the solution x* of (P1).

Lemma 3.4.1. The mapping M 4 is injective iff it is («, 5)-stable for some constants
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0<a<p.

Having established that (P1) has a uniquely identifiable solution (upto a phase
ambiguity), we next turn our attention to finding a feasible solution in a computa-
tionally efficient manner, specifically through the usage of local gradient methods
(gradient-based methods which do not have access to any global information). To
this end, one may consider recasting the quadratic feasibility problem as a quadratic

minimization problem of the ¢5-loss function, as follows:

xeCn m

min f(x), éiz A, x) — cif? (F2)

Unfortunately, this optimization problem is non-convex (can be seen by analysing the
cost function at x*, —x* and 0) and, in general, one may not guarantee any gradient
based method to converge to a global minimum.

We define k-cross-stability in order for local gradient methods to successfully
recover a quadratic feasible point. Intuitively k-cross-stability ensures that the set of
measuring matrices {Ay}7" are capable enough to sense the energy in the direction
perpendicular to x*. We prove that, provided the measuring matrices A;’s satisfy the
«, (-stability, and k-cross-stability, the landscape of said loss function can actually be

benign, making it possible for first-order methods to recover the solution.

Theorem 3.4.2 (sketch). Let A = {A4}]" be the set of measurement matrices for
the quadratic feasibility problem (P1) and let them satisfy o, B-stability and k-cross-

stability. Suppose that z € C" be a global optimizer of (F2). Then the following
holds:

1. Ma(w) = Mu(z) for all local minima w of (F2).

2. The function f in (F2) has the strict saddle property.
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Theorem states that, with the conditions of a, 8-stability and k-cross-stability, the
minimization problem (F2) has no spurious local minima, and any saddle point of the
function f is strict in the sense that f has a strictly negative curvature at such a point.
The latter property, called the strict saddle property, is defined in Section 3.6, where
we also provide a formal statement of Theorem 3.6.7. Finally, based on the properties
established about the loss landscape, we establish that a solution to problem (F2) can
be obtained by applying a gradient based algorithm (from an arbitrary initial point),
since such an algorithm is unlikely to converge to a saddle point.

Generally, designing the set of measurement matrices A to satisfy the properties
can be quite non-trivial and may require area expertise. As a solution to this crisis,
we focus our attention on random hermitian matrices and prove that all the necessary
and sufficient conditions required for successful recovery of the unknown vector z are
satisfied by random matrices in expectation. Further, we show the exact measurement
complexity required for sub-gaussian random matrices to show such behavior with
very high probability.

Our main result here states, states that the mapping M 4 is a near-isometry when
the matrices A; are chosen from a complex Gaussian distribution. A sketch of the

statement is provided below.

Theorem 3.4.3 (sketch). Let A= {A;}", be a set of complex Gaussian Hermitian
random matrices. Suppose that the number m of measurements satisfies m > Cn, for

a large enough C > 0. Then, with a high probability, the following relation holds:
1. Ma(w) = My(z) for all local minima w of (F2).
2. The function f in (F2) has the strict saddle property.

In other words, we show that, with a sufficient number of random matrices {A,}

and with high probability, the mapping M 4 nearly preserves distances with respect

49



to the distance measure defined in (3.2) as well as contains enough energy in entire
C" to be able to establish strict saddle property.

The formal statement along with the full proof is presented in Theorem B.4.3 in
Section 3.5.

Such arguments have been used to prove crucial robustness results for the phase
retrieval problem (however, only in R"); see e.g., ( );

( ); ( ). Our result for the optimization landscape of (F2)

is in fact amenable to gradient based methods!

We would like to point out some nuances of what we have proved,

o (a, B)-stability, with 0 < a < f3, is sufficient to guarantee the identifiability of
solution z of (P1). This alone is however not sufficient to guarantee the recovery
of z using gradient-based local methods by /5 loss minimization due to the

possible existence of suboptimal local minimas.

e (a, f)-stability and k-cross-stability, with 3a > 2 and x > 0, is sufficient for

ensuring successful recover of z (F2) using local gradient-based methods.

e Sampling A from Guassian random hermitian matrices for | 4| > Cn for suffi-
ciently large C' > 0 is sufficient to guarantee 3o > 23 and x > 0. Thereby being

sufficient for solving (P1) through (F2)

(Rewrite this para) Most of the results related to Non-convex landscape and
the strict saddle property of the optimization landscape provide guarantees only in
high probability when the measuring vectors or matrices are sampled using random
distributions. We are the first to isolate the properties of the measuring matrices A
which are sufficient for obtaining strict saddle properties and identifiable proprieties.
We also show Gaussian random matrices with enough measurement to satisfy these

properties and hence satisfy the problem.
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3.5 Identifiability of Quadratic Feasibility

The quadratic feasibility problem (P1) deals with recovering a complex vector
x € C" from the set of its quadratic measurements M 4(x). To do so, we need
to analyze the nature of the quadratic mapping M 4(:) and the role of the matrix
ensemble A in influencing the same.

Note that given any complex matrix A € C**™, note that (Ax, x) = (A(—x), (—x)).
In more generality, this phenomenon can be attributed to the symmetric nature of
quadratic functions (or in general to even-powered homogeneous polynomials). The
quadratic problem (P1) has the property of being unaltered to phase transitions of the
unknown solution x, i.e. if x is a solution to (P1) then e?x, 6 € [0,27] is a solution
to (P1) as well. Hence the system of quadratic measurement in (P1) is fundamentally
incapable of distinguishing up-to-a-sign ambiguity (in the real domain) and a phase
factor (in the complex domain). To this end, we define C, := C\ ~ to be the phase
ambiguous quotient space, where x ~ y if and only if x = ¢y for some ¢ € C with
c| = 1. We utilize d(x,y) = ||xx! —yy'||r for any x,y € C" to be the phase invariant
distance metric for this work. Notice that this d/(-,-) is invariant under phase shifts,
ie. ds(x,y) =0 if x =ye? 6 € [0,27] and hence not a distance metric in C". But
d/(-,-) is a distance metric on C,. This concept of phase invariant distance metric
is not novel and has been utilized in a lot of previous works
(2014).

In light of the inability to distinguish between the phases of x € C", it is impertinent
to ask whether the system of quadratic measurements M 4(x) is capable of recovering
any unknown signal x € C". Making this query mathematically precise, for all
x,y € C", if x » y then can we be confident that M 4(x) # M4(y)? The answer to

this is Yes. We refer to this property as injectivity of the mapping M 4 (for ease of
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reference we sometimes refer to this as injectivity of matrix ensemble A). To quantify
this notion of injectivity of a given mapping M4 : C% — C™ we define («, 3)-stability

of mapping M 4(-) as follows,

Definition 3.5.1 ((a, §)-stability). Consider the mapping M4 characterized by
ensemble A as in (3.1). We say that M4 is («, 3)-stable w.r.t. metric d(-,-), with

0 < a < B, if the following relation holds for all x1,x5 € C™:
Oéd(Xl, X2> S ||M_A<X1) - MA(XQ)HQ S Bd(Xl, X2). (34)

The constants «, 5 depend on the choice of the matrix ensemble A. The ratio of
the constants «, 0 can also be thought of as a condition number or distortion factor,
thereby allowing one to quantify the quality of the map; the higher the ratio between
a and (3, the better the ability of the mapping to distinguish between two distinct
inputs. Our definition of («, 3)-stability requires both upper and lower bounds, which
is instrumental in future results as we will see in the next section. This is in contrast
to the stability concept considered for phase retrieval in ( );

( ). Similar notions of stability have been used to prove crucial

robustness results for the phase retrieval problem (however, only in R™); see e.g.,
(2014); (2015); (2013).

With this definition of stability in place, the next lemma establishes the connection

between injectivity and stability of M 4.

Lemma 3.5.2. The mapping M 4 is injective iff it is («, 3)-stable for some constants

0<a<p.

Complete proof of Lemma 3.5.2 can be found in Appendix B.1. As we will see
in what follows, Lemma 3.5.2 allows one to assess the conditions under which the

measurement model implied by the mapping M 4 is identifiable. Next, we start by
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establishing necessary conditions on the quadratic mapping M 4 defined in (3.1) to
ensure injectivity. Notice that the injectivity of the mapping is equivalent to the
problem being identifiable (and hence solvable). The notion of injectivity and («, 3)-
stability widely hinges on the nature of the ensemble A. So how does one go about
constructing such ensembles? Answer: Random ensemble.

In the following result, we prove that an ensemble of random matrices with sub-
Gaussian entries suffices as A. More precisely, a matrix A € C"™" is a complex

Hermitian sub-Gaussian matrix, if,
1.V i, Qg5 ™~ Sg(O,O’Q).
2.V 4,4, # j, a; ~SG(0,%) +1i SG(0,%).

where 8G(0,0?) indicates the sub-gaussian distribution with mean 0 and variance
0% and ~ indicates “sampled from”. An ensemble of complex Hermitian Gaussian

random matrices A = {44}, satisfies (o, §)-stability as follows,

Theorem 3.5.3. Let A= {A;}", be an ensemble of complex sub-gaussian random
matrices, and assume the number of measurements satisfies m > Cn for some C' > 0.
Then, for any given £ € (0,1), there exist constants C,0,e > 0 such that, with

probability at least 1 — &, the following relation holds

ad(x,y) < [[Ma(x) = Ma(y)ll2 < Bd(x,y).

where o, B are given by

s (L=20)*(1—¢)
(14202

o (14201 +¢)

“ (1—20)2

B

We refer the reader to Appendix B.4.2 for a proof of this lemma. The high

probability argument is not new and has found application in several results; see e.g.,
(2019); (2010); (2004).
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Deterministic design of A so as to have («a, 3)-stability can be a hard task and in
some cases might require area expertise. While designing the measurement ensemble A
is non-trivial, ( ); ( ) provide guidelines of the requirements
for A to be injective. The results in ( ) prove that a large class
of matrix ensembles A does satisfy this injective property. In this next theorem, we

focus on establishing sufficiency criteria for the mapping M 4 to be injective.

Theorem 3.5.4. Consider A = {A;}™, and the mapping M 4 be defined as in (3.1).

Viewing { A;x}™, as vectors in R*, we can say the following:
1. M4 1is injective.

2. YI C [m], then either dim(span({A;x}icr))> 2n — 1 or dim(span({Aix}icrc))>

2n — 1 for all vectors x € C*\0 (complementary property (2006))

3. VI C [m], then either span({Aix}icr) = span({ix})*t or span({Aix}icic) =

span({ix} )t for all vectors x € C™\0.

Given an ensemble A, Theorem 3.5.4 states that as long as the mapping M4
satisfies the complementary property ( ), we can be assured that M4
is injective. Please refer to Appendix B.1 for the complete proof. Even though o > 0
is a necessary and sufficient condition for (P1) to be solvable, when dealing with
data-analytic methods in the presence of noise, the more the disparity between o and

B values, the harder it gets to provide guarantees on obtaining the unknown signal x.
3.5.1 Problem Complexity : R"™ vs C"

The quadratic feasibility problem (P1) has vastly different behavior when the
problem is set up in R™ or C". Firstly consider the well-studied problem of phase

retrieval, a special case of quadratic feasibility when the ensemble A is a collection of
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rank-1 matrices, i.e. A= {a;a}™, (when considering C") or A = {a;a] }’*, (when
considering R™). The authors in ( ) argue the fundamental
difference between the two concepts: phase retrieval and phaseless recovery (please
refer ( ) for more details). They prove that these two
concepts coincide when considering the phase retrieval in R™ but are different in C”.
The solution space of Problem (P1) is isolated solutions z or —z in the case of R™, but
a continuum [e?z, § = [0,27)] in the case of C". A fundamental lower bound on the
cardinality of A is established to be 2n — 1 for R™ but is still an open question for C"
(some results can be seen in ( ); ( ).

Authors in ( ) prove that, when the setup (P1) is considered
in R", the set {x: M(x) = 0} is discrete. We dedicate Appendix B.2 to developing
Lemma B.2.2 which mathematically proves that this is not the case for (P1) in C"
and the set of {x : M(x) = 0} is a continuum, further depicting the dissimilarity and

the need to analyze R™ and C" separately.
3.6 Solving Quadratic Feasibility

Having established conditions under which the mapping M 4 represents an iden-
tifiable measurement model and hence (P1) is solvable, we next focus on tractable
approaches for the retrieval of the unknown signal z € C". Consider the f¢5-loss

formulation of problem (P1),

min f(x), )& ii A, x) — cif? (F2)

xeCn m

The reader can easily reason that the above loss function is non-convex (being 0 at
the x = +z but > 0 at x = 0). This negates a lot of the existing literature on gradient
descent and its convergence guarantees on convex functions. Naively attempting to

solve (F2) with gradient descent can lead to convergence to local minima, thereby
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failure in retrieving the unknown signal x.

It is a well-known result that, for nonconvex loss functions, first-order gradient-
based approaches need not converge to a global minimum. This is one of the central
challenges stopping the widespread application of local methods for tackling non-
convex problems. One of the primary attributes of this difficulty is the inability
to distinguish local from global minima due to a lack of global information. Hence
retrieving the generator z through the fs-loss minimization problem (F2) is non-trivial.
In order to ensure that gradient-based algorithms can recover the unknown solutions
we define a sufficiency condition for the matrix ensemble A to ensure retrievability for
local gradient-based methods using (F2).

Lately, nonconvex optimization has received considerable attention due to the
abundant practical applications and recent advances in tackling a subset of this
problem category. In particular, methods like SGD and other gradient-based methods
have been shown to be astonishingly successful in converging to global minima in
many nonconvex problems ( ) ( K ( ).
Arguably, the reason for this is that the optimization landscape of these (somewhat
well-behaved) nonconvex problems enjoy advantageous properties which are crucial
in the empirical success of the gradient based methods ( )

( ); ( ). The work in ( ) proves that the £5-loss
function for the phase retrieval problem enjoys properties such as all local minima
being global, and each saddle point having a strictly negative curvature.

Typically such landscape properties are proved in population studies and the
success of gradient descent is proved as a result of the concentration phenomenon.
While random matrix ensembles are alluring choices for setting up (P1), in many
applications, the setup in (P1) reflects the physical constraints in the physical world

which may not be justified to be modeled by Gaussian random matrices. Hence in the
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rest of the section, we focus on characterizing the relevant landscape properties of the
ensemble A so as to enable all local gradient methods to reach global minima. Note
that, under the right condition, our analysis obviates the need to provide initialization

to first-order gradient-based algorithms Huang ef al. (2019); Chen et al. (2023a).
3.6.1 Conditioning on A

We provide an intuitive example in R™ to make the reader understand better.
Consider the toy problem of retrieving the signal z = [—1,1] € R? as in (P1) with the

following measuring matrix ensemble A, (parameterized by a € RT,0 < a < 1),
A, = : , , (3.5)

Please note that A, satisfies (min{2a, 1}, max{2a, 1})-stability. The f5-loss formulation

can be given by,
[(z] = 1)* + (23 — 1)* + 2(2az122 + 2a)?] (3.6)

Given a > 0, it is easy to verify that f,(x) = 0 if and only if x = [1, —1] or x = [—1, 1]
and fa(x) > 0 for all other x € R?, a > 0. The following graphs show the landscape of

) for different values of a:

' W WV

(a) a=0.05 (b) a=0.2 (c) a=0.6

Figure 3.1: Function landscape of f, for different values of a
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As can be observed, increasing the value of a helps in elevating sites of potential
local minima (these being [1,1] and [—1,—1]). To solidify this understanding, we

analyze it from the Hessian point of view,

V2 1 V2 -1 2+4a®>  12a* (3.7)
1 -1 12a*> 2+ 4a?

The eigenvalues can be computed to be A\; = 2(8a? 4+ 1), Ay = —2(4a? — 1). Note that

A2 >0 Va < iand X\ <0 Va> 1 Thus, even if A, is (min{2a, 1}, max{2a,1})-

1 —1 1 —1

stable, if a < %, Vf(x) > 0 for x all x = , , , . Note that, for
1 1 —1 —1
1 —1

a> 1 Vf(x)# 0 (since Ay > 0 but Ay < 0) for x = ) hence not local
1 —1

minima, but saddle points with strict negative curvature.
3.6.2 Phase Irregularity Correction

Following up on the intuition illustrated in Toy-example in Section 3.6.1, we
concretize the criteria to make sure ¢5-loss function does not induce local minima on
any x apart from the solution to Problem (P1). We first formalize the definition of
the class of points which could potentially lead to situations as expressed in the toy

example.

Definition 3.6.1 (Phase-irregular vectors). Vectors x,y € C" are phase-irreqular if

and only if # a € C such that x = ay.

Intuitively, Definition 3.6.1 formalizes the notion of distinguishing two vectors in
C" only based on irreqular phase changes between the individual dimensions of the
vectors. Note that Definition 3.6.1 displays a notion complimentary to “Unique up-to

phase ambiguity” when restricted to norm constrained x. To give a more intuitive
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example, let x = [z1,29,...],¥ = [y1,%2,...] € C" be such that y; = x; Vi € [2,n]
and y; = ¢?x; for some 6 € [0,27]. Then x and y are phase-irregular. Next we define

a distance notion d,(+,-) to capture the phase irregularity as follows,
dy(x,y) = [lxy" —yx'|r (3.8)
Note the following properties of d,(-, ),
1. dy(x,y) > 0 is and only if x, y are phase-irregular.
2. dy(x,ay) = |a|ld,(x,y) for any a € C.
3. dy(x,x+y) =dy(x,y)
4 dp(x,y +2) < dp(x,y) + dy(x,2)

The notion of phase-irregular distance d,(-,-) ties well with Toy example in
Section 3.6.1, as the d([1, —1],[1,1]) > 0 since [1, —1], [1, 1] are phase-irregular. Next,
we define the condition for our ensemble A to incorporate d,(-,-) termed as k-phase
discriminating, in order to ensure elimination of the suboptimal local minima emerging

due to x which are phase-irregular with solution of (P1),

Definition 3.6.2 (k-phase discriminating). For any vectors x,y € C" and k > 0, we
say that the matriz ensemble A is said to be k-phase discriminating if

%Z ((Aa, yx") {Aa, xy") — (Ag, yyT)(Ag, xxT))

d=1

> kdy(x,y)°. (3.9)

Generalizing from the toy setup in subsection 3.6.1, the potential sites of saddle
point/local minima (with appropriate assumptions on a) were precisely the locations

in C" where only a few dimensions have a phase shift. Intuitively, definition (3.9)
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ensures that the ensemble A eliminates these locations of potential local minima,

by making sure they behave as a saddle point (here k > 0 behaves as a > % in
our toy example). The concern at this point would be the practicality of x - phase-
discriminating (Definition 3.6.2). In the next result we show that such a condition is

satisfied by large class of ensemble A,

Theorem 3.6.3. Let A= {A;}", be an ensemble of complex sub-gaussian random
matrices, and assume the number of measurements satisfies m > Cn for some C' > 0.
Then, for any given & € (0,1), there exist constants C,d,e > 0 such that, with

probability at least 1 — &, the following relation holds

D ((Aa, yxT)(Ag, xyT) — (Aa, yy ') (A, xxT))

d=1
(1—26)*(1— e)d
(14 20)2

Sle

v

tp(Xa Y)Q'

Our criteria in this section was to focus on phase irregularity correction and
hence out choice of utilizing d,(-,-) over d,(-,-) (Note that for any scalar number
a, la] # 1, dy(x,ax) = 0 but d,(x, ax) # 0 showcasing the focus of d,(-,-) on only
phase irregularity detection)

Using the notions of «, f-stability and k-phase discriminating, we provide guaran-

tees on the landscape of the f5-loss function (F2) in the next subsection.
3.6.3 Benign Landscape Guarantees

While the toy setup in Section 3.6.1 is very limited in terms of its construction,
intuitively it suggests that under certain conditions on matrix ensembles A, the
landscape of Equation (F2) might be “nice” enough to enable gradient descent methods
to recover the unknown signal x. In this subsection, we go deeper and establish these

conditions concretely for ls-loss function (F2)
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Observe that the f5-loss function (F2) f : C* — R is not differentiable in the
complex space C". Hence it is challenging to address the problem (F2) in a standard
analysis technique of gradient descent. Instead, we utilize techniques from Wirtinger
calculus ( ). Using this, our first step is to define the notion of a

strict saddle function.

