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ABSTRACT

Asymptotic and Numerical methods are popular in applied electromagnetism.
In this work, the two methods are applied for collimated antennas and calibration
targets, respectively.

As an asymptotic method, the diffracted Gaussian beam approach (DGBA) is
developed for design and simulation of collimated multi-reflector antenna systems,
based upon Huygens principle and independent Gaussian beam expansion,
referred to as the frames. To simulate a reflector antenna in hundreds to
thousands of wavelength, it requires 10’ — 10° independent Gaussian beams. To
this end, high performance parallel computing is implemented, based on Message
Passing Interface (MPI).

The second part of the dissertation includes the plane wave scattering from a
target consisting of doubly periodic array of sharp conducting circular cones by
the magnetic field integral equation (MFIE) via Coiflet based Galerkin's
procedure in conjunction with the Floguet theorem. Owing to the orthogonally,
compact support, continuity and smoothness of the Coiflets, well-conditioned
impedance matrices are obtained. Majority of the matrix entries are obtained in
the spectral domain by one-point quadrature with high precision. For the
oscillatory entries, spatial domain computation is applied, bypassing the slow
convergence of the spectral summation of the non-damping propagating modes.
The simulation results are compared with the solutions from an RWG-MLFMA

based commercial software, FEKO, and excellent agreement is observed.
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CHAPTER 1

INTRODUCTION

Reflector antennas design

11
The diffracted Gaussian beam approach (DGBA) [1] for design and analysis

of the multi-reflector antenna systems is presented in Chapter 2-5. This method

has efficiency and modularity advantage compared to the time-consuming PO

based methods and geometrical optics (GO) plus uniform theory of diffraction

(UTD) or geometrical theory of diffraction (GTD) method
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Fig. 1.1. Asingle step of the DGBA in a multi-reflector analysis
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Fig. 1.1 shows a single step in the DGBA multi-reflector analysis. The

incident field on an input plane is expanded [2][3] in terms of fundamental 3-D
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Gaussian beam modes. And each beam has a beam-width of several wavelengths.
The elementary beams are propagated to the reflector to be analyzed. Reflection
of these beams is treated in a geometrical optics manner [4] and diffraction is then
treated by applying Boundary Diffraction Wave (BDW) method. Reflection of
Gaussian beam will change the radii of wavefront curve surface which changes
the parameter g of Gaussian beam. The BDW of Gaussian beam is approximately
calculated by the steepest descent method [5][6][7][8]. The output beam is a
superposition of all reflected and diffracted elementary beams and can again be
expanded into a set of Gaussian beams. However when dealing reflectors in tens
to hundreds wavelength, more than 10 million elementary Gaussian beams will be
generated. Computation of reflection and diffraction of these Gaussian beams may
cost tens or hundreds hours on ordinary PCs.  In order to speed up computations,
the parallel computation method for DGBA on clusters is developed. After
expansion, all Gaussian beams are evenly distributed to the assigned CPUs. Upon
reflection and diffraction of computation, the field on the selected output plane is
evaluated by the summation of all coming different Gaussian beams. Simulation
results on Saguaro cluster at Arizona State University are presented at the last part

of this paper. The computation speed is highly accelerated as expected.



1.2 Scattering From a Doubly Periodic Surface

Microwave remote sensing [13] is often used for astronomical studies,
military applications and environmental monitoring. The term used for
characterizing the emission by the scene observed by the radiometer is the
brightness temperature Tg, which may vary from zero Kelvin (for a
non-emissivity medium) to a maximum value equal to the physical temperature Tg
of the scene (for a perfect emitter known as a blackbody). In other words, the
emissivity e (=Tg/Ty) varies between zero and unity.

Scattering by an infinite rough surface, such as land and ocean, is
characterized by the bistatic scattering cross-section per unit area
0°(6y, Po; O, bs; Do, Ps) Which relates the magnitude of the power scattered in
the direction (6, ¢ps) with polarization pg to the power incident upon the
surface from the direction (6,,¢,) with polarization p, (Fig. 1.2). a° is
known as the surface scattering coefficient. p, and p, could be v or h, which is

vertically or horizontally polarized.