Definition 3.6.4. A function f is said be strict saddle function if for any x € C", at

least one of the following statements is true:

LIV > 0;
t

z z
2. V2f(x) < 0 for some z € C";

VA V4

3. x is the global minimum, i.e. if x € C" satisfies Vf(x) = 0 and V2f(x) = 0

then M 4(x) = Mu(y) where y is the unknown signal in (P1).

where the notion of gradient V f(-) and hessian V2 f(-) are derived through wirtinger

calculus.

Intuitively, this implies that every x € C" either violates optimality (condition 1
and 2) or is a global optimum. A line of recent work ( : );
( ) has explored the efficacy of gradient based methods in finding a local optimum
of functions satisfying Definition 3.6.4.

We analyze the optimization landscape of (P1). For a mild condition on the
stability parameters «, § and k we show that every local minimum s in fact global
(upto the equivalence relation ~). Our next main result states that the function f

in (F2) is strict saddle.

Theorem 3.6.5. Let the scalar vector ¢ € R™ be generated by quadratic measurements

of an unknown vector z € C" characterizing the measurements used in the objective
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function f of problem (F2). Let A be a set of measurement matrices which satisfy
(o, B)-stability with 26 < 3a and k-phase-disciminating with £ > 0. Then, the

following statements hold:
1) The function fis strict saddle, and
2) Every local minimum w of f satisfies d,(w,z) = 0, where z is the global minima.

Proof sketch. Notice that to show that the function f in (P2) is a strict saddle function,
it suffices to only consider the points w € C" such that |V f(w)|| = 0 (otherwise, 1)
of Definition 3.6.4 is satisfied). For all such points, we analyze the behavior of the
Hessian and establish that there exists a direction A € C" such that the following

inequality holds :

A
V2 f(w) <0, (3.10)

A A

whenever d,(x,w) # 0 and Vf(w) = 0.
This implies that there is a direction where the hessian has a strict negative
curvature, and hence w cannot be a minima. In other words, we can conclude that: (1)

All local minima satisfy d(x,z) = 0, and (2) all saddle points have a strictly negative

curvature. OJ

Theorem 3.6.5 is the first result we know of which extracts conditions on measuring
matrices A such that the loss functions have benign landscape properties. Most
of the results in terms of proving good landscape properties related to nonconvex
functions deal with high probability results in the presence of randomness. We establish

conditions that can be used as a design protocol for deterministic measuring matrices

A.
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While none of the works have concretely stated the precise condition as we have
in Theorem 3.6.5, a lot of works in literature have used 3a > 24 internally to prove
results ( ); ( ). Note that x > 0 is a requirement only when
analyzing Problem (P1) in the complex space C". The Authors in ( )
could prove results for similar problems, without the need to invoke such property.

Finally, we remark that the properties of the optimization landscape that we have
established allow one to use any gradient based iterative method to find a global
optimum of the problem (P2) — hence, find a solution to the quadratic feasibility
problem. Furthermore, our results above also imply that a gradient method, with an
arbitrary initial point, would work, which is in sharp contrast with the existing works,

such as ( ). Formally, we have the following result.

Corollary 3.6.6. Consider a gradient method applied to minimize the function f
in (F2). Then, for an arbitrary initial point, the method point converges to a global

minimum of the loss function f associated with the quadratic feasibility problem.

Given the landscape properties we have derived in Theorem 3.6.5, this result follows
in a straightforward manner, for instance, from Theorem 4.1 in ( ). We
would like to remark here that the broad flow of ideas in our proof of Theorem 3.6.7
bears similarities to those in papers like ( ); ( ).
However, to the best of our knowledge, the present paper is the first to derive such
results based on the characterization of ensemble A in the complex domain. One of
the novel contributions of the paper is the isolation of the two conditions namely, one
which provides identifiablity to quadratic feasibility problems and another which lets
it be solved by computationally efficient algorithms. An interesting observation is that
in most of the previous works ( ) ( ) both of

these conditions are satisfied either by construction or by randomness and hence were
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never highlighted. In this work, we also focus on the necessary conditions required for
designing measurement matrices so as to solve (F2) by local-gradient-based methods.

We analyze the optimization landscape of (P2) when our measurement matrices
are Hermitian and complex Gaussian, and show that with a high probability every
local minimum is in fact global (upto the equivalence relation ~). Our next main

result states that the function f in (P2) is the strict saddle.

Theorem 3.6.7. Let {A;}™, be a set of complex n x n Gaussian random matrices,
and let m > Cn for some constant C' > 0. Let the scalars {c¢;}", characterizing the
objective function f of problem (P2) be generated by quadratic measurements of an
unknown vector z. Then, for any given & € (0, 1), there exist positive constants B,~,

and ¢ such that the following statements hold with probability at least 1 — &:
1) The function fis (B, (,7)-strict saddle, and
2) Every local minimum w of f satisfies d(w,z) =0

where (3, (,y)-strict saddle is an extension of Definition 3.6.4 (more on this in
Appendix B.5). Note a crucial difference between Theorem 3.6.5 and Theorem 3.6.7
: While Theorem 3.6.7 holds with probability 1 — &, Theorem 3.6.5 does not need
such a condition. This is because in Theorem 3.6.5, 3a > 23 and x > 0 holds with
certainty and the same holds with high probability in Theorem 3.6.7. This showcases
the fundamental importance of («, §)-stability and k-phase discriminating property in

proving landscape results.
3.7 Robustness Analysis

The results in Theorem 3.6.5 & Theorem 3.6.7 hold only when the measurement

process is noiseless. This rarely holds in the real-world measurement processes and
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hence this section is devoted to the analysis of retrieving the unknown x from noisy

measurements. Consider the following corrupted problem definition:

find x (Py)

such that (Ax,x) =¢;+mn;, Vi=1,2,...,m

where the measurements ¢; are generated from an unknown z € C", i.e. ¢; = (4;z,2)
and n; ~ N(0,0%) Vi € [n] are i.i.d. Gaussian noise variables.
Due to the presence of Gaussian noise, an ideal method to find an estimate X is by

minimizing the following /5-loss function,

1 m
min g, (x :EZ [(Aix, x) — nil? . (Fy)

xeCn

To this end, our next result bounds the distance between the generator z of the

measurements ¢; and the solution of the problem (F,).

Theorem 3.7.1. Let {A;}™", be a set of complex n x n Gaussian random matrices,
and let m > Cn for some large constant C' > 0. Let the scalars {c;}", characterizing
the objective function f of problem P1 be generated by quadratic measurements of
an unknown vector z. Let the Let x € C" be such that ||Vg,(X)|| < J, where g, is
the ly-loss function (F,). Then with probability 1 — cye™®™ — 2e~%™ the following

holds:
4(0 + €0)

A1
1— 5¢ (3 )

|xx* — zz"||p <

where o, € R 1s the noise variance and cy, ci,c3 > 0 are some constants.
The above theorem proves that in the presence of Gaussian noise, the actual
solution of the problem (P1) is in close vicinity of the solution obtained by solving

the noisy ¢y-loss function (). For the complete proof of the above Theorem, please

refer to the appendix
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Chapter 4

BANDIT-BASED MULTI-AGENT SEARCH

4.1 Abstract

Autonomous search using teams of multiple agents needs tractable coordination
strategies between the search agents. The strategy must lower the time to identify
interesting areas in the search environment, lower the costs/energy usage by the
search agents during movement and sensing, and be resilient to the noise present in
the sensed data due to the use of low-cost and low-weight sensors. We propose a
data-driven, multi-agent search algorithm to achieve these goals using the framework
of thresholding multi-armed bandits. For our algorithm, we also provide finite upper
bounds on the time taken to complete the search, on the time taken to label all

interesting cells, and on the economic costs incurred during the search.
4.2 Introduction

Autonomous multi-agent search for objects/phenomena of interest over large areas is
crucial in several applications, including environmental monitoring, agriculture, search-
and-rescue, and wildlife monitoring. Given a grid environment to search, we study the
problem of identifying all interesting cells (cells that contain an object/phenomenon of
interest) using multiple search agents, each equipped with a noisy sensor. We require
the search agents to satisfy multiple requirements. First, the search agents must
coordinate and quickly identify interesting cells, which is essential in time-sensitive
applications like search-and-rescue. Additionally, they must minimize economic costs

associated with the search, which could include the energy used by the search agents
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due to movement and sensing. Finally, they must make decisions on locations to sense
based on noisy observations obtained online from low-cost and low-weight sensors
typical of such search systems. In this paper, we propose a data-driven, multi-agent
search algorithm that addresses these requirements using the framework of thresholding
bandits.

A solution to the search problem is the label-then-move search (see ( ,

) for a variant of this search). In this search strategy, we partition the search
space into disjoint sets of grid cells that are assigned to the search agents. Each search
agent starts at some cell within its assigned set of cells, collects enough data at a grid
cell until it is confident enough to label the grid cell as interesting or uninteresting,
and then moves on to another grid cell within its assigned set. The label-then-move
search strategy ignores the data collected online to decide on the next location to sense.
Consequently, it can spend a significant amount of time in labeling uninteresting cells
and may not be well suited for time-sensitive applications.

Recently, multi-armed bandits (MAB) have also been proposed for the multi-
agent search problem. Recall that MAB is a special class of reinforcement learning
algorithms where the current actions do not impact future reward (

, ). MAB-based algorithms typically enjoy non-asymptotic guarantees
of performance with minimal assumptions, unlike general reinforcement learning
algorithms ( , ). ( ) ; ; )
propose MAB-based search strategies that identify the maximal or top-k interesting
cells in a grid and require prior knowledge of the number of interesting cells. Instead,
our work focuses on identifying all interesting grid cells without prior knowledge of
the total number of interesting cells.

In this paper, we combine the label-then-move search and thresholding MAB-

based search strategies, as illustrated in Figure 4.1. Similarly to ( ,
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Figure 4.1: Data-driven multi-agent search under noisy observations. The proposed
approach switches between a bandit-based search and a label-then-move search with
a user-specified probability. The bandit-based search optimizes a surrogate function
constructed using noisy observations for making decisions on locations to sense.
The label-then-move search makes the agents follow a fixed, pre-determined pattern

independent of the data collected online.
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; , ), we decide on the next locations to sense by maximizing a
surrogate function that is constructed using the data collected online. While a vanilla
application of the thresholding bandit-based approach is near-optimal in terms of
search completion time ( , ), it may have high economic costs. A
key feature of our approach is the ability to trade off the desire for efficient search
with the need to lower the economic costs associated with the search.

Several other strategies have also been proposed for multi-agent search ( , ;

, ). Popular approaches include algorithms based on submodular

maximization ( , ), algorithms combining Voronoi-based
search ( : ) with function approximation ( : ;

, ), active sensing/perception algorithms ( , ), graph-based
search algorithms ( , : , ), and algorithms based on

statistical learning ( , ; ; ; )

). However, these works may require perfect sensing, may not have finite-time
guarantees on the search performance, and/or may have high economic costs of search
associated with movement and sensing.

The main contributions of this paper are: 1) to propose a multi-agent search
algorithm that accommodates noisy observation data using a combination of thresh-
olding MAB and label-then-move search, and 2) to characterize the performance of
the algorithm by determining finite upper bounds on the time taken to complete
the search, time taken to label all interesting cells, and the economic costs incurred
during the search by our algorithm. We propose two metrics, priority labeling time
and economic cost, to study the performance of the proposed algorithm. Additionally,
with respect to the existing literature in MAB, we integrate coordination requirements
and the physical limitations of switching actions directly into the algorithm. Finally,

we demonstrate the efficacy of our approach in numerical simulations.
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4.3 Problem Formulation

Let G denote the set of grid cells defining the search environment. Let the
autonomous search team have d agents, each equipped with a noisy sensor. In
the autonomous multi-agent search problem, we must identify the sequence of grid
cells to visit and sense based on the noisy sensor data collected online, and return
a set of interesting grid cells. We refer to a cell as interesting if it contains an
object/phenomenon of interest. In this section, we formalize the autonomous multi-
agent search problem as a variant of the thresholding MAB, characterize suitable
metrics to analyze the performance of a search algorithm and state the problems

addressed in this paper.

MAB formulation of the multi-agent search problem:

We cast the search problem as a |G|-armed bandit problem where the arms are grid
cells with G = {1,2,3...,|G|}, and |G| denotes the cardinality of the set G. Let
St=g¢ \ S be the complement of any set S C G.

At each time step, the search team of d agents selects a set of d distinct grid cells
to visit simultaneously. Each visit to a grid cell returns a binary indication of whether
the cell is interesting. However, the observation data may be corrupted by noise,
arising from sensing limitations and perception errors. Formally, a visit to grid cell
1 € G results in a draw of a sample from a corresponding Bernoulli random variable
v; with mean p;. The mean p; is influenced by the underlying spatial distribution
of the interesting cells, the characteristics of the noisy sensors, and the perception
algorithms used by the agents. We assume that the Bernoulli random variables for

any two cells in G are mutually independent.

Remark 4.3.1. We do not assume prior knowledge of u; for any grid cell 1 € G or
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the total number of interesting cells.

Desired outcome of the search:

For a user-specified threshold 6 € (0, 1), upon the completion of the search, we seek to

identify the set of grid cells,
Sp={ieGlu >0} Cg. (4.1)

The set Sy is the set of grid cells that may be sensed as interesting with a probability
of at least 6.
We make the following assumption to obtain finite-sample guarantees despite the

noisy sensors on the search agents.

Assumption 4.3.2 (LABELING ERROR TOLERANCE).
The labeling error for grid cells i € G with u; € (0 — €,0 + €) may be ignored for some

(small) tolerance € > 0.

Assumption 4.3.2 is motivated by the observation that deciding if |u; — 6] > € for
any grid cell ¢ € G using a finite number of samples becomes harder as u; approaches
g ( , ; , ). Under Assumption 4.3.2, any

set IC C G that satisfies
80+e g K g 89—57 (42)

is an acceptable approximation of Sy.

We use the notion of a search policy to characterize a multi-agent search.

Definition 4.3.3 (SEARCH POLICY). Let H(7) = {Hi(7)}icg, where H;(T) is the
history of observations at grid cell i € G collected by all agents until time 7. Let

7, H(T) = G? be a function that maps H(7) to d distinct grid cells in G. We define a
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search policy 7, as a sequence of functions wy = {m; }o<r<t. We will drop the subscript

on 1 when time is not relevant.

Performance metrics: Let the multi-agent search using the search policy 7 termi-
nates at time step T, € N, and return a sequence of sets {KC(¢)}/=, with K(t) C G, V.

A successful search policy 7 has a low labeling error upon termination, i.e., it satisfies
P [(86+e \ ]C(Tﬂ')) U (’C(Tﬂ') \89—6) = Q)] > - 57 (43>

for some user-specified labeling error probability 6 € (0,1). Here, (4.3) enforces (4.2) by
requiring that (75 ) includes (almost) every one of the interesting cells and excludes
(almost) every one of the uninteresting cells upon termination, with probability 1 — 4.

Additionally, the search must have:
1. low priority labeling time L(),
L(m) = inf{t < Ty : P[Spic \ K(¢) # 0] < 4]}, (4.4)

i.e., the search identify (almost) every one of the interesting cells quickly. By

definition, L(7w) < T.

2. low economic cost upon termination, i.e., the search has low costs associated

with movement and sensing,

B =Y | tavay + pd (45)

movement cost  sensing cost

where a; is the set of d grid cells being sampled at time ¢ according to search
policy m,_1, £ : G x G* = R is a metric on G¢, and 8 > 0 is a known constant
sensing cost for each agent. Consequently, 5d is the sensing cost for the team at

each time step.
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We pursue probabilistic performance metrics in (4.3) and (4.4) due to the uncer-
tainty in sensing and perception.

We now state the two problems tackled by this paper: Design a multi-agent search
algorithm on G that simultaneously satisfies the criteria (4.3), (4.4), and (4.5).

Determine upper bounds on the time to terminate the search (4.3), the priority

labeling time (4.4), and the economic cost (4.5) for the proposed solution to Problem 4.3.

4.4 Proposed Solution

Algorithm 3 describes the proposed solution for Problem 4.3. It augments label-
then-move search with a thresholding bandit-based search (inspired from (

: )) to satisfy the criteria in (4.3), (4.4), and (4.5). In Algorithm 3, the keep
set K(t) C G and the reject set R(t) C G are the sets of grid cells labeled as interesting
and uninteresting respectively, at the time instant .

Algorithm 3 runs in a loop until all grid cells in G are assigned to KC(t) or R(t)
(or both). Each loop starts with a toss of a biased coin with the bias set to the
aggressiveness parameter, o € (0, 1).

When the current toss of the biased coin returns heads, we use upper confidence
bounds typical of bandit-based algorithms ( , : , :

, ) to sample the unlabeled cells “most likely” to be

interesting. Specifically, we choose d distinct cells that achieve the highest values of
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acquisition function J : G x N — R U {oo} at time ¢,

Ir(i,t) = i (t) + U; z(t,0), (4.6a)

- - Zhe?ﬁ(t) h

flim(t) = ETATT (4.6b)
i[OO 03015y

with fi; () = U; = (t,0) = oo, whenever H;(t) = 0.
Otherwise, we minimize the movement cost ¢ in (4.5) to decide on the next location
to sample. Since /¢ is a metric, a search agent continues to sample its current cell in

the next iteration, if the current cell is unlabeled.
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Algorithm 3 Multi-agent search under noisy observation
1: Input : Set of grid cells G, number of agents d € N, threshold 6 € (0, 1), tolerance

€ > 0, labeling error probability § € (0, 1), aggressiveness param. « € (0, 1)

2: Output : {K(t)}+>1, a sequence of (keep) sets of grid cells

3: Initialize time counter ¢ < 1

4: while R(t) UK(t) # G do

5. if current toss of a-biased coin returns heads then

6: Define a; by selecting d distinct grid cells that score the highest values in J,
(4.6)

7. else

8: Define a; by assigning each agent to a distinct unlabeled cell that minimizes
(in (4.5);

9: end if

10:  Deploy the agents to grid cells a; and update the history H () based on collected
Nnoisy Sensors;

11:  Update sets of labeled grid cells;

K(t) < {i € Gl (t) — Ui r(t,0) > 0 — €}, (4.7a)

R(t) < {i € Glftin(t) + Uin(t, 8) < 0+ €}. (4.7b)

12:  Increment time counter ¢t < ¢ + 1
13: end while

14: return {K(t)}1>1

Finally, we complete the loop by updating the sets K(t + 1) and R(¢ + 1) using
(4.7) based on the data collected in the iteration t. Since U; »(t,d) is a non-increasing

function of |H;(t)|, the sets IC(t) and R(t) are monotonic in ¢. The definitions used in
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(4.7) are motivated by the desire to obtain anytime guarantees for Algorithm 3.

Proposition 4.4.1 (ANYTIME ALGORITHM).  The following
holds for Algorithm 3 at any time t > 1 with probability of at least 1 — 6: KC(t) C Sp_
and R(t) C S5, ..

We provide the proof of Proposition 4.4.1 in Appendix C.1. By Proposition 4.4.1,
Algorithm 3 yields a correct-by-construction (albeit incomplete) labeling of the grid
cells, even when it is terminated prematurely.

We conclude this section by noting that Algorithm 3 simplifies to a label-then-move

search when a = 0, and a thresholding bandit-based search when a = 1.
4.5 Performance Analysis

We now focus on Problem 4.3, and study the performance of Algorithm 3. We show
that Algorithm 3 has finite time termination guarantees, and admits high likelihood
upper bounds to the incurred economic costs and priority labeling time. These bounds
are a natural consequence of the bandit framework which yields non-asymptotic
performance guarantees under minimal modeling assumptions.

We will use the following problem-specific parameters for each cell 7 € G,
A; = |p; — 0|+ € and Q; = min |p; — pl. (4.8)
j689+6

Informally, A, signifies the separation of the mean p; from the threshold, while §2;
signifies the separation of the mean p; from the set Sp... We will state our results

using parameters ¢; and -; for each cell 7 € G,

¢Z:A21 ('(j' g('—%» (4.92)

A
I9 4
v = QZ 5 log ( 5 log (915)) . (4.9b)
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Similar to the bandit literature ( , ), we will show that

A; and §2; together characterize the difficulty of the search problem in Theorem 4.5.2.

Remark 4.5.1. For any two scalar functions f,g : R — R, we write f = O(g) if
there ezists a constant C > 0 and a scalar xy € R such that f(z) < Cg(x) for every

T > xg.

Theorem  4.5.2 (UPPER BOUNDS FOR  ALGORITHM  3). Fach

one of the following statements hold for Algorithm & with probability 1 — 9:

1. Algorithm 3 terminates at T and satisfies the low labeling error criterion (4.3)

with
1
Tr < max;ep, O (¢i) + p ZiEDCA O (¢i), (4.10)

where Da is the union of a grid cell with the smallest A; with a set of d —1 grid

cells with the largest A; among all cells i € G.

2. The priority labeling time (4.4) for Algorithm 3 is bounded from above as follows,

1
L) Smaxiep O (¢) + 3> o\, O(6)

+é > min{O(%)vL%,O(@)} (4.11)

i€s§, \DPq

where Dq 1s a set of d grid cells characterized by A;, €;, and a.

3. The economic cost (4.5) incurred by Algorithm 3 is bounded from above (with

M = max {(a,d)),

a,a’ €Gd

E(m) < O(|] = 1) + dmaxep, O (Ma + B)¢:)

£ O (Mot 300 (4.12)
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See Appendix C.2 for a sketch of the proof of Theorem 4.5.2. In Theorem 4.5.2,
big-O notation hides constants factors which are independent of system parameters.

From (4.10), Algorithm 3 may take more time to terminate when A; is small for at
least one grid cell, i.e., u; is close to € for some ¢ € G. Additionally, the upper bound on
the termination time 75 does not have a purely inverse-linear relationship the number of
agents d, i.e., Ty is not upper bounded by an expression containing only é > icq O (4).
Instead, the upper bound in (4.10) has an additional term max;ep, O (¢;) independent
of d, which corresponds to the diminishing benefit of significantly increasing the
number of agents.

We now analyze the role played by the aggressiveness parameter « in the perfor-
mance of Algorithm 3. We observe that the upper bound on 7T is independent of «,
consistent with the intuition that Algorithm 3 with o > 0 and label-then-move search
(Algorithm 3 with o = 0) takes the same number of iterations for a search problem
with identical A;. This is because all grid cells must be labeled at the end, and both
approaches rely on similar concentration inequalities to label a cell.

Recall that Algorithm 3 simplifies to label-then-move search for a = 0, where the
deployments of the agents are decided solely based on the associated movement costs.
Consequently, as seen from the upper bounds, such an approach incurs a low economic
cost F(7), but may incur a high priority labeling time L(7r). On the other hand,
setting o = 1 simplifies Algorithm 3 to a pure bandit-based search that samples grid
cells based on the maxima of the acquisition function J, (4.6). Consequently, as also
seen from the upper bounds, such an the approach will result in low priority labeling
time L(7r), but high economic cost F(7r). Thus, by varying « € (0, 1), the the method
can achieve the desired trade-off between the priority labeling time and the economic

costs of search.
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4.6 Experiments

We use a numerical simulation to compare Algorithm 3 to three baselines, AdaSearch (
, ), a pure bandit-based search (Algorithm 3 with o« = 1), and label-then-move
search (Algorithm 3 with oo = 0).

We setup the multi-agent search problem as follows: Consider a search environment
of 10 x 10 grid cells with mean p; = 0.85 for interesting cells 7 € G and p; = 0.15
for uninteresting cells j € G. We set the team size d = 5 with randomly chosen
starting locations. We also set 10 randomly chosen grid cells as interesting. We set the
tolerance € = 1073, labeling error probability 6 = 1073, and the threshold parameter
0 = 0.5. We set sensing costs § = 0.01, and define ¢ as the sum of the Manhattan
distance between the agents’ current and next locations.

We adapt AdaSearch ( , ) to solve the multi-agent search problem.
Recall that AdaSearch adjusts the number of samples collected at each cell based on
any valid data-driven confidence bounds. In our implementation of AdaSearch, we
utilized the confidence bounds defined in (4.6). We also assumed that the agents follow
identical raster paths and recompute the sample visitation counts upon completing a
loop around the environment. Unlike Algorithm 3, AdaSearch additionally requires
the total number of interesting cells to label the cells.

We analyze how the different search strategies label interesting cells to the keep
set IC(t) as time progresses in the algorithm. Figure 4.2 shows the performance of the
algorithms on 100 randomly generated search problems. Based on our experiments,

we recommend the choice of o = 0.2 for the given choice of ¢ and /.
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Figure 4.2: Priority labeling time for various search strategies with number of samples
collected by the team over G (top), and incurred economic cost (bottom). The proposed
solution (Algorithm 3 with av = 0.2) achieves a good compromise as compared to other
strategies — label-then-move search (Algorithm 3 with a@ = 0), a pure bandit-based

search (Algorithm 3 with v = 1), and AdaSearch (Rolf ¢/ al., 2021).
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Priority labeling time (Fig. 4.2, top):

As expected, the proposed solution (Algorithm 3 with v = 0.2) and a pure bandit-
based search (Algorithm 3 with o = 1) detects Sy, with a smaller number of samples
as compared to AdaSearch and label-then-move search (Algorithm 3 with o = 0).
The latter search strategies require a large amount of samples, possibly due to the

pre-determined search pattern used by the agents.

Economic cost (Fig. 4.2, bottom):

The proposed solution and label-then-move search incur lower economic costs when
compared to AdaSearch and pure bandit-based search. From (4.5), the economic cost
is a linear combination of sampling cost and movement cost. Since (3 is small, the
incurred costs are primarily driven by the movement costs, and the proposed solution
and label-then-move search make the agents move relatively less when compared to
other approaches. We expect the performance of the search strategies to be similar

to Fig. 4.2, top, in applications where sensing is expensive and movement is cheap

(higher /).

Impact of the team size d on the search (Fig. 4.3):

As expected, the number of samples needed per agent to characterize the keep set
K(Ty) decreases with increasing team size d. However, the reduction in the samples
needed per agent does not exhibit an inversely proportional relationship with the team
size, as indicated by Theorem 4.5.2.

We conclude with a note that Algorithm 3 has minimal computational overhead.
A non-optimized Python code took = 0.3 milliseconds per iteration on a standard

laptop.
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Figure 4.3: The median number of samples needed per agent to characterize the keep
set IC(T) (magenta line with crosses) in 100 randomly chosen search problems using
the proposed solution (Algorithm 3 with o = 0.2) decreases with increasing team
size d. The blue line shows the trend needed to achieve an inversely proportional

relationship between the samples needed per agent and the team size.

4.7 Conclusion & Future Work

We propose a data-driven, multi-agent search algorithm that accommodates noisy
observations when searching for all interesting grid cells. We combined recent results
from thresholding MABs with a standard label-then-move search to lower the time to
identify interesting areas in the search environment and lower the costs incurred by the
search agents during movement and sensing, while accommodating noisy observations.

The multi-agent search strategy proposed in this work has two drawbacks. First,
it does not enforce the physical limitations on the mobile sensors are enforced as hard
constraints during exploration. Second, it does not consider the effect of temporal
changes in the search environment. Our future work will extend the proposed solution

to address these drawbacks.
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Chapter 5

PERIODIC BANDITS

5.1 Abstract

In traditional multi-armed bandits (MAB), a standard assumption is that the
mean rewards are constant across each arm, a simplification that can be restrictive in
nature. In many real-world settings, the rewards exhibit a periodic pattern on which
traditional MAB algorithms would fail. This paper addresses the problem of regret
minimization when the mean rewards change periodically. To this end, we propose an
approach that utilizes the Ramanujan periodicity transform to estimate the support

of the periods efficiently and, furthermore, use this information to minimize regret.
5.2 Introduction

Sequential decision-making under uncertainty is crucial in a wide variety of fields.
Ideally, given ample time, one would exhaustively sample all available options before
making decisions. However, in modern problems which present the decision maker
with an enormous number of choices, such an approach is infeasible. The Multi-armed
bandits (MAB) framework ( ) addresses this by efficiently identifying
optimal options in minimal time. Central to MABs is the Exploration-exploitation
dilemma: one must balance exploring unknown choices and exploiting the best-known
option. Given its strong theoretical foundations and its efficacy in a wide range of
domains like recommendation systems, clinical trials, and online advertising, this

framework and its variants have received much attention in recent years

(2019); (2007); (2011).
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A key limitation of this framework, however, is its traditional reliance on stationarity
of the underlying “reward” distribution. Real-world applications often exhibit non-
stationarity. Introducing non-stationary reward distributions complicates matters due
to potential erratic patterns. Although there have been endeavors to address this (see,
e.g., (2019); (2008); (2008)),
formulating a universal learning policy for non-stationarity remains challenging.

In this paper, we focus on Periodic Bandits, a class of non-stationary bandits that
are characterized by a periodic pattern in their rewards. Such periodicity is common
in a range of real-world scenarios, such as cell-tower congestion, advertisement trends,
and the behavior of electronic systems reliant on discharging power sources. Ignoring
these patterns can result in highly suboptimal decisions ( ).
Incorporating periodicity into multi-armed bandit algorithms enables one to make
decisions that align more closely with the natural rhythms and temporal variations
present in the problem domain.

Research such as ( ) has addressed seasonal reward shifts, while

( ) leverages historical data for sudden changes. Other studies, like
( ), focus on regime-switching rewards, while ( ) considers
rewards based on auto-regressive models. ( ) integrates periodicity in
Gaussian process bandits. Our work aligns most closely with ( ), which
combines Fourier analysis with a confidence-bound-based learning procedure to learn
the periods and minimize the regret.

This paper proposes a tractable methodology for tacking the periodic bandit
framework. To this end, we utilize the framework of Ramanujan Periodicity Transforms
(RPT) to estimate the length of the period and identify the fundamental periods if the
signal is a combination of two or more periodic signals. The authors in

( ); ( ) introduced the notion of RPT and showed
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that one can utilize RPTs to estimate the underlying period of a periodic signal. In
addition, the authors demonstrated that RPT-based methods are more robust in the
presence of noise and showed the advantages of RPTs over the classical DF'T-based
techniques ( ). RPTs have been used in practice such
as detecting periodicity in visually evoked potentials in brain-computer interfaces
( ) and detecting the tandem DNA repeats

( ) and have shown promising results.

Contributions. The main contributions of this work are the following.
a) We propose an online learning algorithm called Bandit Tracking System via Ra-
manujan Periodic transform (BTS-RaP) for non-stationary environments with seasonal
patterns and unknown periods.
b) We propose the use of RPT dictionaries to estimate the length of periods across
different arms which are known to overcome the limitations of the DFT-based tech-
nique.
c) Using computer simulations we show that the BTS-RaP algorithm can achieve

sublinear regret.
5.3 Ramanujan Periodicity Transforms

In this section, we briefly review the structure of the RPT dictionary, and their

applicability to estimate the period of a periodic signal.
5.3.1 RPT Dictionaries

RPT dictionaries are constructed based on the properties of Ramanujan sums,

defined as ( )
p
)= 3 exp(2rkn/p) (5.1)
(ki1



where (k,p) is the greatest common divisor of k and p. c, indicates the vector form
of ¢, (n), and cj(gi) shows the circularly shifted version of ¢, with step size ¢. For each

value p construct a p x ¢ (p) submatrix C, as follows
Gy=le, W . o] (52)

where ¢ (p) is the Euler totient function (the number of integers that are co-prime to p).
The author in ( ) showed that the ¢ (p) columns in C,, are linearly
independent. Thus, one can construct the RPT dictionary K in three consecutive
steps.

i) Build all the submatrices C, for every p € P, where P = {1,2,..., Pyax} and
Piax is the largest possible period in the signal.

ii) Build the L x ¢ (p) submatrices R,, by periodically extending all the columns
of C, to length L.

iii) Concatenate the matrices R,, as

K=|R, R, ... Rp,.| - (5.3)

Therefore, denoting ¢(Puax) = S.17 ¢(p), the size of the dictionary is L X ¢(Ppax)-

p=1

5.3.2 Period Estimation Using RPT Dictionary

Discrete periodic signals can be expressed using the RPT dictionary in a noise-free
setup as:

y = Kx (5.4)

where y is the vector form of the periodic signal with period p, K is the RPT dictionary
introduced in section 5.3, and x is the sparse representation of the periodic signal
under the RPT dictionary. Given a sufficiently long vector y, vector x exhibits a

sparse structure and its non-zero values correspond to the sub-matrices in K, that
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have periodic columns with periods ¢; that are divisors of p, or ¢;|p. Therefore, it
is possible to estimate the period of a periodic signal by first recovering the sparse
representation of the signal under the RPT dictionary. Then, the support set of the
signal identifies the divisors of the underlying period of the signal. The support set of
a sparse vector are a set of indices that contain the location of the non-zero values of
the vector. Finally, the estimate of the period is equal to the least common multiplier
(LCM) of the divisors from the recovered support set. One can recover the support of
the sparse vector x using sparse recovery algorithms ( ). In this work,
we adopt the proposed approach in ( ) and solve the

following minimization program:

min | Dx|[[s st. y=Kx (5.5)

where, D is a diagonal penalty matrix with ¢-th entry on the diagonal being equal
to p?, where p; is the period of the i-th column of the dictionary K. An illustration of
this method is presented in Fig. 5.1. In Part (a), we observe an incomplete segment
of a signal with a period of 231, which has been affected by noise. This 231-period
signal was constructed by combining three periodic signals with underlying periods
of 3, 7, and 11. Following ( ), we compute the energy
corresponding to each subvector in x as follows and plot the strength vs. period. Part
(b) illustrates the strength vs. period after solving (5.5). The strength at each period

p is defined as:

P+9¢(p) p—1
E(p)= > lz(k)P, P=>_ ¢(d). (5.6)

Similarly, in part (c) the periodogram displays the strength of the different period
components in the signal. It is evident that, RP'T basis is robust towards estimating

the fundamental periods of a given signal.
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Figure 5.1: (a) A noisy period 231 time series signal with that was generated as sum
of period 3, 7 and 11 signals. The strength vs period plot for the solutions of the

convex problem (5.5) using (b) Ramanujan basis, and (¢) DFT basis.

5.4 Problem Setup

Consider a multi-armed bandit setting with I being the set of all arms such that
mean of each arm i € K is represented by function p; : N — [a,b] Vi € [K] such that
wilt + T;] = pi[t] for some unknown 7; € N. Throughout the paper, we sometimes

refer yi;[t] as p;. At each round, the learner chooses an arm a; € K to sample and
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observes a noisy reward

Trs = Mhei+ M,

where, {n;:}:+ are i.i.d. noise samples from a o2 sub-Gaussian distribution. The goal

of the problem is to minimize the regret up to a known time horizon 7" defined as,

T
R(T) =3 (s =) (57)
where the decision maker chooses an arm a; at time step t. The aim of the work is
to propose an algorithm to minimize regret as mentioned in (5.7). This can only be
obtained if the decision maker chooses an arm that is optimal for every time t. If,
at the current time instant, one of the arms is optimal, it is not necessary that the
previously chosen arm will be optimal again at the next time step, which is well-suited
for handling time-varying reward changes. The notion in (5.7) is different than the

standard notion of regret ( ), which focuses on selecting the one

optimal choice for every time-step ¢.
5.4.1 Baseline Method

Recently ( ) proposed for addressing periodic bandits a two-stage
approach which provides a sub-linear regret that scales as O (Jm), where
T; is the period of arm i. The authors first propose to use (DFT) to estimate the
length of the periods T;’s. Since the mean of arm ¢ returns to the same value every T;
step, the authors propose that for every arm i, the number of ‘effective arms’ is T;
(1 arm for every step until time reaches T;). Therefore, we end up with d = Yok Ty
effective arms (unique mean rewards) to learn. In the second stage of the algorithm,
the authors utilize the estimated number of effective arms to implement a UCB-based

approach to minimize regret (5.7). We refer to this as MAB-UCB.
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This approach suffers drawbacks due to the utilization of DFT as well as two
distinct stages leading to sample inefficiency. We address this by using RPT and
merging the two stages into one main algorithm thereby painting optimal sample

efficiency.
5.5 Proposed Approach: BTS-RaP (Bandit Tracking System)

We first provide an overview of the linear bandits and then show how it connects

to RPT-based reward representation.
5.5.1 Linear Bandits

Linear bandits ( ) have emerged as a powerful and versatile
tool in the field of bandit research literature. These algorithms are particularly well-
suited for scenarios where the relationship between actions and rewards can be
approximated linearly. Let the arm set be defined by the set . In a linear bandit
setup, every arm is associated with a feature vector R? such that d < n. On sampling
the arm ¢ at time ¢, the reward observed satisfies the relation r;; = (a;,0*) +n:, where
0* € R dented the unknown reward parameter, a; € R? denote the feature vector
associated with arm ¢ and 7, is the i.i.d. Gaussian noise realized from a o2-subgaussian
distribution at time .

Due to the low dimensional structure of the linear bandit problem, it has been
proven, both theoretically and experimentally that the regret upper bound scales as
O(V/dT) (sublinear in time T'), where d is the feature dimensionality. Note that for

the case of stationary linear bandit, the regret takes the form as defined below,

Rrs(T) = XT: (max(ak,0*> - (at,0*>) (5.8)

kek
t=0

Taking a step further ( ) showcases that the regret upper bound can
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be further tightened to nearly O(v/soT), where s¢ : [|6*|lo < so is the support of 6*.
5.5.2  Connection to RPT Decomposition

Let K be the RPT dictionary and x; be the corresponding sparse vector associated
with the arm ¢ with support set .S;. We can map our problem setup to linear bandits
as follows:

i) Construct the block diagonal matrix Ky = diag(K,K,...), where each
K € R7*¢(Fuax) are blocks on the diagonal and constructed as per Equation (5.3). For
an arm i, the arm features, at time t is a;; = Ky [i * T+ t|, which is the (i x T +t)™"
row of K.

ii) The unknown feature vector 8* is a vector stack of x;, where x; is the
true solution to the minimization problem (5.5) in the noiseless case. The reward is
obtained as r; = (a;;, x;).The pseudocode of the proposed algorithm is provided in
Algorithm 4 Following directly from ( ), we can provide the following
theoretical backing to BTS-RaP:

Theorem 5.5.1. Let x; be the sparse representation of a periodic signal under the RPT

dictionary with support set S; that has |S;| nonzero values, for all x; © € K, then the

regret of Bandit Tracking System (BTS-RaP) is upper bounded by O(\/T Y, i |Si])-
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Figure 5.2: Regret R vs time ¢ plots on two armed periodic bandits setting for (a)
BTS-RaP and (b) MAB-UCB. Rewards of each arm is generated as per Equation
(5.10).