Pi

Fig. 1.2. Geometry of incident and scattered.

Peake (1959) developed expressions for the polarized emissivity
e(6y, ¢o; po) Of a surface observed from the direction (6,,¢,) and for the
scattered temperature T (8, do; Po) N terms of o°:

: 1 0 : :
e(90’¢07 po)zl_mﬂia (00’¢0’05’¢s’ Pos po)

+O'O (00,¢0;951¢5; poa ps) ]dQs

(1-1)

and

Tsc (190’¢o; po):m'ﬂao (60’¢0;95’¢s; Po- pO) (1-2)

+UO (90’¢0;95'¢s; pol ps) ]TDN (05’¢s)dQs



where Tpy is the downward-emitted atmospheric apparent temperature.

Special rough surface is often used as calibration in microwave remote
sensing area. Before fabrication, the scattering property and emissivity of the
calibration source must be predicted and calculated, which provide reference data
for system calibration.

A sharp-cone array is a kind of rough surface for calibration. In Beijing
Institute of Aeronautics, research people [15] build a cone array as indicated in

Fig. 1.3

High 70mm,
bottom 18mm

Fig. 1.3. Top view and side view of cone array.

There are 14 corns in diameter location, arranged in 8 rows. And the number
decreases to 8 on the edge of each column (the reduction of two per line in equal

difference).



Fig. 1.4. Physical diagram of cone array.

Relevant frequency is from 10GHz to 100GHz. There material used to build this
cone array includes metal, metal covered by a thin absorbing material and
dielectric material. Calibration data for each case should be computed well.

The calibration sources have been studied by optical methods [14][15] and
the finite difference time domain (FDTD) method [16][17]. Despite the versatility
and simplicity of the FDTD, high precision results may be restricted owing to the
stair case discretization and artificial boundaries of the FDTD. On the other hand,
the open boundary nature of scattering and radiation problems preferably choose
the integral equation method based method of moments (MoM) [18]. Nonetheless,
such a scattering problem is electrically large. To alleviate high demanding of
computation resources in terms of the CPU time and memory consumption, the
Floquet theorem enforced periodic method of moments (PMM) were reported

[19][21].



Fig. 1.5. One cone profile and incidence configuration.

In this dissertation, the MoM with the Floquet theorem are combined,
assuming the array to be infinite and using a plane wave incident, so that only one
period, namely a single cone in the array, is discretized. While the electric field
integral equation (EFIE) was solved in [19][21], the magnetic field integral
equation (MFIE) are solved because it is well-posted. As a result, there is no need
to employ the RWG formulation, yet well-conditioned impedance matrix is
guaranteed. In fact, the standard Cartesian coordinate system is used, even though
the cone is very sharp, possessing discontinuities in the 1% spatial derivatives on
the vertex and four legs as seen in Fig. 1.5. The Coiflets is employed as the basis

and testing functions to conduct Galerkin’s procedure. The Coiflets are
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orthonormal, continuous, smooth, compact supported, and nearly symmetric with
zero moment properties [22]. The smoothness of the Coiflet in spatial domain
leads to rapid decay in the spectral domain, while zero moments correspond to
minimum low frequency components in its spectrum. Hence, The Coifman
wavelets are highly concentrated in the spatial and spectral domains, allowing
much coarser mesh to achieve the high precision results of collocation method
with very fine mesh, and demonstrating a memory saving in 39 fold [23]. To
analyze plane wave scattering from a doubly periodically conic surface, a hybrid
spectral and spatial domain formulation is conducted in CHAPTER 7, where the
Coifman scalets (Coiflets) are employed to perform Galerkin’s procedure in the
PMM. In addition to the aforementioned merits of continuity, smoothness,
orthogonality and nearly symmetry, the Coifman scalets of order L = 4 have three
vanishing moments. This Dirac-6 like property provides high precision O(h5)
one-point quadrature, reducing impedance matrix filling computation into O(n).
Coiflets have been successfully implemented in rough random surface scattering
[23]. However, due to boundary truncation in periodic problems, intervallic
Coiflets [25][26] would be required to handle boundary truncations, which will
complicate mathematics and destroy several important merits of the Coiflets. In