Algorithm 4 Bandit Tracking System (BTS-RaP)

1: Given T, K arms, form K € RT*¢(Pmax) pull each arm once and form the observa-
tion vector p,; Vi € KK

2: Create mini-dictionaries K; for ¢ € IC which will grow as arms get pulled. Initially
each K; is of size 1 X ¢(Ppax)

3: Initialize support for each arm x; foralli e Ct =K +1...T

4: Choose arm a; = arg maxe(1, ..k} (K[t], x;) + /22 0t/n,_, ;, where, K[t] is the tth
row of K

5. Append the row KJt] to the mini-dictionary K,,

6: Observe r;,, = fi; 4, + 7 and append this observation to p,,

7: Solve : min |Dx,,[|2 s.t.  p,, = Kg X, to return updated x,,

8: {at}?:K+1
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Figure 5.3: Regret R vs time ¢ plots on two armed periodic bandits setting for MAB-
UCB and BTS-RaP. Rewards of each arm is generated based on (5.9) with {p1,ps}
taking values (a) {7,3}, (b) {9,11}

5.6 Simulation Results

We consider a two-armed bandit setup with three different experiments. In the

first and second experiments, we represent the means of the two arms by:

2t 2t
p1(t) = ¢+ sin (l) , po(t) = c+sin <i> , (5.9)
P1 D2
where, t = {1,2,...,T} and ¢ is some positive scalar. For the first experiment the

tuple {p1, p2} take the values {9, 11} and for the second one it takes the values {7, 3}.
For the third experiment, we consider periodic mixtures to generate rewards as

follows,

() = c+ ism (2; ) , a(t) = ¢+ sin <@> , (5.10)

i=1 ¢ p

where, for the first arm the periods are {p, ps, p3} = {3, 7,11} and second arm period
is p = 9. In the first two experiments (Figures 5.2(a), (b)), we see that our proposed
algorithm BTS-RaP outperforms MAB-UCB. While plotting the regret of MAB-UCB

we do not consider the stage one (estimation of period) cost. One advantage of using

93



RPT is that even if the period is large, we can still estimate it using RPT with
fewer samples, sometimes, even when we have an incomplete period length signal as
illustrated in Figure 1. While MAB-UCB does achieve sub-linear regret it does so at
a very slow pace compared to BTS-RaP. This is because we are selecting an optimal
arm from a set of ), T} arms and not 2 as stated in the problem. This increases the
complexity of the MAB problem and is reflected in the regret curve.

The real issue is revealed in the third experiment where one of the arms rewards is
a combination of the sum of smaller periodic signals (7,3,11). Therefore, the resulting
signal is a 231-length period signal. The second arm is a single period signal with
period 9. So effectively, the MAB-UCB algorithm has 240 effective arms to select
from. Whereas, BTS-RaP effectively learns non-zero coordinates of the support vector
x associated with each arm. This vector as highlighted earlier is sparse and the regret
scales with the sum fy-norm of this support vector. Therefore, as seen in Figure
5.3, BTS-RaP achieves minimum regret quickly and MAB-UCB has to run for a

significantly longer time (~ 100x) to start learning the periodic pattern.
5.7 Conclusion

In this paper, we consider bandits that exhibit periodicity. We incorporated
the periodic structure of the rewards and proposed an algorithm to minimize the
regret. To this end, we utilized the newly introduced, Ramanujan-based periodicity
estimation techniques to sequentially update the estimate of the periods of each arm,
and subsequently select the best arm at each time step. Our results indicate that our

RPT-based method dubbed BTS-RaP, can achieve sub-linear regret.
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The appendix is organized as follows. Appendices A.1-A.3 and Appendix A.7
provide various supporting results and insights into our main theoretical results.
Appendix A.4 and Appendix A.6 provide sample complexity guarantees for GRUB
and (-GRUB respectively. Appendix A.5 states and proves necessary conditions on
the sample complexity, and Appendix 2.8 presents a discussion on the incomparability
of our graph bandits problem with that of linear bandits.

A.1 Parameter Estimation

At any time T\, GRUB, along with the graph-side information, uses data gathered
to estimate the mean fi,; in order to decide the sampling and elimination protocols.
The following lemma gives the estimation routine used for GRUB.

Lemma A.1.1. The closed form expression of fiy is given by,

T -1/
o = (Z emeTTrt + pLG) (Z emrft) (A.1)
t=1 t=1

Proof. Using the reward data {r;, }!_, gathered up-to time 7" and the sampling policy
mr, the mean vector estimate i is computed by solving the following laplacian-
regularized least-square optimization schedule:

T
o = argmin Y (tn, = 7i)” + plps L) (A.2)
BER™

where p > 0 is a tunable penalty parameter. The above optimization problem can be
equivalently written in the following quadratic form:

T T
ﬂ’T = arg min (<l"’7 V(ﬂ-Ta G)l“'> -2 <ll'7 (Z eﬂ't,rt,ﬂ't> > + Z Tt%m)
t=1 t=1

pER™

where V (77, G) denotes,

T
V(rr,G) =Y eqel +pLg (A.3)

t=1

In order to obtain fi,, we compute vanishing point of the gradient as follows,

T T
(<P’> V(’”Ta G),U,> —2 <“7 (Z errﬂ’t,n,:) > + Z Tt%m) |#:ﬂT =0
t=1 t=1

T
= iy =V(rr,G)7 <Z eﬂl”) (A.4)
t=1
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The sampling policy in GRUB uses the mean estimates and their high probability
confidence bounds to eliminate suboptimal arm. In the following lemma we compute
the high probability confidence bounds on the estimates of the mean and introduces
the idea of effective samples of each arm given the graph side information.

Lemma A.1.2. For any T > k(G) and i € [n], the following holds with probability no

less than 1 —
1 2w
t (20\/ 14log( wg”T)> +pHuHG) (A5)
eff,i

where w;(wr) = agntiﬁi for some constant ag > 0, [i¥ is the i-th coordinate of the
estimate from A.1.1 and,

ws (7I‘T) :

‘/l?r - Mi‘ <

1
T T -1
Zt:l eﬂ'teﬂ't + pLG

teﬁ,i =
i

Proof. Let the sequence of bounded variance noise and data gathered up-to time T’
be denoted by {n, ra,¢}i1. Let Sy = 3, mer, and Ny = 3, e,el . Using the
closed form expression of f1- from eq. A.1.1, the difference between the estimate and
true value [i’> — j1; can be obtained as follows:

fiy — pi = (i, iy — p) = (e;, V:r_lsT - va_lLGp‘>
The deviation /i — p; can be upper-bounded as follows:
(e, i — )] < (s, Vi Sr)| + [{ei, pVr ' Laps)|
Further, in order to obtain the variance of the estimate i, we bound the deviation

| — pi] by separately bounding |(e;, Vi 'Sr)| and [(eipVy ' Lap)]-
With regards to the first term (e;, V- 'Sr), note that

T
(e, VT_15T> = <ei, VT_l (Z enmt) >
=1
T
= Z <ei: VT_le7rz> Ui
=1

Using a variant of Azuma’s inequality ( ); ( ), for any
x > 0 the following inequality holds,

2
P (|{e;, VZlSr)* < k%) > 1 —2expl — - A6
(Hew Vi 'Sl < #7) > p{ 5602 3, (<ez-,vT‘1em>)2} o
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Using the fact that Vi > (Ethl emeft), we can further simplify the above bound
using the following computation,

T T
S - (et )
t=1 t=1

< (ei, Vi 'e;) = [Vi ' (A7)

N

K

(eoVi om))

the historical data Fp_; till time T — 1, following is true with probability 1 — §’,

Substituting ¢ = 2 exp {—56 S }, we can finally conclude that given
0% 2 4=1

2
[(es, Vit Sp) 2 < 5602V, i log (5,) (A.8)
Second term {e;, pV; ! Lgu) can be upperbounded using cauchy-schwartz inequality,

[{es, pVr ' Lap)| = plei, Lap)y -1

< py/les Vi e/ (Lam, Vi Lop)

< p\/ Ve lallellc (A.9)
Combining the upperbound (A.9), (A.8) and substituting ¢’ = m we get Lemma 2.3.2.
Hence proved. O

A.2 Influence Factor

A key component in our characterization of the performance of GRUB is the
influence factor for each arm; recall that for a given graph D, C;(D) denotes the
connected component that contains . The influence factor for each arm is defined as,

Definition A.2.1. Let D be a graph on the vertex set [n]. For each j € [n], define
influence factor 3(j, D) as:

min  {rp(i,5)7! if |Ci(D)] > 1
vy = L oG (G a0
0 otherwise

where, rp(i,7) is the resistance distance between arm i and j on graph D as in
Definition 2.4.1.

Note that we refer the resistance distance without the parameter 9, as the value
of resistance distance is independent of the value of 9. This happens due to the
cancellation of ¢ factor in R; + Rj; — Rj; — R;;. The influence factor can also be
thought of as the minimum influence any arm ¢ in the connected component of arm j
has over the arm j
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A.3  Effective Samples

Theorem A.3.1. Let mp indicate the sampling policy until time T'. Let G be the
given graph, 3(., G) indicates the minimum influence factor for arms. Then effective
samples can be lower bounded by,

o
te]‘fi Z tz + 5 Lmln{pJ(Za G)a Z t]}J (All)
JEC()
where t; indicates the no. of samples of arm i and | - | indicates the floor.

Proof. Using Lemma A.7.5, we have the following bound on [V '],

1 1
[V(ﬂ'T, G)_l]ii S max{ i s — } (A12>
t+ pj(sz) ti + %

where T is the total number of samples and ¢ is all the samples from the connected
component C(i) apart from arm i. Thus rewriting the equation for t.s;, we get,

T
e > ti + 5 min{pJ(i, G), 'EZC;) ti} (A.13)
j i

Hence proved. O

A.4 GRUB Sample Complexity

In order to compute the sample complexity for GRUB, we classify the arms into
two categories: competitive and non-competitive. The split of arms into these two
categories is not required for the algorithm, but provides tighter complexity bounds
as will be observed in this appendix. The division of the arms is contingent on its
suboptimality and the structure of the provided graph side information. A modified
version of the Definition (2.4.3) of competitive set and non-competitive set is as follows:

Definition A.4.1. Fix p € R", graph D, regularization parameter p, confidence
parameter §, and smoothness parameter € and noise variance o. We define H to be
the set of competitive arms and N to be the set of non-competitive arms as follows:

_ | 2 2a0np*3(i)*
H(D,p,é,p,e)—{]é[n]!Al§2 50 (20\/1410g< 5 )+pe>},

N(D,p,8,p,€) = [n] \ H(D, p, 3, p,€)

When the context is clear, we will use suppress the dependence on the parameters
in Definition A .4.1.

Further, we derive an expression for the worst-case sample complexity by analysing
the number of samples required to eliminate arms with different difficulty levels, i.e.
arms in competitive set and non-competitive set. We first derive the sample complexity
results for the case when graph G is connected and then extend it to disconnected
graphs.
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Lemma A.4.2. Consider n-armed bandit problem with mean vector p € R". Let G
be a given connected similarity graph on the vertex set [n], and further suppose that p
s e-smooth. Define

1 Co pE 2 Co PE
Tsujﬁcient = Z A_ZQ |:Cl log (S_Al + 3:| + I}é%( {F |:C1 log N + E:| } (A14)

1€H

Then, with probability at least 1 — 6, GRUB: (a) terminates in no more than Ts,gicient
rounds, and (b) returns the best arm a* = arg max; ;.

Proof. With out loss of generality, assume that a* = 1. Let {¢;}!; denote the number
of plays of each arm upto time 7. By Lemma 2.3.2, we can state that,

20

2
aontemi

where, () = Bine)y o and () = (2014108 (22552 4 gl )

As is reflected in the elimination policy (2.4), at any time ¢, arm 1 can be mistakenly
eliminated in GRUB only if i > i} + 7i(m;) + vy1(m;). Let Ty be the stopping time of
GRUB, then the total failure probability for GRUB can be upper-bounded as,

P (|7 — wil = vi(wr)) < (A.15)

Ts n

P(Failure) < Z Z P (fi; > iy + vi(me) +7(m))

t=2 =2

Note that P (jif > fi; +vi(m;) + yi(me)) < [P (g > o' + yi(me)) + P (7 < p' —(mo))],
provided that 1(m), i () < &

as,

. Hence the failure probability can be upperbounded

P(Failure) < Z Z [P (> i’ +vi(m)) + P (2 < pt — ()] (A.16)
=2 t=2
conditioned on ~;(mwr),v1 (1) < %
Let ag >4 77, te}gi, then from Lemma 2.3.2,

P(Failure) < Z Z " nt
0

=2 t=2

<90 (A.17)

The finiteness of the infinite sum of teH’i_Q can be found in Lemma A.7.13.
Thus, in order to keep P(Failure) < ¢, it is sufficient if, at the time of elimination
of arm ¢, we have enough samples to ensure,

(A.18)



In the absence of graph information, equation (A.18) devolves to the same sufficiency
condition for number of samples required for suboptimal arm elimination as
( ), upto constant factor. Rewriting the above equation,

log (a;) 5 A2
< 4=t A.19
a; - d1 d(] ( )

522

where dy = 64 x 1402, d; = 2nage*<14? and a; = \/%teﬁ‘ﬂ‘. The following bound on a;
is sufficient to satisfy eq. (A.19),

[dy dy [dy do
S -~ =
a; >2 6A§10g< 5A?)

Resubstituting tes,;, we obtain the sufficient number of plays required to eliminate

arm ¢ as,
C2
log| —— | +¢

where ¢; = 2 X 64 x 1402, ¢y = 64 x 1402\/2nag and c3 = 8—%. In the further text

we are suppressing the powers of §, A; within the log factor as it adds only a constant
multiple to the lower bound.

The further part of the proof we use the following bound on ¢.g,. from Theorem A.3.1
as follows:

(A.20)

1
tefﬁi > 1+ 5 min {pj(l), T— tl} Vi € [TL] (A21)

Hence a sufficiency condition for the GRUB to produce the best-arm with probability
1 — ¢ is given when both the following conditions are satisfied,

pJ(7) 1 o pe
, > = :
ti + ) 2 c1 log 5N + 5 (A.22)
and,
2 Ca PE
>T > = :
T+t2_T_A§ [Cllog((SAi>+2] (A.23)

From the Definition A.4.1 of competitive arms H and non-competitive arms N,
we have,

) 2 2a9np?3(i)?
H= {j € [n]|AZ <2 pl0) (20\/14log (T) + pe) } (A.24)
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After the first max;cns {% [cl log 2 + %} } samples, all arms in A are eliminated.

Further, let k; be the index of the first arm to be eliminated (in H) and ¢}, be the
number of samples of arm k; before getting eliminated then the total number of
additional time steps played until the arm &, is eliminated is at most [H|t; . Let ky
be the index of the next arm in H to be eliminated. The number of additional plays
until the next arm is eliminated is given by (|| — 1)[t;, — t},] and so on.

Summing up all the samples required to converge to the optimal arm is given by,
(let t;, = 0)

Ll [H|-1

DI =), —t, J= >t =D & (A.25)
h=1

h=1 1€H/1
Hence the final sample complexity can be computed as follows:
e Number of plays required for arms in H :

* 1 Co pPE
Z tr > Z A2 [cl log oA, + E] (A.26)

i€H/1 ieH/1

e Number of plays required for all the arms in N := [n]/H to be eliminated:

2 Co PE
> — — .
T_%%({A? [CllogdAi+2]} (A.27)

Hence the final sample complexity can be given by,

A 2 Co pE 1 Co pE
Tsufﬁcient = Ilré%( {A_g C1 log (S_Al + 5 + E;/l A—ZQ C1 log (SAZ + 5 (A28)

Hence proved. O

We extend Lemma A.4.2 to the case when graph G has disconnected clusters.
Note: The following theorem stated in the thesis has a typographical error in the
equation for Tyumicient in place of arg min it is supposed to be min.

Theorem A.4.3. Consider n-armed bandit problem with mean vector p € R"™. Let G
be the set of subgraphs of given similarity graph G on the vertex set [n|, and further
suppose that p is e-smooth. Define

. 1 Ca | PE 2 “ P

T v A — |l = ~ |al 9

o | 3 3 [ 5y (G [+
D

i€eCNHp
(A.29)

where A; = p* — p; for all suboptimal arms, Hp and Np are as in Definition A.4.1,
Cp 1s the set of connected components of a subgraph D € G and ¢y, co are constants
independent of system parameters. Then, with probability at least 1 — 6, GRUB:
(a) terminates in no more than Tyygiciens Tounds, and (b) returns the best arm a* =
arg max; fu;.
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Proof. Let Cg denote the connected components of graph GG. From Lemma A.4.2, the
number of samples for each connected component C' € Cq can be given as,

_ 1 Cy | pE 2 “ P
,I'sufﬁcient - [E;H A_zQ |:Cl log 5Al + 2 :| + zénc%}/{\f {A_? |:CI 10g 5A7, * E

(A.30)

We can obtain the sample complexity for obtaining the best arm by summing it over all
the components C' € C, gives us the sample complexity for GRUB while considering
graph G.

1 C2 PE 2 (&) pPE
Tsufficient = Z [ Z P |:C1 log N + 3:| +Z£HC?'J‘|}./(\/{P |:Cl lOg SA + E:|}
CeCq LieCnH —* ¢ i i
(A.31)

Any subgraph D of graph G satisfies,

(B, Lap) < e = (u, Lpp) < € (A.32)

As seen in Definition A.4.1, the influence factor is instrumental in deciding the
competitive and non-competitive sets, which further dictates the sample complexity
bounds. Further, notice from Lemma A.7.8 that the influence factor J(i, D) is not
monotonic when considering subgraph D of graph GG. Hence considering a subgraph
of G could potentially increase the number of non-competitive arms and provide us
with a tighter bound on the performance for GRUB.

Hence Tifiicient in (A.30) can be made tighter by considering the minimum value
over the entire set of subgraphs G. ]

We next derive sample complexity upper bounds for GRUB in certain illuminating
special cases.

Corollary A.4.4 (Isolated clusters). Consider the setup as in Theorem 2.4.4 with the
further restriction that G consists of a subgraph F' such that optimal node is isolated and

arms 2, ..., n] are split in k clusters and A; > 2, /ﬁ (20\/1410g (M) + p€> ’

Vi€ [2,...,n]. Define

Co pEe
Tsuﬁiczent Z IjneaJX A2 |:Cl log ((SA ) + :| (A33)

CceCp/1

Then, with probability at least 1 — 6, GRUB: (a) terminates in no more than Ts,gicient
rounds, and (b) returns the best arm a* = arg max; ;.

Corollary A.4.4 shows that in scenarios where the arms are well clustered, the
sample complexity of GRUB can scale with the number of clusters, a quantity that is
typically significantly smaller than the total number of nodes in the graph.

115



Corollary A.4.5 (Star graph). Consider the setup as in Theorem 2.4.4 with the
further restriction that G consists of a star subgraph with the central node as the

optimal arm and A; < 2, /% (20\/14log (M) +p6), Vi € [2,...,n].

Define

1 & pE
T Y S

=2

Then, with probability at least 1 — 6, GRUB: (a) terminates in no more than Ts,gicient
rounds, and (b) returns the best arm a* = arg max; ;.

In Corollary A.4.5, Tiugicient 18 the same sample complexity as vanilla best arm
identification, upto constant factors which is due to the fact that pulling one of the
spoke arms does not yield much information about the other spoke arms, and this is
the exact situation in the standard pure exploration setting.

A.5 Lower Bounds

In this section we give a lower bound on the sample complexity for any §-PAC to
return the best arm for a n armed bandit problem along with graph side information.

Theorem A.5.1. Given an n-armed bandit model with associated mean vector p € R"
and similarity graph G smooth on p, i.e. (i, Lgpu) < €, for any 0 < € < €. Let
G = ([n], E) be the graph with only k isolated cliques and w.l.o.g let arm 1 be the
optimal arm. Then define

40?%logh 402 log b
Tnecessary = Z mln {—2} + Z T A2 (A35>
CGCG/C* jeC (A] - \/E) jEC*/l AJ
2
here C* is the cli ith the optimal dey:= i A |1 — A .
wnere 1S € clique we € opurmat arm ana €gp ie[n]r/rll,ljréo(i) { j |: \/AfTA?}}

Then any 6-PAC algorithm will need at-least T ecessary Steps to terminate, provided
0 <0.1.

Proof. We prove the theorem in two steps: Firstly, we construct the sample complexity
lower bound for the similarity graph with the isolated optimal arm and a clique of
rest of the sub-optimal arms, followed by step 2 the sample complexity lower bound
for a graph with single cluster

Step 1:

Consider a n + 1 armed bandit problem with mean vector u € R""! and similarity
graph M with an isolated optimal arm (arm 1) and n-clique cluster of suboptimal arms,
satisfying the condition for smoothness of rewards over the graph,i.e., (i, Lyp) < e.
Then the following holds

< mi ,
max i < min {; + Vel (A.36)
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Assume that ordering of mean in n-clique of suboptimal arms is known. From
, ), there exists a §-PAC algorithm, for § < 0.1, which can
successful identify the best arm for the subproblem with just the optimal arm and
arm with the maximum mean in the n-clique cluster, i.e. j° = argmax p; with the
i#1
total number of samples given by,

4log 50

T> Ag—% (A.37)

J

Now consider the case where the ordering of the mean in n-clique is unknown. In

order to remove all the suboptimal arms provided e < min;; A? and (A.36) holds,

it is suffices to be able to distinguish between the optimal arm and a hypothetical

suboptimal arm with mean f; + /¢ where j is any arm from suboptimal n-clique,

and the minimum number of samples required by any §-PAC algorithm to successfully
identify the best arm with § < 0.1 is given by,

4log 50
BREINENGE A3

The best performance in terms of sample complexity out of all the random choice of
arm from the suboptimal n-clique cluster is,

2
T > min {A‘bg—%} (A.39)

i#1 (A = +/€)?
2
Gi = i A1 — —B de < e, it b ified that fi
1ven €g ie[n]r/rll,ljréC(i)[ j { \/AfTAJQ}} anda € €p, 1U Can be veriiie al I0r

any arm ¢, j # 1,

. 4logbo? 4log50?  4logbo?
< A.40
e —ver ST AT T (440

where the left hand side corresponds to the sample complexity lower bound of removing
the suboptimal arms i, j with the graph side information and the right hand side
corresponds to the same without graph side information.

Hence it can be inferred that it is inefficient to remove the arms individually
(disregarding the graph information).

Step 2 :

Consider a n + 1 armed bandit problem with mean vector g € R"! with a given
similarity graph N such that (u, Lyp) < €. Let all the suboptimal arms be connected
to the optimal arm.

Here we show by an adversarial example that it is not possible to have a lower
bound on the sample complexity which scales better than,

4log 502
T>>" 7 (A.41)

J#1 J
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There exists a 0-PAC algorithm which can determine that arms j = 3,...,n are
suboptimal after 7" > > 1.2 é samples. From the smoothness of rewards on the
= A

similarity graph N we know that,

This information does not help us identify or even reduce the number of samples
required to identify optimal arm between arm 1 and arm 2. Thus no §-PAC algorithm,
0 < 0.1, can determine the optimal arm from arm 1 and arm 2 without an additional

% samples for determining the best arm.

Using above two steps, we construct the proof for lower bound as follows:

Now consider the graph side information as defined in the theorem, and let Cq
denote the set of connected components of graph G and C* € Cs be the component
containing the optimal arm. Finding the best arm in this setup requires elimination of
the suboptimal arms with in the connected component containing optimal arm j € C*
and elimination of the other connected components with suboptimal arms j € Cq/C*.
Hence, the sample complexity lower bounds ( ) for any
0- PAC algorithm with § < 0.1 to eliminate these arms using the tools developed in
step 1 and step 2, is given by

402 log b . 402 logh
T > ]E;/l A—JQ + CE%C* min { B, = Vo } (A.43)
O
A.6 (-GRUB Sample Complexity Proof
Definition A.6.1. Fiz p € R™, graph D, confidence parameter §, noise variance o,

and relazation parameter (. We define H to be the set of competitive arms and N to
be the set of non-competitive arms for (-GRUB as follows:

e 2 2a9np?3(i)?
H(D,p,6,¢) = {j € [n]‘Af <2 50 (20\/14log (5> —i—pe) } ,

N(D,p,8,¢) = [n] \ H(D, p,6,)

where AS £ max{A;, C}.

Lemma A.6.2. Consider n-armed bandit problem with mean vector p € R". Let G
be a given connected similarity graph on the vertex set [n|, and further suppose that p

is e-smooth. Define
+ 2 (A.44)
Iiré?\?{ (Ag)Q

where Ag 2 max{A;,(}. Then, with probability at least 1 — §, GRUB: (a) terminates
in no more than Tsgicient Tounds, and (b) returns a (-best arm

Cy pPE
5A§+’2

ca . pe
5A<+’2

c1 log c1 log

1
Tsujﬁcient £ P
2 G
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Proof. With out loss of generality, assume that a* = 1. Let {¢;}!; denote the number
of plays of each arm upto time 7. By Lemma 2.3.2, we can state that,

20

2
aonteﬁvi

P (|7 — pul > vil(mr)) < (A.45)

_ 2aont?, .
where, mr) = () ik and Aime) = (2014108 (22552 4 e ).

As is reflected in the elimination policy (2.4), at any time ¢, arm 1 can be mistakenly
eliminated in GRUB only if gi > i} + ~i(m;) + v1(m;). Let Ty be the stopping time of
GRUB, then the total failure probability for GRUB can be upper-bounded as,

Ts
P(Failure) < Z Z P (,&i > [+ y(my) + 71(7%))
=2 i

Note that P (i > fi} + ~;(m;

)
provided that ~;(m;), 1 (m) <
as,

+A71(7Tt)) < P = g+ yilme) + Py < pt = mn(m))],

. Hence the failure probability can be upperbounded

2

P(Failure) < Z Z [P (> i’ + () + P (2 < pt — ()] (A.46)

1=2 t=2

¢
conditioned on ~;(mwr), 1 (1) < AQi :
Let ag >4 72, tgfﬁi, then from Lemma 2.3.2,

n T
~ 20
P(Failure) S E E T
aopn

i=2 t=2 eff,i
<9 (A.47)
The finiteness of the infinite sum of t.z; 2 can be found in Lemma A.7.13.
Thus, in order to keep P(Failure) < 4, it is sufficient if, at the time of elimination
of arm ¢, we have enough samples to ensure,

AS

Yi(mr) < 71

[ 1 2aonts AS
—y 20\/1410g (%) +pe ] < 71 (A.48)

Rewriting the above equation,
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022

where dy = 64 x 1402, d; = 2nage*<14? and a; = \/dfslteﬁ‘ﬂ‘. The following bound on a;
is sufficient to satisfy eq. (A.49),

Vo a2 TV 8 (a2

Resubstituting tes,;, we obtain the sufficient number of plays required to eliminate
arm ¢ as,

C1 Co
teg; > —— |log | ——— | +¢ A50
S (62<A§>2> ] (450
where ¢ = 2 x 64 x 140, ¢ = 64 x 140%\/Znag and ¢; = 55

The further part of the proof depends crucially on the following bound on t.g; for
all i € [n] from Theorem A.3.1 as follows:

1
lefri > ti + 3 min {pJ(i),T — t;} (A.51)

Hence a sufficiency condition for the GRUB to produce the (-best arm with probability
1 — ¢ is given when both the following conditions are satisfied,

pJ (i) 1 Co pe
. > = = :
ti + > 7 (A% [cl log (5A§> + 2] (A.52)

and,

2
T+t;,>T> AC [cllog( @ >—i—E (A.53)

SAS ) T2

From the Definition A.6.1 we have the set of competitive arms H and non-
competitive arms N as follows:

Iy 2 2a9np?3(i)?
H = {] € [n]|AS <2 Pt (20\/1410g (T) +pe) } (A.54)

)

After the first max;cy {ﬁ [cl log 6‘3 + %} } samples, all arms in N are eliminated.

Further, let & be the index of the first arm to be eliminated (in H) and ¢} be the
number of samples of arm k; before getting eliminated then the total number of
additional time steps played until the arm k; is eliminated is at most |H|t} . Let ky
be the index of the next arm in H to be eliminated. The number of additional plays
until the next arm is eliminated is given by (|H| — 1)[t;, — t,] and so on.
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Summing up all the samples required to converge to the optimal arm is given by,
(let 5, = 0)

Ll [H|-1

DI =), — 6, J= > ti,= D & (A.55)

h=1 i€H/1
Hence the final sample complexity can be computed as follows:

e Number of plays required for arms in H :

. 1
2112 2

i€H/1 i€H/1

C €
2+P_

et (A.56)

c1 log

e Number of plays required for all the arms in N := [n]/H to be eliminated:

} (A.57)

2 Ca pe

Hence the final sample complexity can be given by,

2 Co PE 1 Cy PE

Tiufficient = max < —— |cqlog — + — + —— [ log — + —

ficent =N {(A§)2 FOE AT 2 } gﬂ;l (A2 | B EAT T 2
(A.58)

m
We extend Lemma A.6.2 to the case when graph G has disconnected clusters.

Theorem A.6.3. Consider n-armed bandit problem with mean vector p € R™. Let
G be the set of subgraphs given similarity graph G on the vertex set [n], and further
suppose that p is e-smooth. Define

i 1 C2 pPE
Tsuﬁcient = min Z — | log + =
¢ ¢
e CeCp LieCNHp (Az)? OA; 2
2 C2 pE
+i€%1gj}\</p { (A§)2 ¢1log 5A§ + 5 H (A.59)

where AZ-C = max{A;, } for all suboptimal arms, Hp and Np are as in Definition A.6.1,
Cp is the set of connected components of subgraph D € G and cq,co are constants
independent of system parameters. Then, with probability at least 1 —§, GRUB: (a)
terminates in no more than Tyygicient rounds, and (b) returns a (-best arm
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Proof. From Lemma A.6.2, the sample complexity for each connected component

C € C can be given as,
T — Z L
sufficient (Af)Q
(A.60)

i€CNH
where, summing it over all the components C' € C, gives us the sample complexity for
GRUB while considering graph G.

Any subgraph D of graph G satisfies,

(, Lap) < e = (u, Lpp) < € (A.61)

As seen in Definition A.6.1, the influence factor is instrumental in deciding the
competitive and non-competitive sets, which further dictates the sample complexity
bounds. Further, notice from Lemma A.7.8 that the influence factor J(i, D) is not
monotonic when considering subgraph D of graph G. Hence considering a subgraph
of G could potentially increase the number of non-competitive arms and provide us
with a tighter bound on the performance for GRUB.

Hence Tyuficiens can be made tighter by considering the minimum value over the
entire set of subgraphs G. O

Note that, as in the case of GRUB, the (-GRUB algorithm’s performance auto-
matically adapts to the best possible subgraph in G.

Co pe
log —— + =
1 log 6A§ + 5

Co pE
log —— + =
1 log 5A§ + 5

2
+ max ¢ ——
ieCrw{(Ag)Q

A.7 Supporting Proofs

This appendix is devoted to providing supporting results for many of the theorems
and lemmas in the paper. Let {t;(T)}"; (denoted as {t;}_, for ease of reading)
indicate the number of plays of each arm until time 7. Let X € R"*" be a matrix,
then {\;(X)}?", indicate the eigenvalues of matrix X in an increasing order.

Let N(mr) = 3|, erel be the diagonal counting matrix. Note that N(mr) can
be written as N({t;},) since the diagonal counting matrix only depends on the
number of plays of each arm, rather than the each sampling sequence mr.

We next establish some properties of the influence function J.

Lemma A.7.1. Let D be an arbitrary graph with n nodes and let {t;}?_, be the
number of times all arms are sampled till time T'. For each node j € [n], the following
are equivalent:

5 = m, (KGDL) ()
= max {lVi({ti}ien,, D)1 = [Vi({ti}ien;» D) i} (B)

kED]‘,ZieD]”i#j t;=T

_ max {[Vj({ti}ieDj, D)_l]jj — min[Vj({ti}ieDj,D)_l]kk} (€)

[}

2ien,,izs ti=T keD;
1
= Vil{t;}Yiep,, D), — = D A.62
ZiEDrfiftiT{[]({ Yien; D)l T} (D) (A.62)
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where K (i, D) be defined as in Definition 2.4.2
Proof. Let f(-,-) denote the following:

f@, D) = max _ {[K(i, D)];;}

i€D,i#] ;=T
We prove the rest by showing equivalence between (A), (B), (C) and (D).

e (A) & (D) : A simple extension of Lemma A.7.3 to the case of disconnected
clustered graph D, Vrr € U(T, D;) we obtain,

1
Vi(mp, D)™ = TJH%T + K(m, D) (A.63)

where K (my, D) is as defined in Definition 2.4.2. Thus, we have the equivalence
by explicitly writing the diagonal element of eq (A.63),

[Vi(mp, D)5 — = = [K(m1, D)l (A.64)

Hence we have the equivalence as,

F(i.D) = _ max {M({ti}ieDﬁDw]ﬂ—i} (A.65)

ZieDj,i;éj ti=T T

e (C) < (D) : Let {t] }icp, denote the following:

. _ 1
(Gber, € _awgmax {WVi({tdien, DI - 7} (400
ieD;,itj =T T
From Lemma A.7.2, the optimal {¢;(j)}iep, occurs in U(j,T), i.e. I{t;(j)}iep,

such that ¢/(j) = T and tj;(j) = 0 Vk # [ for some [ € D;. Further by
Lemma A.7.4,

: _ 1
minlV;({titien,, D) T = = (A.67)
Hence {7 (j)}iep, is also a solution for the following problem:
{t:(j)Yiep, € argmax {[V;({t:}icp,, D)]j_jl

ien; iz i=T

- minlV; ({tben, D) o | (A68)
Hence we can conlcude that,
fi,D) =  max  {[Vi({titien,» D)I};'
€D igtj T
- minlV; ({tben, D) o | (A.69)
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e (B)< (C):
Note that kengifﬁﬂ ti:T[‘/j<{ti}i€Dj7 D)~1];;] does not depend on arm node
index k& € D;. Hence, the equivalence follows.

The resistance distance (7, j) Definition 2.4.1 is independent of § for all 4,j € [n]
(The addition of diagonal elements and subtraction of off diagonal elements removes
the dependence on 0 ( ).

Note that Vr = Nr + pLg, hence V- ! gives the psuedo-inverse of the Laplacian
matrix for graph G. We show in Lemma A.7.2 that the matrix R (denoting as R(J)
to explicitly show dependence on d) linked with V! is independent of number of
samples 1. Since both matrix R and V7 are psuedo-inverse of the Laplacian L¢g. Thus
we can conclude the following :

lHm[R(6)]:; 1 im [V ({t:}, G)ij — = (A.70)

5—0 0 T—0 T

where " — 0 implies t;, — 0 Vi € [n]. Further,
lim R(8)i + R(0)j; — R(0)i; — R(0)
—hm[ ({tid e, O + [Vt G) 75
— [V{ti}ie G) iy — [V{t}e G) i (A.71)

where T — 0 implies t; — 0 Vi € [n].

Since the equation (A.71) holds for ¢; — 0 for all i € [n], computing the value of
limit for one trajectory should suffice for finding the value of the limit. Thereby, we
provide an alternate equation for obtaining the resistance distance (i, j) by

(i, j) = [K(m =14, D)) (A.72)

Note that [K(ﬂ'l = Z,D)]“ = [K(?Tl = Z,D)]ZJ = [K(T{'l = Z,D)]]Z = 0 from
Lemma A.7.3). Thus we can say from Definition 2.4.2,

Hence proved.
m

Lemma A.7.2. Let D be a given graph with n nodes. For every node 7 € D, let
{t; () }iep, denote the following:

[ hep, € argmax {M({ti}@j,mnﬁ—l} (A.73)

ZiEDj,i;éj ti=T T

Then 3{t;(j) }iep,, | € Dj such that t;(j) =T and t;(j) =0 Vk # L.
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Proof. To simplify our proof, let graph D be connected. The proof for the case of
disconnected components is an extension of the connected graph case, by analysing
each individual connected component together.

If graph D is connected then D; = D. For the rest of the proof we sometimes
denote V(mwr, D) as V({t;},, D) to make it more context relevant.

Let g : R® — R™*" be a partial function of V(my, D) as follows:

g({titim) = V{titi, D) (A.74)

For all ¢ € [n], let t; = o, T such that >_" | o, = 1. Then we can say that,
g({tiyin) = 9({0@'T}’7 1)
- Zazg {0,0,...t;="T,...0}) (A.75)

V(mr, G)™! satisfies,

~—

Using convexity of matrix invertibility (

g({t: 3 )7t < Zazg {0,0,...t;=T,...0})7" (A.76)

-1 - . . . . n o
Hence g(-)~" is a convex function. Since we have the restriction as Zi:u 2iti=T.

We can say that,

g { V(YL DI - s )

2iep, izjti= i=1

= argmax [V({t;}, )]

ZieDj,i;éj t=T

= arg max <eja[ ({t }z 1 ﬂ 1ej>
Zz‘eDj,i;éjti:T
= _argmax (e;, g({t:}iL)) 'ey) (A.77)

ZieDj,i;tj ti=T

Since g(-)~! is convex, for a convex function the maximization over a simplex happens

at one of the vertices. Hence the max happens when t; =T and t, =0 Vk # i.
Hence proved. O

Lemma A.7.3. Let G be a given connected graph of n nodes and t; be the number of
samples of each arm i. Then VYmp € U(T),

Vire, G) = %MT + K(m,G) (A78)

where, 1 € R™ is a vector or all ones and K (mw,G) € R™" is the matriz defined in
Definition 2.4.2.
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Proof. Let I be an identity matrix of dimension n x n. We prove the result by showing

that, Vwp € Z/[(T), V(7TT, G)71V(7I'T, G) =1,
Ve, G)"'V (17, G)

T
1
= <?]1]1T + K (m, G’)) (Z erer + pLG>

t=1
1
= (T]l]lT + K(m, G)) (Temez1 + pLG)
= lel +TK(m,G)erel + pK(m,G)Lg (A.79)

From Definition 2.4.2, K (m1,G)er, el = 0and lel + pK(m,G)Le = I implying that
V(7TT, G)_IV('FT, G) = 1.

Hence proved. O
Lemma A.7.4. Let G be any connected graph and wp € U(T,G). Then,
1
i ol == A.

;,161[17%{[‘/(”% G) "y} T (A.80)

Proof. From Definition 2.4.2, K (m, G) satisfies
1
K(m,G)L¢ = 5 (I —1el)

Observe that lel is a rank 1 matrix with eigenvalue 1 and eigenvector e; and
Identity matrix I is of rank n with all eigenvalues 1 and eigenvectors {e;}! ;. Hence
(] — Ilefl) is a rank n — 1 matrix with rest nonzero eigenvalues as 1. Since the graph
G is connected, \1(Lg) = 0 and Ao(Lg) > 0. The eigenvector corresponding to A;(L¢)
is ¥, the all 1 vector.