order to avoid this loss, | split the unknown doubly periodically surface current



into four unknown currents, which are equal to zero at boundaries and maintain
the double periodicity. Hence, 1 may utilize the standard Coiflets to attack
periodic structures. When computing an impedance matrix entry in spectral
domain, | sum up all propagating modes and sufficient numbers of evanescent
modes. The attenuation factor e /*z12=#'l in the Green’s function plays an
important role. For those entries representing the source and field points with
different elevations, z # z', the spectral domain summation converges very fast,
namely, just a few propagating modes may provide accurate value of the entry.
Whereas for entries with z =z’ , especially for self-entries, the attenuation factor
vanishes. Thus, the summation converges slowly and one needs a lot of undamped
propagating modes to reach the precision. In this situation, spatial domain
computation is applied since it is faster than the spectral domain computation.
Once the matrix equation has solved and the induced surface current on the
reference cone is obtained, | may conduct the far field calculations. By the
Floquet theorem, the surface current on each cone in an infinite array is identical,
subject to a phase shift. The current distribution on a finite sized array is obtained
as if each cone were among an infinite array. This current distribution is then used
to produce the far-zone fields and radar cross sections (RCS). If the array is large

enough, the edge effect from the truncation should be relatively small. | present



the Bi-static RCS results of a 9 % 9 conic array and compare with the solution

from the commercial software, FEKO in CHAPTER 8.
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CHAPTER 2
GAUSSIAN BEAM EXPANSION

2.1 Aperture expansion theory

In this chapter, the classical aperture theory, i.e. the methodology of
determining the electromagnetic field in the half-space z>0 given the appropriate
aperture field distribution at z=0, is presented. In 3D application, there are two
transverse electric field Ex and Ey on a plane z = 0 which are needed to expand the
field in terms of circular Gaussian beams. Generalizing the expansion to a 2-D

signal results in an expansion of the form [2], there is

F(XY)= D ApuWop (X—md,,y—ud,)exp(j(nQpx+ve,y)) (2-1)

m,n,u,v

with a Gaussian shaped window function

W, (X, y):%exp(—ﬂ(x2+yz)/Lz):w(x)w(y) (2-2)

where f stands for either of the two transverse field components, L is the radius of
the circular Gaussian beam and Amnyy IS the expansion coefficient, and do
represents the spatial shift and Qg represents the spectral shift. The product Qqdo
has to be chosen smaller than 2z (Gabor's representation) to ensure stability. The
smaller it is compared to 2m, the smoother the shape of the dual frame function, it
then resembling more and more the Gaussian shape of the window function.

However the smaller the product is, the more Gaussian beams will be produced
11



which will burden the computation. Since the window function can be separated
into the two transverse co-ordinates, so the 2-D dual frame function W,_p(x,y)
can also be written as the product of two 1-D dual frame functions. The expansion
coefficients are then calculated as

A = [ T (%, y)WOX=Mdo)W(y — udy) exp(— (nQx +VE2y) ) dxdly (2-3)
where W is the dual frame function. Two-dimensional FFT can be utilized to find
expansion coefficients with high numerical efficiency.

To describe the scalar field components Ex and E, of each contributing term
in the expansion everywhere in the half space z>0, asymptotic techniques are
employed. For the Gaussian shape of the window function, they will produce
many complex beams source which are paraxially approximately equivalent to
Gaussian beams. Let Bmnuw(X, Y, Z) denote the beam mode corresponding to the

expansion coefficient Apnyy in (1.1) such that [3]

f(xy.z)= > [Amw exp( j(mn+ uv)QOdO)] B (X ¥,2);

m,n,u,v (2_4)
z>0
Asymptotically derived to
V20,0 . A
B 2 )2 —— K ! -
mnuv (pt Zt) |_ qnv (Zt) eXp J 0 Zt + anv (Zt) (2 5)