Given p > 0, we can conclude,

K(m,G)Lg = 0 s.t. rank(K(m,G)Lg) =n —1 (A.81)

Hence, in order to satisfy eq. (A.81), K(m,G) = 0 and rank(K (7, G)) > n —1. By
lower bounds on Rayleigh quotient we can conclude,

(ej, K(m,G)ej) = [K(m,G)];; 20 Vj € [n] (A.82)
From Lemma A.7.3, [K(m,G)];; = [V (7r, G)™!];; — 7 implying that [V (7r, G)™'];; >

1
T.
1 which concludes the proof. ]

N

Lemma A.7.5. Given a connected graph G, the following bound holds for all the
diagonal entries of [V (wr, G)™'ii fori € [n]:

1 1 1 1
Virr,G) iy <1(t;=0 (,—.+—)+Ilt,->0 max —
[ (T ) ] ( ) pJ(Z,g) T ( ) ti_{_@ tz‘"‘%
(A.83)
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Proof. From Definition 2.4.2 of J(-,G) and Lemma A.7.1, Breaking the lemma state-
ment Into cases:

e Unsampled Arms : From Lemma A.7.1

L _ () S L v
ﬁ(j,G>‘zieifii‘w{[VJ({“}’GC’”G) =g} Wen s

Thus for any unsampled arm 7,

V(rp, G5} < (3(;(;) - %) (A.85)

e Sampled Arms : Since the matrix V (7, G) depends only on the final sampling
distribution {¢;}!, rather than the sampling path 7. Consider a sampling path
such that m; # jfor t <T —t;and m=jfor T —t; <t <T.

Assuming such a sampling path w7, after w7, samples,

Virr_,,G) ) < = A.86
[ ('ﬂ'T t; ) ]]] =T + j(], G) ( )
Then by the Sherman-Morrison rank 1 update identity ( : ),
1 1
1 = 1 + tj
Ve, )My Ve, G) M5
_ 1
Vimr, &)y =+ T
it V(rr—e;,G) " 5
1
=5+ :
Hence we have the bound on [V (77, G)™'];; as follows:
V(rr, G) My < max{ ! ! }
T il < o T
tj"‘j(jg : ti+—
(A.87)
Hence proved. O

Lemma A.7.6. Let D be a graph with n nodes and k disconnected components. If
each of the connected components {C;(D)}_, is a complete graph then ¥V j € [n],

€U, D))

(A.88)
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Proof. Let D be a complete graph (k = 1), mp € U(T') and p = 1. Then,
V(rp, G) ™ = %MT + K (A.89)
where 1 € R" is a vector or all ones and K € R™™"™ is a matrix given by,
Komy =0, Ky == Vi € [n)/{m}
Kimy =0, Knj =0, K= % Wik € [n)/{m}, j # k
The form of V(wr,G)™! in eq.(A.89) can be verified by V (77, G) ™'V (wr, G) = I.
The final statement of the lemma can be obtained by considering this analysis

to just the nodes within a connected component of a diconnected graph G and
Lemma A.7.1. O

Lemma A.7.7. Let D be a graph with n nodes and k disconnected components. If
each of the connected components {C;(D)}:_, is a line graph then ¥ j € [n],

1

3(3,D) > (A.90)
IC(4, D)
Proof. Let D be a complete graph (k = 1), m#p € U(T') and p = 1. Then,
1
V(rr, G) ™t = TILILT + K (A.91)

where 1 € R™ is a vector or all ones and K € R™™" is a matrix given by,

Kim =0, Kj;=d(m,j) Vi€ [n]/{m},
Klwrl = 07 K7r1j = 07
Kji, = min{d(m,j),d(m, k)} Vi k€ [n]/{m}, j#k

The form of V (w7, G)™! in eq.(A.91) can be verified by V(m7, G) 'V (wr, G) = I.
The final statement of the lemma can be obtained by considering this analysis

to just the nodes within a connected component of a diconnected graph G and

Lemma A.7.1. O

Lemma A.7.8. Let A = ([n], E) be any graph and let e € E be an edge of graph A.
Let B = ([n], E — {e}) be a subgraph of A with one edge removed. Then the following
holds for all non-isolated nodes i in B:

o IfIC(A) = lc(B)],

o Iflc(A)| <[C(B)],



Proof. From Lemma A.7.1, for any graph D, J(-, ) satisfies,

1
j(]7 D) kEDj,glji};j t;=T {[V} ({ Z}ZEDJ ’ ) ]]j

_[Vj({ti}ieDjaD)_l]kk} Vj € [n] (A.92)

Case I:|C(A)| =|C(B)|
The edge set of B is smaller than edge set of A. Hence, from Lemma J(i, A) >

3(i, B)
Case II : C(A) < C(B) In this case, |B;| < |A;|. Hence the max is over a smaller
set of options, we can conclude that J(i, A) < J(i, B). Hence proved. ]

Given a graph D, we define a class of sampling policies U (T, D) as follows,
Definition A.7.9. Let U(T, D) denote the set of sampling policies,
UT,D)={rp| N eD st m=1 Vt<T}

Lemma A.7.10. Let G be the given graph and sampling policy mr has been played
for T time steps, then Vi satisfies the following structure,

V(ﬂ'T, D) = dzag([Vl, va, e 7VI<:(G’)]) (A93)

where V; depends on the connected component C; € Cp of the graph and the number of
samples of the arms within the connected component {t;};ecc; -

Proof. Rewriting the definition of V' (mwr, D),

T
V(rp, D) = Zeme; + pLp
t=1

— N({t:}1e) + Lo (A.94)

Both component matrices N({¢;}" ;) (diagonal matrix) and Lp (Laplacian matrix of
a graph) adhere to a block diagonal structure and hence V (7, D) matrix also adheres
to a block diagonal structure analogous to Lp. The block diagonal structure in Lp is
dictated by connected components of graph D. O

The following lemma establishes the invertibility of V (w7, G) for a connected graph
and T'>1:

Lemma A.7.11. For a connected graph G, V(m1,G) is invertible, but V (mo, G) is
not invertible.

Proof. Since the graph G is connected, A;(L¢g) = 0 and Ao(Lg) > 0. The eigenvector
corresponding to A\ (L¢) is W, the all 1 vector. At time T"= 0, V (w7, G) = Lg and
hence V(mr, G) is positive semi-definite matrix with one zero eigenvalues.

Let arm ¢ be pulled at T'= 1, i.e. m; = 1, then the corresponding counting matrix
is a positive semi definite matrix of rank one with the eigen value A\, (N) =1 for the
eigenvector e;.

Observe that e/ 1 > 0. Also, Ny and Lg are positive semi-definite matrices with
ranks 1 and n — 1 respectively. The subspace without information (corresponding to
the direction of zero eigenvalue) for matrix Lg is now provided by N(m;) and hence
Amin(V (71, G)) > 0 making it invertible. O
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Lemma A.7.12. Let G = ([n], Eg, A), H = ([n|, Eg, A) are two graphs with n nodes
such that Eq 2 Eg. Then, assuming invertibility of [V(G,T)™| and [V (H,T)™!],

[tegila > [tegiln Vi€ [n], T > k(G) (A.95)

where Yi € [n], [tegila, [tegiln indicates the effective samples with graph G and H
respectively.

Proof. Given graphs G = (|n], Eg), H = ([n|, Ey) satisty Eg O Ey.
The quadratic form of Laplacian for the graph G, H is given by,

xLgx = Z (z; — x;)?

xLyx = Z (z; — x;)°

(i7j)eEH
Since EG 2 EH,

xLox > xLgx VxeR"
= LG ELH

Further, provided a sampling policy w1, we can say that,
V(ﬂ'T, G) > V(ﬂ'T, H)
For the number of samples T" sufficient to ensure invertibility of V(mwr, H), we have
V(”rT7 G)_l j V(ﬂ-TJ H)_l
X'V (rr, G) 'x <x'V(rrH) 'x VxR
V(rr, G) Ny < [V(mp, H) Yy (taking x = ;)

1 S 1
V(mp,G) Yy — [V(rp, H)7;

Hence from the definition of effective samples 2.3.1, it is clear that for any i € [n],

temila > [temi]n (A.96)
Hence proved. O

Lemma A.7.13. Let effective samples t.g; be as is defined in Definition 2.5.1 and let
wr denote a cyclic sampling policy for T > k(G), then the infinite sum Z;O:k((;)ﬂ te_]%i
is bounded. In fact,

= _ 2n—1)\> nn?
tg A.
> eﬁ,z<n< )+ ; (A.97)

T—k(G)+1 P
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Proof. We first prove the lemma statement for connected graph GG and then go towards
a more general graph G. From Lemma A.3.1,

ter; > t; + min{pJ(i,G), T —t;}

if T'—t;, < pJ(i,G), then teg,; > T%t > % For the reverse case of T'—t; > pJ(i, G),
teri > ti + % >t + %%1) (since J3(i,G) > ﬁ by Lemma A.7.5).

Since mr is a cyclic sampling policy, hence ¢; increases by 1 at-least once every n
samples. Thus, we can upperbound the infinite sum as,

0o 0o 1
2 S
eff T=1 .

2
=1 el t1+2(np—1)>
2(n —1)\? <1
< —
<o (HD) hay g
ti=1
2(n—1)\> nn?
< © = A.98
n( P ) B (A.98)
Hence proved. O
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B.1 Appendix A : Injectivity

B.1.1 Proof of Lemma 3.5.2

The following result from ( ) is quite crucial for the further
proof, restating,
Theorem B.1.2 (Theorem 2.1, ( ). Let A={A;}", ¢ H,(C).

The following statements are equivalent:
1. For a given A = {A;}",, the mapping M 4 has phase retrieval property.

2. There exists no nonzero vector v,u € C" with u # icv, ¢ € R, such that
Re((Aju,v)) =0 forall1 < j <m.

Lemma B.1.3. The following statements are equivalent:
1. The nonlinear map M4 : Cr — C™ s injective.
2. There exist constants «, B > 0 such that Vu,v € C",
Bl vIIE = > 1A [T, vIDE = al|[fu, VI3

i=1

Proof. (1-2)
For the mapping M 4 to be injective, the following should holds,

Ma(x) = Muly) iff x~y

Hence for x « y, M4(x) # Mu(y). It can be verified that for any ¢ € [0, 27],
u =x — €%y, v = x + ¢y satisfies the following transformation,

(xx" — yy") = (uv* + vu) = [[u, ] (B.1)
Thus,

IMa(x) = Maly)llz = Z [(Ai, [, vID I

We define the lower bound « and upper bound S as below,

= min Z| Ay, TH?

TeSLL||T| p=1

max E (A, T)|?
T6511 I1T|lr=1

The set T € S ||T||r = 1 is compact, hence the constants a, 3 exists.
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From Theorem B.1.2 statement, it is clear that (A;, [[u, v]]) = (A;, uv*)+(A;, vu*) =
Re((A;v,u)) = 0 cannot be satisfied for all i € [1,m] if x » y satisfying equation
(B.1).

(1+2)

Instead of proving 1<-2 , we argue the negation holds, i.e. 1-»2.

Suppose the mapping M 4 is not injective.

Then dx,y € C” such that,

x*y, Maly)=Mux)

Thus ||xx* — yy*||r # 0, but | Mu(y) — Ma(x)|l2 = 0. Thus o = 0 and hence the
negation follows. O]

Using the result from Lemma B.1.3, we are now equipped to prove Lemma 3.5.2.

Lemma B.1.4. The mapping M 4 is injective iff it is (a, B)-stable for some constants
0<a<p.

Proof. In order to prove the theorem statement, we examine the properties of the
ratio,

Doy (A, xx* — yy*)]?

V(ix,y) =
(¥) o — vy

The («, §)-stability of the mapping M 4 directly follows from Lemma B.1.3 and the
existence of u,v € C" satisfying equation (B.1). ]

Theorem B.1.5. Consider A = {A;}*, and the mapping M 4 be defined as in (3.1).
Viewing {A;x}™, as vectors in R*, we can say the following:

1. M4 is injective.

2. VI C [m], then either dim(span({Ax}icr))> 2n — 1 or dim(span({A;x}icic))>
2n — 1 for all vectors x € C™\0

3. YI C [m], then either span({Aix}icr) = span({ix})*t or span({Aix}icic) =
span({ix} )+ for all vectors x € C"\0.

Proof. 2 < 3: immediately follows
2 — 3: Given span({A;x}icr)r > 2n — 1, note that
(Aix,ix)r = (I{A;x,x))g =0

since Im({A;x,x)) = 0. Thus we can conclude that span{ix}r Cspan({A4;x}s)*.
Further, given that span({A;x};c;)* < 1, the relation is proved.

1 — 3: We need to show that the spanned space is span({ix})* i.e. orthogonal space
to ix. Consider the following:

(A(x+2z),x+2z) — (A(x — z),x — z) = 4Re(Ax, z) (B.2)
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Given that the mapping M4 is injective, equation (B.2) can be 0 if and only if
X +z = ¢(x — z) such that ¢ € C, |¢| = 1. This gives us,

1—c¢ 2Ime .
— X=———iX
1+¢ |1+ c|?

Xxt+z=cx—2z) = z= (B.3)

This means (spang{ix}*)* Cspang{ix}. To prove spang{ix} C (spang{ix}*)* take
z =iox and ¢ = £, Tt can be seen that |¢[ = 1. Then,

x+z =(1+ia)x
B 1+ ia
1 —ia

=c(x — z) (B.4)

(x - 2z)

Thus spang{ix} C (spang{ix}*)*.
3 — 1: Suppose A(x) = A(y) and x = ¢y, c € C,|c| = 1 then we are done.
If A(x) = A(y) and x # cy, c € C, |c| =1 then note that,

(Aix—y),(x+y))r

= (A, x)z + (Ax.y)z — (Aiy, Xz — (Ay,¥)=

= Re (<AZ'X, y> - <Azy7 X>>)

— ke ((Ax.y) - (Axy))

» (B.5)

Thus from 3), x+y € S(x—y)* =spang{i(x—7y)}. Further, there exists a« € C, |a| = 1
such that x +y = ia(x — y). After rearranging, we have,

1+«
—

(B.6)

X

le. x=cy,ceC,lc| =1. O
B.2 Appendix : Nature of Minima in C"
We first provide basics on mapping vectors in C" to R?".
B.2.1 Mapping from C" to R*®
Let a,b € C". Define the operation J : C* — R?" as follows,
J(a+bi) = (a,b)
Define the conjugation operation J : R?* x R?® — R?" x R?" as:

J(na C) = <_C7 77) V777C € RQn
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Notice that J can be considered to be the matrix,

_[o —rn

The outer product operation [[.,.]] : C" x C"* — C™*™ as follows:
1 * *
V] = 5 (v 4+ vur)
Let A = {a;}";, B = {b;}", denote two orthonormal basis sets for C". Define

the linear operator Ty g : C" —> (C" as follows,

Let ¢ € R*™. Define T to be the analogous operator of T in R** as T p : R** — R?",

Ta,5(¢)

= (¢ T (@) T (by) + (¢, T (ia;)) T (iby)

i=1

= Z J(b T+ J(ib, )J(z‘ai)T) ¢

= ZJ )"+ JJ(b )J(al-)TJT>g

= ZJ )+ JJ(b )J(ai)TJT>g

Let M =31 J(a;)T (b;)". Thus,
Tap(¢) = MC+JMJ'C
Define the map 7 : C* x C* — R?" x R?" such that,
(Tag) = Tan

Notice that the outer product [[.,.]] under 7 operation can be worked out to be

( )7
([ yll) = [[T (%), T + [[T (%), T (iy)]]

Let u,v € C*. We know u = ug + tuc, v = Vg + iVe, Ug, Uc, Vg, Ve € R". The
inner product operation (.,.) in R?" x R?" can be seen as,

(T (), T (v)) = (ug, ve) + (uc, vc) = (u, v)r (B.7)
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Note that VA, € A, we can define orthogonal vectors {a¥}" ;. {bF} | such that
Ap =31 af(bk)*. Let My, = 37, J(ak)(J (bF))”. Define @), € R2X2n a5

Oy = 7(Ap) = My, + M, J"
Thus V¢ € R?™ we have,
Orl = MyC + JMJ"¢

= D (¢ T @) T (Bf)" + (¢, 1T @) (1T (b))

Let {e;}!; be the orthonormal basis for C". Consider any rank-1 matrix P € C"*".
We can take, without loss of generality, P = e;el’, where e; can be any unit norm
vector in C". We can easily show that

7(P) = erel + Jerel J*

where €; = J(ey).
Let @ € C™™ be a rank-k matrix. Then,

k
Q :Zeief] w.l.o.g
i=1

k

7(Q) = ZeieiT +Jeel JT 6= TJ(e)

i=1
Using (B.7), notice that the following conditions on the orthonormal basis hold,
(Jei, Jer) = (e, €x) = (e, ex)r = I
<J€l, €k> = (iel, ek>R =0

Note that {e;, Je;}5 spans 7(Q) hence making the rank of 7(Q) as 2k.

In order to observe properties of the mapping M4 in the real vector space R*?,
we need to find the analog of (A;, xx) in R?".

Towards this end, we prove a relation between tr{7(T"),7(S)} and tr{T'S}. Notice
that since {e;, Je; }"; is orthonormal basis for R*", the following holds,

tr{7(T),7(5)}

— Z(T(S)ei, 7(T)e;) + (1(S)Je;, 7(T) J€;)
— i:(Sei, Te;) + (Sie;, Tie;)

=2 i(Sei, Tez>
=1

— 2T, S)
= 2tr{TS} (B.8)
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B.2.2 Nature of Global Minima in C"

We prove the following theorem to provide insights into the properties of the
mapping M 4.

Theorem B.2.1. The following statements are equivalent:

1. There exists constants a, B > 0 such that YVu, v € C", we have that,
boll [, Wl)lIT > Y 1{Ak, [[w, vI])I* > aol|[[w, o]]|1} (B.9)
i=1
2. Vn e R*™ £ 0, 3 ¢y, dy > 0 such that,
do||nl|*Py,, = R(n) >= collnll* Py, (B.10)
Where,

1
1 T 1T
Em=1= g /m’

Next, we prove (2)«>1

Note that,
(r(Aa), 7([[w, v]))) = (M; + IMT", [[C,m]])
= [¢"Min + (T IM;. )
= (TP

Z (¢ din)?

¢ (@i @) ¢

> (A

i=1

I
Ms IX

=1

Let us defined R(n) = Y_i", ®;nn” ®. Thus we can rewrite,

> [, vI))? = ¢"R(n)¢

From ( ), note that,
T, vITIE = Tal*IvI* = (imag({u,v)))?

(é
= [[ul*[Iv]]* = (real({in, v)))*
(i

= |lul?[Iv]]* = (iu, v)i
= [I<IPnll* = ((J¢,m))?
=" (IInlPL = Jngm™J7) ¢
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where J(u) =(, J(v) =n.

Using the results from 1 and equation (B.8), We can write,

bollnll*Pr = R(n) = aolln|* P

where P| = ([ - WJ?WHJH)

Hence 1 < 2 holds with the same constants cg = a¢ and dy = by.
Vn € R?™ £ 0, 3 ¢y, dy > 0 such that,

do|n[|*Py,, = R(n) = collnll* Py,
where,

1
pL _ T 1T

Lemma B.2.2. for any n € R*" £ 0, we have that rank(R(n)) = 2n-1 .
Proof. We know,

1
b= (I‘ Y H)

Consider ¢,y € R?" such that ¢ = c¢Jn + « for some constant ¢ € R, then

<(I - QJnnTJT) ¢, c>
Il

1

= |leJn + A||> -

1
e ({en+ A, Jn))?

1 , )
T (el Inll* 4 (A, Jn))
= A\ Jn|]* + 2¢(In, A) + | A|I?

1
e 0l 2l T+ O )?)

Note that ||Jn|| = ||n]|. Hence we can simplify the expression as,

A 2
<(I_WJ7777TJT) C,§> = H)\HQ_ (A, Jn)

[l

= |leJn + A||> -

As can be noted from above, that the values of A at which the above expression
vanishes is A = 0.

Hence we can conclude that the rank of Pjn is 2n-1. And taking into account
equation (B.10), we have our required result. O
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Lemma B.2.2 shows that the value of the bounds on the function R(7,) will not
change at R(no + Jn).

Notice that the operation J in the R?" is analogue to shifting the phase by
multiplying complex vector by <.

For the vectors x,y,u, v € C" satisfying equation (B.1), the analogous distance
metric satisfies the property,

T(dxy)) =7(lxx" —yy"|lr)
= 7({[u, v]])
=("PC
and hence, considering that rank(P5 ) =2n-1, there can be only one direction for

the distance metric where the value doesn’t change. This is the direction of the phase
shift of any of the vectors x,y.

B.3 Appendix : Non-convex Landscape for Deterministic A
B.3.1 Supporting Results
Throughout the rest of the appendix, define A = x—¢?z such that ¢ = arg min||x—
ez||, for any x,z € C". e

Lemma B.3.1. For any x € C",

e[ = [Ill3
Proof.
13
n n
_ Z ]a:ia_cj\z _ Z(Q;zxj T;T;) Z LT
',j_l i,j=1 i,j=1
= Z [ |* = lez =[xl
t,j=1
[
Lemma B.3.2. The vectors x—e'®z and x+¢'°z are such that Im((x—e'®z, x+¢"z)) =
0, where ¢ = arg min||x — e“z||,
0€[0,27]
Proof. We know from Lemma 3.7 ( ) that Vx,z € C" Ju, v € C" such that,

xx* — zz" = uv® + vu* = [[u, V]|
It can be easily verified that few such pairs u, v are given by,

u=x-¢e%, v=x+¢’, VIc|02r]
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Next, we focus on (u,v). We argue that 3¢ such that Im({(x—e"z), (x+¢%*z))) = 0
To this end consider the following,

Im(e(z,x)) can only vanish if § = w where w € [0, 27] is the angle between the two
vectors, i.e. w is such that (x,z) = ¢“||x]|||z||. Next we prove that w = ¢ where,

¢ = arg min||x — e"z||
0€(0,27]

Consider the following argument,
argmin|x — e”z||; = argmin (x — ewz)* (x — e”z)
0e[0,27] 0€[0,27]

||2 _ e—iez*x o eiex*z

= argmin||x||2 + ||z
0€[0,27]
= arg min||x||” + [|z]|* — 2Re(e " (x, z))
0€[0,27]
= ||X||2 + ||z||2 — 2argmaXRe(e_i9<x, z))
0€l0,27]

It can be seen easily that the arg maxRe(e=%(x, z)) is achieved when § = w. Thus we
0€[0,27)
have proved that ¢ = w. O

Lemma B.3.3. Let x,z € C". Then,
1(x = ez) (x — e2)" ||} < 2||xx" — 2z7]|
where ¢ = arg min||x — e"z|
0€[0,27]
Proof. Note,
argmin|x — e”z||*> = argmin (x — eiez)* (x — e”z)
0€[0,2x] 6<[0,2n]

H2 o efiez*x . eiex*z

= arg min||x||* + ||z
0€(0,27]

= arg min||x||* + ||z]|* — 2Re((x, "'z))
0€[0,27]

The minimum can only be achieved at a point where Re(x*(e®z)) > 0. Further notice
that the following relation holds,

xx* —zz" + AA" = xA" + Ax” (B.11)
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Hence we can see that,

ox — 22" [3 = [xA" + Ax* — AN
We know that for any matrix A, ||A||% =Tr(A” A),
lex” — 22"
=Tr ((xA" + Ax" — AA")"(xA" + Ax" — AAY))
= [[xA"[E + ({3, A)* + (A, x))* + | Ax7[[
= 2(x, A)|AlI = 2(A, x| All7: + [|AAT]J5
Note that,
(0, A)) + ((A,%))* = ((x,4))" + ((x, A))?
— 2Re((x, A))?
(x, MANE + (A X AllF = (x, M)A + (x, A A7
= 2Re((x,A))[| A%
Thus we can conclude,
lex” — 22"
= 2||(x, A)||F + 2Re(((x, A))?)
— ARe((x, A) A7 + IAA"][
= 2x*xA*A + 2Re(((x, A))?)
— 4Re(x* AA*A) + || AA* ||
Since x*xA*A = ||(x, A)||%, its a real value.
Jlex” — % (")
= 2x* (x — A) A*A + 2Re(((x, A))?)
— 2Re(x*AA*A) + [|AA*|5
= 2x" (x — A) ATA + ((x,4))" + (A, x))*
= (x, A)ANF = (A ) AT + |AAT

— 2x* (x — A) A*A + (<x, A) - %(A, A>>2
v (((A,x> - %(A,M)z - %IIAA*II%

= 2x* (x — A) A*A + 2Re ((<A, X — %M)z
+llaa?

, 1 : 1
= 2x*ezA*A + §Re (((A,x+ e“i’z>)2 + §HAA*H%
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From Lemma B.3.2, it can be seen that I'm ((A,X + ei‘z’z}) = 0. Hence we can say,

1
™ — 22| > S| ATAE

B.3.2  Wirtinger Calculus

We use standard arguments from wirtinger calculus ( ) to prove
results Theorem 3.6.7. The basic intuition is to look at the ¢5-loss function f (F2)
as function of two real variables in R" rather instead of single complex variable
in C". This workaround is required for the analysis of real function of complex

variables because of notions of complex differentiability and conclusions from Cauchy-
Reimann equations ( ). Hence we map the function f : C* — R
to g : R® x R"® — R and instead of analysing the properties of V2f, we analyse the
properties of V?g.

We first introduce the mapped function g and the corresponding expressions for Vg
and V2g

f(X) = g(X,)_() - Zgi(xv)_()

For the hessian Vg, we have

9 _ 1 & [(2xTAx — ¢;) A, A;x)(Ax)T
Vig(x,x) = — [( (Aix)(Al-x))T (2§<TA3>(< - c)z-)AJ

i=1

The following can be verified easily,

o). |3

=3 (A = a(2) ) (A xAT + AXT)
_ % D (A xx" —2(2) ) (A, xx" —2(z°)T + AAT) (B.12)

i=1

143



m V(%) m
SER esd
_ % Em: oxT A% — b)) (ATA,A + ATAA)

((ATA x)* + (AA4;x)?)

Theorem B.3.4. Let A be a set of measurement matrices which satisfy (c, 5)-stability
with 20 < 3a and k-phase-discriminating with k > 0. Let the scalar vector c be
generated by quadratic measurements of an unknown wvector z characterizing the
measurements used in the objective function f of problem (P2) . Then the following
statements holds:

1) The function fis strict saddle, and
2) Every local minimum w of f satisfies d(w,z) =0
Proof. Notice that,
(AA%)? + (AT Ax)?
= (A, xAT + Ax"))? = 2(ATA%)(AT Ax)
— ((A,xx" —2(2)T + AAT))* = 2((4, AX ")) ((A, xAT))

Using (B.11), we can reorganize,

3] o 3]

— (A;,2xxT —2(2) ) (A;, 2AAT) + ((A,xx" —2(2)T + AAT))’
—2((A4,Ax7))((4,xAT))
=2 (4, oxx | —z(z) ) (A, i, xx| —z(z) ") (A, AAT))
<AZ,AAT><AZ,XX —2z(z)") + (A;, AATY(A;, AAT)
+ (A, xx" —2(2) VA, AAT 4 xx" —2(2)")
—2((A4,Ax7))((4,xAT))
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Adding and subtracting 2(A4;,xx" — z(z)")(A;,xx" —z(z)"), reorganizing,

[2} V?i(x, %) {ﬁ}
= 2(A;, AATY(A;,xx")
+2((4;,xx" —2(z) )4, AAT +xx" —2(2)"))
—2(A;, xx" —z(2) ") (A, xx" —z(2)")

+ (A, AATY (A, xx" —2(2)")
+ (A, AATY (AL AATY = 2((A, A% ) ((A,xATY)
+ (A, xx" —2(z)" V(A AAT +xx" —2(2)")

Adding and subtracting (A;, xx" —z(z)")(A;,xx" —z(z)"), reorganizing,
JAY) QR A
e
= 2(A;, AATY (A, xx ") — 2((A, Ax ")) ((A,xAT))
—3(A;,xx" —z(z) ) (A, xx" —z(z)")

+ (Ai, AATY(A;, AAT)
+4(A;,xx" —2(2) ") (A, AAT +xxT —2(2)")

Using equation (B.12),
Al" _. A
e
= 2(A;, AATY (A, xx ") — 2((A, A ")) ((A, xAT))
—3(A;,xx" —2z(z) (A, xx" —z(z)")

(A AATY(A, AATY 4 4(Vg(x, %), [gb

Overall, we can conclude that,
Al" . [Aa
RRLCEIR

_ %Z(Ai,AATMA“xx ) — (4, AXT))((4,xATY)



Using the definition of (a, 8)-stable and k-cross stable, we can conclude that for
every critical point (31", Vg;(x) = 0),

v

< —r[lAx" = xAT|E + BIAATE — 3afxx” — 2(z)" %
< —r[Ax" — xAT|E + 28|xx" — 2(2)" ||

— 3axx” — z(2)"||5

< (26 = 30) | — 2(2)" |7 — sl Ax" —xAT|%

as stated in the statement of the Theorem, since 28 < 3 and k > 0, we can conclude
that the function f(x) = g(x,X) satisfies at-least one of the following is true,

e [Vg(x)|| >0
e Vx € C" such that d(x,z) # 0, the following holds,

m* V2g(x,%) m <0

e d(x,z)=0

Thus the function f(x) is strict saddle.

Following up on equation (B.28), the only possible way that the hessain VZg(x,X) =
0 is if |xx* — zz*||r = 0 and ||[Ax? — xAT||r = 0. Hence we can conclude that all
local minimas, i.e. all w such that VZg(w,w) = 0 has to satisfy ||[ww* — zz*|| =0,
|AxT — xAT||r = 0 and hence satisfies z ~ w which makes w the solution of the
problem (P1).

Following up on equation (B.28), the only possible way that the hessain V3g(x,X) =

0 is if ||xx* — zz*|| = 0. Hence we can conclude that all local minimas, i.e. all w such
that V2g(w,w) = 0 has to satisfy ||[ww* — zz*|| = 0 and hence satisfies z ~ w which
makes w the solution of the problem (P1). O

B.4 Appendix : Properties of Gaussian Random A

Lemma B.4.1. Let A = {A;}", be a set of complex Hermitian Gaussian random
matrices for the measurement model given by (P1). Then, given ¢ > 0 and vectors
x,y € C", there are constants c¢,d > 0 such that

|

Proof. A matrix A € C"*" is a complex Hermitian Gaussian random matrix, if,

1.V i, (0773 NN(O,UQ).

m

1 * *\ |2 2
Zml%,xx yy )" —d(x,y)

=1

> ed(x, y)2> < de” ",
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2. \V/Zj,'l#jaaszN(a%) ZN(’%)

Let {A4}7", be a set of complex Hermitian Gaussian random matrices. Define the
random variable Y,

[(Ag, xx* — yy™)|?

<
[

S

NE

a
Il

1

|
3|~
NE

((Ag, xx" —yy")) ((Ag, xx* — yy™))

(Z a;; (2,2 — y;y; ) (Z ap (TR — ykﬂz))

Expectation of Y can be evaluated as,

<%
Il

1

3»—
NE

a
Il

1

E[Y]
=E (% Z (Z aij (75 — yzyj)> (Z a (TR — ?/k?/l))) (B.13)

For every matrix Ay, we can split the entire summation (B.13) into the following 4
sets:

L B:={(,j,k)li=j=k=1}
C:={(i,4,kDi=17=kfnA°

3. D:={(i,j,k,\)|i=k,j=1}nA°

4. E = {(i,j,k,)}n A°nB°NnC’

Calculating the expectation of the sum of the elements in each individual sets:

1. Set B,

aiap (T — viY;) (TR — Ykl
(i,9,k Z)EB

= (Zlaml (|li]* — !yz-|2>2>

=1

=0’ Z il + | = 20|yl

=1
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2. Set C, note that for every Hermitian matrix Aq, a;; = aj;

E Z aijap (%5 — viY;) (Te@i — Yuli)

(4,9,k,1)eC
n
=E ( 0 lag Pl = vigsa 2
i j=1,i#]
— 2255 + il |y;[*))
n
=0* > ([#illayl® — vz,
i,j=1,i#£j

— 2:%y;5 + il |y )

3. Set D,

E Z aiar (%5 — viY;) (TeZi — Yrli)
(2,5,k,l)eD

=K (E (aij)?(z:T; — yz‘yj)Q)) =0
i
Notice that V7,

(aij>2 = ((%@)2 - (a’ij)Q + iafjaéj)

Thus,
E [(a;5)’] = E [(a;j)*] = E [((af;)* — (a})* + iaj;a;)]
Since both the real and imaginary parts are independent, we can conclude,
E [((%@‘)2 - (a;j)z + m?jazj)] =0
4. Set E,

All elements a;;, ay; are independent in (4, j, k,[) € E,

E Z aijar (225 — viy;) (X — yrti) | =0
(i.,k1)EE
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In conclusion,

E[Y]

. (z:; |xi|2>2 + (z:; |yi|2>2

=23 [Pl = D widgi— Y y]‘“”‘”‘)
=1

1,3,1#] 1,J,i#7
= o [|Ix]l3 + Iyl — 1{x, y)|?]
From Lemma 3.9 ( ), note that tr{(xx* —yy*)?} = [|Ix|I5 + ll¥ll3 — |{(x, ¥)*],

where tr{-} represents the trace of a matrix. Since xx* —yy* is a Hermitian matrix
tr{(xx* — yy*)?} = ||xx* — yy*||%. Hence, finally we can state,

ElY] = |xx* — yy*|%

Next we focus on obtaining concentration bounds. Just as with expectation E[Y], we
evaluate the behaviour of deviation in each individual set B,C, D and FE.

1. Set B,

Z agjap (%5 — yil;) (@rZ — yel)
(i.jk1)EB

—E Z aijar(2:T; — viY;) (TeZi — Yrli)
(4,9,k,l)eB

n

=" (lawl = 0%) (laal* + lwal* — 2l lwil?)
=1

Note that Vi € [1,n], |a;|* — 0% is a centered subexponential random variable.

2. Set C,

Z aijar (0T — Yiy; ) (ThTi — Yrih)
(.4, k1) eC

—E Z aigar (2T — ¥iY;) (TR — Yulh)
(3,9,k,)eC

n

= > (lagl> - o)

i j=1i]
(lal*la* — ygiye; @0 — 250 + yil*ly; 1)
Again, note that Vi,j € [1,n]%i # j, |a;;|* — 0% is a centered subexponential

random variable.
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3. Set D,

Z aijar (T — Yil;)(ThTi — Yxli)
(3,9,k,l)eD

~E| Y ajan(ed; — i) (@d — ydi)
(4,9,k,l)€D

= D (ay)(@)(3;)

i,j=1,1#]

Note that af; = (aj;)* — (ai;)* + iaj;ai;. This makes it easier to argue that

Vi, j € [1,n] i # j, (a;;)* is a centered subexponential random variable.
4. For elements in set E,

Z aijar (v — Yiy; ) (TrZe — ki)
(i,j,k,l)EE

—E| Y ayau(ed; — yidg) s — ydi)
(i,5,k,1)€E

= Z aijan (%5 — Yit);)(TrTr — Ynbi)
(4,5,k,1)EE

Since a;j, ay for (i,7,k,l) € E are independent, it can be easily seen that a;;ay
is a centered subexponential random variable V(i j, k,[) € E.

Take 02 = 1. We then have the Bernstein type inequality ( ) as,

P ( < t>
> 1 — cpexp | —cym min — " "
K[l — yy*[l3" Kallxx — yy*[|3

for some constants ¢y, ¢y > 0.
We introduce the normalized variable € =

|

> e||xx* — yy*||%) < coexp

n

1 * * * *
ZEKAd,XX — vy = llxx* —yy*[%
d=1

2
llxx*—yy*||%’

n

1 * * * *
ZEKAd,XX —yy")? = lxx* — yy*lI7
d=1

—c1mE(e)

2

where E(e) := min {6—2, %}
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Note that ||[xx* — yy*||% is the distance metric d(-,-) defined in (3.2). Hence we
can rewrite the high probability result more consicely as,
1 * *\ |2 2
> —l(Ad " —yy") P —d(x,y)

]P> (
d=1

> ed(x,y)?) < coexp”

n

]

Lemma B.4.2. Given § > 0, let Ns be the smallest collection of n-dimensional balls
of radius & whose union covers the sphere S"™1. Then, for any matriz A € C™", we
have

(1-20) sw (A%} — x|
x1,x0€8M1
< sup [{A,x1x] — X2X5)|
x1,X2ENs
< (1+20) sup [{A,x1X] — XoX3)|.

X1,xp€87—1

Proof. In the proof, we relate the supremum of |[(A4,x;x} — xox3)| over x,y € S"! to
its supremum over x,y € Nj.

Since N covers S"1 Vx € S"1 Ju € N such that ||x —u| <.

Hence Vx1,%x, € S™1, Jy,y2 € N such that,

(A, x1X] — Xo%5) — (A, y1¥] — y2y3)|

|<AX1,X1> - <AY1>Y1>| - (AXQ,X2> - (AY2>Y2>’
[(Ax1,x1) — (Ax1, y1) + (Ax1,y1) — (Ay1,y1)|

[(Ax2,X2) — (AX2,y2) + (AX2,y2) — (Ay2,y2)]

[(Ax1,x1 — y1) + (Ay1, x1 — y1)|

+ [(Ax2, Xo — y2) + (Ay2, X2 — ¥2)|

< 2[|Allflx1 =yl + 2[[Allf[x2 =yl

< 45| Al

+

where ||A|| denotes the spectral norm of the matrix A, i.e.,

[All = sup [(Ax, x)|

xesn—1
1 1
=5 sup [(Ax, x)| + 5 Sup (Ay,y)|
xesn—1 yesn—1
1 * *
=5 sw [(Axx" —yy")

x,yesn—1

We conclude,

(A, x1x] — x0x3)| — [(A, y1y] — ya2y3)| < 40[| Al
(A, y1y] — ya2ya)| > [{A, x1X] — x9x3) | — 40| Al
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And,

(A, y1y1 — y2y2)| — [(A xax] — x0x3)[ < 46]| A
(A, y1y1 — y2y2)| < [(A, x1X] — X9x5) | + 46| A

Taking supremum,

> sup (A, %] — %) — 46]14]
xesn—1

= (2 —49)IAll

—(1-26) sup [{A4, x5} — %3]

xesn—1

sup [(4, x1X] — XoX3)|

x€./\/5

< sup [(A,x1X] — XoX5)| + 49| Al
xesn—1

= (2+49) Al

—(14+20) sup (A x0x] — %3]

XES’"‘71
[

Theorem B.4.3. Let A = {A;}", be the set of complex Gaussian random matrices,
and assume the number of measurements satisfies m > Cn. Then, for any given
€ €(0,1), there exist constants C, cq,dg > 0 and 5 > «a > 0 such that, with probability
at least 1 — &, the following relation holds

ad(x,y) < [[Ma(x) = Mal(y)ll2 < fd(x,y).

Proof. Consider x,y € C". If x ~ y, then d(x,y) = 0 and M 4(x) = M4(y), and the
result holds trivially. Therefore, in the sequel, we assume that the vectors are distinct,
implying that d(x,y) > 0.

From Lemma B.4.1, for a given € > 0 we have

m

3 1 (A xx* —yy*)?

P(Z

—1

> 6) < de” M.

According to ( ), for any § > 0, we have the following upper bound on
the size of the covering: |Ns| < (Q)n . Therefore, for a given €, > 0, by Lemma B.4.1

5
>€)

and the preceding union bound, we have that

— 1 [{Ai,xx" —yy")|?
Pl sup — —
(X,y€/\/5 Z

1=1

12\"
< de—cme [ 22

1

m d(x,y)?
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where d, ¢ are the same constants as in Lemma B.4.1. This implies that
1 Ai’ * *\ |2
P( sup Z_|< XX }2’}’>| <e
x,y €N m d(X, Y)

defcme > .