12



The transformed coordinates p, and z; are linked with the Cartesian
co-ordinates X, y, z and the spectral components of the wave vector by the

transformation

Z, :[nQO(x—md0)+vQO(y—ud0)+\/k§ ~(nQ, )’ —(VQO)ZZ}/kO
k, =271 (2-6)
p2=(x-mdy)" +(y-ud,) +2° -2}

z; can be viewed as the projection of the vector pointing from the source point

(mLyo, uLy, 0) to the observation point (X, y, z) onto the direction

2, = ki(nQo,on,zlkj ~(nQ,) - (vQO)ZJ (2-7)

0

of the wave vector. The complex beam parameter q..(z;) absorbs all the
information about the local spot size w(z;) and the local radius of curvature R(z)

of the beam at each axial position z:

q”“(z‘)z[Rézo”mj(zt)}lzzt’5[1[”&?}2(%}2} &%)

The asymptotic expression (2-5) in terms of a complex beam is accurate only

within the range of the paraxial approximation. Fig. 2.1 illustrates this
interpretation of the expansion in terms of Gaussian beam modes. A number of
spectral Gaussian beam modes located at each spatial 'sampling point' separated

by do with different directions.

13
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Fig. 2.1. Interpretation of the expansion in terms of Gaussian beam modes.

2.2 Gaussian beam expansion Example

/

z=0 z=5001
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Fig. 2.2. Gaussian beam expansion example.

In Fig. 2.2 the example is illustrated. A Gaussian beam propagates in z direction
from z=0 plane. | calculate electrical field Ey on z=500A plane according to field

Ey z=0 plane. The source plane is 40A X 40\ and expanded with do=2X, L=8A.

D™

15



Fig. 2.3. Ey on z=0 plane (the plane is 401*40A, sampling shift is 2)).
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(b)
Fig. 2.4. Ey on z=500A plane.

(@) is analytical solution and (b) is result from Gaussian beam expansion theory.
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Fig. 2.5. Amplitude difference between analytical solution and Gaussian beam
expansion theory.

The result indicates the deviation of Gaussian beam expansion method is less
than 2/1000, when do=2A, L=8\. So 2i sampling shift is acceptable considering
the phase change on the plane which is perpendicular to propagation is not big. Of
course smaller the sampling shift do, better the result will be. As for Gaussian
beam width L, L/dy can not be very small, otherwise the result will not be good

enough.
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CHAPTER 3
GAUSSIAN BEAM REFLECTION
3.1 Properties of Rays in Uniform Region
The rays that are near to a given axial ray are called paraxial and are said to
form a pencil. The rays of the pencil are normal to wavefronts. In the near area of
the axial ray Oz, the wavefront through point O can be represented by the
second-degree equation [4].
2=-2p-Qp (3-1)
Where p = [;] is the transverse position vector represented by its
components (X, y) with respect to the two principal directions of wavefront

curvature X andy .

RO
Q=
° &,

Where R; and R; are the two principal radii of the curvature.

(3-2)

18



4

Fig. 3.1. Wavefront for a pencil with axis Oz.

How Q changes, or R; and R, change, under reflection through a curved
surface X is needed to be found. A principle of phase matching will be used which
is a direct consequence of Snell’s law: the phase in the reflected pencil, at every
point of the surface X, is the same as that in the incident pencil. Actually, the
phase should be 180 degree difference. But it is simplified to the same in Q
derivation. Let us take the origin O where the axis Oz of the incident pencil meets
the surface ¥ (Fig. 3.2). The normal fi to the surface makes angle 6 with Oz.
Let’s set the reference to be X,,§; which are orthonormal vectors perpendicular
to fi. Then the equation of the surface X near O, should be written as

F(f)=f—%(t_-Cf)ﬁ (3-3)