1 [{Axx” —yy")]
—m  dxy)?

-1

Now, observe that

(A = yy )P

1
N XQ’EN& i=1 m d(X7 Y)2

Therefore,

By applying the covering result of Lemma B.4.2 to each matrix A;, averaging the
resulting relations over m, and using

sup d(x,y) < (1+20) sup d(x,y).

x,y €N x,yesn—1
we obtain
1 [(A;, xx* — yy*)|?
sup — 5
xyeNs s T d(X7 Y)
m 1—928 2 Az x *\ 2
> sup ( )? (A, xx* —yy*)|

x,yesn—1 . (1+20)°m d(x,y)?

Thus, we can conclude that

1 (A, xx* —yyS) 2 (1+26)%(1 +¢)
F ( vt E d(x,y)? = (1 —25)2 )

x,yesSn—1

12\"
> 1 —deme | =
- (5)

153



Similarly, we can prove that

P ( inf i (A —yy) P (1= 20)%(1 = 6))

xyesn—t &= m d(x,y)? — (1+29)2

12\"
>1_d—cme _
= (6)

Letting C' be such that C' > M and letting m > Cn, we can see that the
following relation holds with probablllty at least 1 — &: for all x,y € C",

pd(x,y) = [[Ma(x) = Ma(y)ll2 = ad(x,y),
where «, 8 are given by
a (1=20)*(1—¢) (1 +26)%(1 +¢)
(1+426)2 ’ (1—-26)2
Notice that we essentially have a choice of the values of  and €. The closer they are

to 0, the stronger the stability result. However, this also implies the larger m, the
number of measurements, needs to be. O

=

«

We prove the following result for showing x-phase-discriminating property, x > 0,
is satisfied for a wide variety of random matrices (further used in Theorem 3.6.7)

m

Lemma B.4.4. Let {A4}]_, be a set of Hermitian Gaussian random matrices. Then,
1 - _
— E ((Ad, AAT><Ad, X)_(T> — <Ad, A)_(T><Ad, XAT>>
m

IP (
d=1

+HlAx" — xAT|[E] < tf|Ax" —xAT|F)
> 1 —coexp(—cymD(t))

where,

D(t) = min { 1
‘=min{g —, —
K} K,
Proof. Let A € C™*™ be a complex Hermitian Gaussian random matrix, i.e.

1. VZ, (0773 NN(O,UQ).
2V’l,j,l7éj,a”NN(0702) ZN(,%)

Define the random variable Y,

Y =— d) A d,X)_( - d) X daX_
L D (Ag, AAT)(Agxx") — (Ag, AXT) (A, xAT)
m
d=1
= %Z (Z aZAlA]> (Z alele>
d=1 ij Kl

(g (g
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For any Ay, Split the entire summation (i, 74, k,1) € [1,n]* into the following 4 sets
such that:

={(i,J,k, D]t = =1}
2. Bz{(zy,kl)]z j—l}ﬂAC
= {65,k D]i=1j=k}nA"
4. D :={(i,5,k,)} N AN BN C°

Calculating the expectation of the sum of the elements in each individual sets:

1. For set A,
( aZinAj) (Z alele>
Kkl
( aijx; A ) (Z amAle>
E a 2N AXX aiiAiAixixi] =E[0]=0
2. For set B,

Jfgeas) e
pens) (o

E a A A Xz a%Aiijiiﬂ = E[O] =0

3. For set C, since the matrix A is hermitian a;; = a@;;

(Z aiinAJ) (Z alek:Xl>
ij kl

(2 (5

= [lag?Didjx;%; — |ag | A;8xi%;]

Notice that V7, 5

= laji* 8 Axi%; + |ay | A jx;%;
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Since |a;;|* = |a;i|*. Thus,

= ‘Cljl'|2 [AinXi)_(j + AiAij)_(i
—AiAinf{j — AjAiniZ’}

= |aj,-|2 [AinXi)_(j + AZ’A]'X]')_(Z'
— AP = 1A P xil?]

= |Qj; 2 AAZXZX + AZAX)ZZ

J J J J“*)

— AP * = 1A xil?]

= —lay[’] Aixj — x84

Thus,
E (Z aiinAj) (Z alek>_Q>
ij Kl
— (Z ainiAj> (Z aMAkf{l>
ij kl

= 0| AxT — xAT|)% (B.14)

4. For set D, as all the elements (i, j,k,l) € D make a;;, ar; independent of each
other, we have,

E (Z aijaklﬁij (Azxk - AkXi)) =0

Hence we can conclude,

m

L3 (A AATHAT) — (g, AXT) (A, xAT))

m
d=1

= —O'QHAXT — XATH%

E

We focus our attention on obtaining concentration bounds. Evaluating the be-
haviour on the elements in set D,

1 & -
E Z Z G%CLZIA]'X[ (Azxk — AkXi)

d=1 \ (i,j,k,)eD
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We can see that the above is a centered subexponential random variable.
Take 02 = 1. We then have the Bernstein type inequality ( ) as,

’ Q% > (As AAT)(Ag,xx") = (A, AXT) (A xAT))

+ [[Ax" — xAT|[E] < tf|Ax” —xATE)

>1 1 t*
— cpex —cimmins —, —
= 0€XP 1 KZ’K4

B.5 Appendix : Non-convex Landscape for Gaussian Random A
B.5.1 Proof of Theorem 3.6.7

Theorem B.5.1. Let {A;}7, be a set of complex n x n Gaussian random matrices,
and let m > Cn for some constant C' > 0. Let the scalars {c¢;}", characterizing the
objective function f of problem (P2) be generated by quadratic measurements of an
unknown vector z. Then, for any given £ € (0,1), there exist positive constants (3,7,
and ¢ such that the following statements hold with probability at least 1 — &:

1) The function fis (B, (,7)-strict saddle, and
2) Every local minimum w of f satisfies d(w,z) =0
Proof. Notice that,
(AA%)? + (AT Ax)?
= (A, xAT + AxT))* = 2(ATA%)(AT Ax)
— ((A,xx" —2(2)T + AAT))* = 2((4, AX"))((A, xAT))

Using (B.11), we can reorganize,

3] ot 3]

= (A;,2xx" —2(2) ) (A;, 2AAT) — 2((A, AX ")) ((A,xAT))
-I—((A,Xi —z(z)" —I—AAT>)
((AZ-,2X>Z —2(2) ") (A, i, xx" —2(z) ") (A, AT>)
+ (A, AATY A, xxT —2(2)") + <A1,AAT)<AZ,AAT)
+ (A, xx" —2(z) ") (A, AAT +xx" —z(z)")
2((A, A% ")) ((A,xAT))
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Adding and subtracting 2(A4;,xx" — z(z)")(A;,xx" —z(z)"), reorganizing,

[2} V?i(x, %) {ﬁ}
= 2(A;, AATY(A;,xx")
+2((4;,xx" —2(z) )4, AAT +xx" —2(2)"))
—2(A;, xx" —z(2) ") (A, xx" —z(2)")

+ (A, AATY (A, xx" —2(2)")
+ (A, AATY (AL AATY = 2((A, A% ) ((A,xATY)
+ (A, xx" —2(z)" V(A AAT +xx" —2(2)")

Adding and subtracting (A;, xx" —z(z)")(A;,xx" —z(z)"), reorganizing,
JAY) QR A
e
= 2(A;, AATY (A, xx ") — 2((A, Ax ")) ((A,xAT))
—3(A;,xx" —z(z) ) (A, xx" —z(z)")

+ (Ai, AATY(A;, AAT)
+4(A;,xx" —2(2) ") (A, AAT +xxT —2(2)")

Using equation (B.12),
Al" _. A
e
= 2(A;, AATY (A, xx ") — 2((A, A ")) ((A, xAT))
—3(A;,xx" —2z(z) (A, xx" —z(z)")

(A AATY(A, AATY 4 4(Vg(x, %), [gb

Overall, we can conclude that,
Al" . [Aa
RRLCEIR

_ %Z(Ai,AATMA“xx ) — (4, AXT))((4,xATY)



Using Lemma B.4.1 and Lemma B.4.4, we can conclude that with probability greater
than 1 — ClefCQmmin{D(t),E(e)}’

v i

< —(1=t)|Ax" = xAT|E + 40[|Alls + BlAA™E

— 3a[xx" — 2(2)"[|%

< —(1 =t Ax" —xAT|[E + 45[|All2

+26||xx" — 2(2)"||% — 3allxx" — 2(2)"||%

< (28 = 3a) |xx* — z(2)"|[7 + 49]| A2

— (1 - 1) AxT — xAT| (B.15)

where dcy, ¢ > 0 which can be computed from Lemma B.4.1 and Lemma B.4.4.

For any £ € [0, 1], there can be multiple possibilities of the constants 3, and ~
satisfying Theorem 3.6.7.

For instance : Given &, we can take enough measurements m = O(n) such that
the mapping M 4 is (1 — ¢, 1 + ¢)-stable, for some small ¢ > 0 and ¢t < 1. Suppose the
current vector x is not close to x* such that ||A|| > Cyd, for sufficiently large Cyp > 0,
then we have

V3g(x,X) % < (=1+45c)C38* +4Cy0° <0

_A_
A particular set of (¢, Cy) which fit the above condition is ¢ = %, Cy = 10, then
% V?g(x, %) g < (=145c)C36* +4Cy0° <0

Hence we can conclude that the function f(x) = g(x,X) satisfies at-least one of the
following is true,

o [Vgx)| =0

e For the direction vector A,

[ﬂ V3g(x, %) [ﬂ < (=14 5c)C36* + 4CyH°

o d(x,z) < Cyd

Thus there exists constants 3, (,y > 0 such that the function f(x) is (8, (,~) strict
saddle.

Following up on equation (B.28), the only possible way that the hessain VZg(x,X) =
0 is if ||xx* — zz*|| = 0. Hence we can conclude that all local minimas, i.e. all w such
that V2g(w,w) = 0 has to satisfy ||ww* — zz*|| = 0 and hence satisfies z ~ w which

makes w the solution of the problem (P1).
[
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B.6 Appendix : Robustness Proofs

The following lemma will be used in later used to prove Theorem 3.7.1,

Lemma B.6.1. For any Hermitian matrix M, Gaussian noise n; and complex Her-
mitian Gaussian matrices {A;}1",, we can say that

m

iZUKAuM)

IP)(
m “
=1

for some constants ¢, K5 > 0.

= enUnHMHF> = 26<_cmmin{%7%}) (B.16)

Proof. For all k € [m], let Ay, € C™™ be complex Hermitian Gaussian random matrix,
ie.

1. VZ, CLZ‘Z‘NN(O,OQ).
2.V i, i # Gy ay ~ N0, %) +iN(0, F).

and 7, ~ N(0,07) be Gaussian random variables. Define the random variable Y,

v - ' fjnk<Ak,X>| (B.17

We first quantify the nature of n (A, M)

Ak7 = Mk Z Qi My; + Tk Z QM5

1,3,97#]

= Tk Z Qi My; + Nk Z Qi35 + Nk Z ammz]

1,J,4>7 1,J,4>7

— Z Nk Qi1 +2 Z TIkRe alJmU)

1,3,#]

Hence we can say that,

E[m.(Ax, M)] = 0 (B.18)

and,
E[(m(Ax, M))?] = opl| M|[5 (B.19)
Note that (A, M) ~ N(0,||[M|3%) and n, ~ N(0,07) and hence we can conclude

that n;(Ag, M) is a centered subexponential random variable. Applying Bernstein
inequality, we have,

P ('%immi,m

> t) < 26(—cmmin{K2 22”M”§ K5an|\]bﬂ|oo }) (B.QO)
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using a substitution €, = m, we have,
2
1 = (fcmmin{l’?,;{—"})
P(|— (A, MY| > M <2 Kg 7o B.21
('m;m )| = el ||F>_ e : (B.21)
m

Theorem B.6.2. Let {A;}7, be a set of complex n x n Gaussian random matrices,
and let m > Cn for some large constant C' > 0. Let the scalars {c;}I", chamcterzzmg
the objective function f of problem P1 be generated by quadratic measurements of
an unknown vector z. Let the Let x € C" be such that |Vg,(X)|| < 6, where g, is
the ly-loss function (F,). Then with probability 1 — cie™ ™ — 2e~%™ the following
holds:

406 + e,0,)

B.22
1— 5¢ ( )

|xx* — zz"||p <

where o, € R 1s the noise variance.

Proof. Following steps similar to that of Theorem 3.6.7, for the noisy case, we have
that,

1 m
_—Z AXX Ci+77i)2
mz:l

1 1 )
= go(x. %) + — ; 2mi((Aix, x) — i) + — ;n (B.23)
N (%)
_ 1 & n; Aix
VNxx) = m 22:1: |:771AiX:|
VN(x,x) Aty 1 in-<A- Ax" +xAT) (B.24)
) ) A m p 1 (3 .
Thus we have,
A
(oicn ]
= ( Vgo(x, %) a + lzm:n»(/l» Ax" + xAT) (B.25)
0\ A m - ) X .
L&A 0
VIN(x,x) = — > [770 mAJ
* 2 m B
8] v 3] = 2 nan (B.20
i=1



> >

[ wues ]

=23 (axx —a() ) (A xxT —2(2))

m

+ % > (A AATH (AL AAT) + %Zng(x, X), E})

+ % in&fh,A& _

_ %lemi,ANxAi,xﬂ ~ (4, AXT))((4, XAT))
. %imi,xxT —2(2) ") (A, xx" —2(2)")

+ % zi(Ai, AATY(A;, AATY 4+ 4(V g, (x, ), m )

+ % i (A, AR) — % i ni{As, AXT + xAT)

_ %imi,ﬂww,xﬂ — (A, A%))((A,xAT))
_ % imi,xg — 2(@) ) (A, xxT — 2(2)")

b LS (A AAT) (A AAT) + 4T 0. [3)

2 m 2 m —
- i Az X —ZZ) — — ) A’L A_T AT
m;n< , XX — ZZ) m;n( AT +xAY)
(B.27)

Using Lemma B.4.1 and Lemma B.4.4, we can conclude that with probability greater
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than 1 — Clefczmmin{D(t),E(e)h

3] woen 3]

< —(1 =t Ax" —xAT[F + 49]|All2 + B AA"IE

— 3axx" — 2(2)"||%

< —(1=[lax" —xATF + 48] Al

+2Bxx" — 2(2)" |5 — 3afxx" — 2(2)"[|

< (28 = 30) [[xx* — 2(2)" || + 4[| Al

— (1 =) Ax" — xAT|% (B.28)

where dcy, ¢ > 0 which can be computed from Lemma 7?7 and Lemma B.4.4.

Further using bounds from Lemma B.6.1, we can conclude with probability 1 —
cremem min{D(t),E(e)} __ 2€—C3men’

R

< (28 = 3a) ||lxx" — z(2)" ||} + 40]| All2 + ¢
+ 4e, 0, ||xx* — zz"||p

For any £ € [0, 1], there can be multiple possibilities of the constants (3,( and ~
satisfying Theorem 3.6.7.

Given £, we can bound m = O(n) such that the mapping M4 is (1 — ¢, 1+ ¢)-
stable, for some small ¢ > 0 and if the current vector x is not close to x* such that
d(x,z) = Cyd, for sufficiently large Cy > 0, then we have

Al" DA
RSN
< (=14 5¢)CE* + 4Cy0* + 4e,0,Cod (B.29)

If the above inequality is not satisfied then,

(—1+5¢)Co + 49 + 4e,0,, >0
4(0 + €,0,)

<
Co < 5(1 = 5¢)

(B.30)

Hence we can bound the distance of the optima of (P1) — z and the solution of
the problem (F),) — X as,
4(6 + €,04)

B.31
1—5¢ ( )

|xx* — zz"||p <

]
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MULTI-AGENT BANDIT SEARCH
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C.1 Proof for Proposition 4.4.1

Let the undesirable events be Ex(t) = {K(¢) \ Sp—e # 0} and Ex(t) = {R(¢) )\ S5, # 0}.
To prove Proposition 4.4.1, we want to show P [(Ut21(€;c( ) U (Ut21573( )] <4. By
Boole’s inequality, it is suffices to show that P [ J,~,Ec(t)] < 6/2 and P [U,-,Er(¢)] <
§/2. - -

Recall that, by the choice of U; »(t,6) in (4.6¢),

. o
P (VI — ful < Uimlt,0)}| 21— 5=, (C.1)
21 29
for any grid cell i € G and search policy 7 (see Lemma 1 in ( , ) with
6/(12(Gl)).

For any ¢t > 1, K(t) \ Sp_. # 0 if and only if fi; x(t) — Ui r (t,0) > 0 — € > p; for
some i € G. Consequently, C(¢) \ Sp—e # 0 = |f1i(t) — il > Um( ,8) for some i € G.
By (C.1) and Boole’s inequality,

P [Uglc(t) P U U {’ﬂi,ﬂ'(t) - /%'| Z Ui,ﬂ' (ta 5>}]

i€G t>1
S 0 0
1€g g 2
The proof for P [Ut21573(t)} < 0/2 follows similarly. |

C.2 Proof Sketch for Theorem 4.5.2

Bounding Ty (4.10): Recall that the number of sufficient number of samples
required for successful classification, with high confidence, of a grid cell ¢ € G can be
tightly upper-bounded by O(¢;) (see (6) in ( , ) with w = +/6/(2|G])). If
we allowed multiple search agents to visit a grid cell simultaneously, then Cll > icq O(94)
upper bounds Ty, due to the independence assumption between the cells. However,
the agents are required to stay in distinct cells at all times. Consequently, some of
the search agents are rendered ineffective when less than d cells are left to be labelled.
(4.10) upper bounds T, by accounting for the worst-case inefficiency — the last d cells
is a set of “easy-to-classify” d — 1 cells and a “hardest-to-classify” cell.

Bounding L(m) (4.11): We split the time taken to classify all interesting cells by
Algorithm 3 into three parts:

i. Classifying interesting cells : The number of samples sufficient for classification
of interesting cell i is O(¢;),

ii. Sampling uninteresting cells when biased coin toss yields heads : Here, Algo-
rithm 3 samples grid cells while maximizing J, see (4.6). The number of sufficient
samples of the uninteresting cell j after which, it will be sampled by only after
classifying all interesting cells upper-bounded by O(v;). Additionally, we add
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a margin of M to account for the worst-case low-probability event of

revisiting cell j due to the switching to label-then-move.

iii. Sampling uninteresting cells when biased coin toss yields tails : Here, Algorithm 3
samples grid cells based only on the distance metric ¢. In the worst case, we
may sample an uninteresting cell long enough to classify it, which is O(¢;).

Combining these parts, we have
—« 2
ums Sow)  +Smin{ow.00 + LD,
N——

interesting cells (i)

uninteresting cells (ii) and (iii)

for a team with d = 1. Similar to Ty, we obtain (4.11) by accounting for oversampling
due to inefficiency arising from the presence of d > 1 agents.

Bounding E(m) (4.12): The economic cost (4.5) consists of the movement cost
and the sampling cost. At every time step ¢, Algorithm 3 performs an o biased
coin-toss. For coin tosses corresponding to heads, Algorithm 3 moves to the grid cells
which maximizes the activation function (4.6). In this case, Algorithm 3 incurs a
movement cost of at most M = max, . ¢(a,a’). For coin tosses corresponding to tails,
Algorithm 3 searches for the nearest unlabelled cell in the neighbourhood. The total
cost incurred by Algorithm 3 during the entire run is no larger than the cost incurred
to visit all of the cells in some pre-defined sequence, which we know is O(|G| — 1).

Y Ell(ay,a,—1)] < (1 —a)O(|G| = 1) + aMt (C.2)

1<7<t

The sampling cost accrued at iteration ¢ of Algorithm 3 is Std. We complete the proof
by adding these bounds, and applying the bound in (4.10) on ¢. [ |
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