19



Where t = t;%; +t,§; and Cis a 2 x 2 matrix which defines the curvature of
Y. The phase in the incident pencil is kS(r) with
_ 1_
S(r)=2+5p-Qp (3-4)
The coordinates (p,z) of 7(t) are
p=06t+0(t%)
(3-5)
o1 )
z=v-t-Z1-Cf cos@+0(t*)
2
where @ is the matrix that expresses the projection of the vector t on the plane z
=0,and v = v;&; + v,¥; isthe projection of Z on the plane L tangent to X . The
components of v are vi=%; - Z, Vo=, - Z. If the reference vectors are chose such

that § = §; is perpendicular to zOw and %;, X are in the plane zOw making

the angle 0 between them (Fig. 3.2), the matrix O is

® cosd O
{ ; J 6)

If the reference vectors are not in this special configuration, they can be
derived by a simple change of coordinate; alternatively, the projection operator ®

could be evaluated directly

©)
Il
1
>
20
>

: )71
' VJ (3-7)

<>
Pa

My

<>

Substituting Equation (3-5) in the expression Equation (3-4) for S(r) leads to
I .
S(r)=v-t+5t-Ft (3-8)

20



Where
'=0'Q®-C cosd (3-9)
The phase is the sum of a linear terms kv -t = i - t, where i is the projection
on the tangent plane L of the axial wave vector Koz, and a quadratic term defined
by the 2 x 2 symmetric matrix I
Consider now the reflected pencil described with the same letter as the
incident one, by being primed. The phases are matched if both linear and

quadratic terms coincide. This means that

K=K (3-10)

kT =kI
The first condition means the incident angle is equal to the reflected angle. The
second indicates how the curvature is transformed
k' (©7Q'®'-Ccosd')=k(©'QO—Ccoso)
or (3-11)
kO@TQO =kO'Q®+hC
The contribution of the surface curvature C is multiplied by h = k' cos 6’ —

k cos 6, which is the variation of the wave vector when reflected by the surface X.

21



Paraxial ray

k(r)

Axial ray

~ k(0)=kz
-

reflect surface
W

Fig. 3.2. Reflection axes.

3.2 Parameters change of Gaussian beam reflection
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i

y

Fig. 3.3. Local coordinates of Gaussian beam reflection.

For one Gaussian beam reflection, it is convenient to do all calculations in the
ray-based coordinate system ()“(i'c"",yi'c'r) as illustrated in Fig. 3.3. The two

principal directions of curvature of surface (u“f,v*T) are transformed as:
uer) | cos(a,,)  sin(a, ) |(xier
ic,r = . icr (3'12)
v =sin(a,,) cos(a,, )|y

23



The rotation angle «;., is the angle between %'’ and the first principal

direction of curvature of surface.
And the direction of the reflected ray, using Snell’s law is
§'=¢8"+2cos(0)n (3-13)

Substituting Equation (3-12) to (3-11) leads to

z:I’
cos(2¢a, ) A, |=
sin(2¢, ) A,

i+c056? L—cosé? 0

s, cosd cosd s,

cos(2a;)A; |+ L coso 1 oicoso o« cos(2a, ) A, | (3-14)
_ cosd cosd .
—sin(2¢;) A, 0 0 5 sin(2a, ) A,
With

T = (LR H1RE) 2 and A, = (LIRS ~1/R*")/2

The reflected beam is approximated by a circular beam with a complex beam

parameter

-1
1 . A
q= —+ | —— (3-15)
\/Rl R 2w
At the reflection point, the spot size of the beam stays the same. So using the

spot size and new @, the image Gaussian beam can be determined.

R(z)=2|1+(b/22) | and w*(z)=w|1+(22/b) |

(3-16)
Where b =kw;
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mcident Gaussian beam

Reflector image Gaussian beam

Fig. 3.4. Incident and image Gaussian beam.

As for the polarization of reflected beam, | separate incident E field to
perpendicular and parallel parts as indicated in Fig. 3.5. According to the reflected

beam polarization in Fig. 3.5, the dyadic reflection coefficient is

< [ 0
{0 _J (3-17)
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Fig. 3.5.

Dy

Polarization of the incident and reflected beams.
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CHAPTER 4
GAUSSIAN BEAM DIFFRACTION
4.1 Generalization of Boundary Diffraction Wave

Theoretical studies of diffraction of light by an obstacle whose dimensions
are large compared to the wavelength are almost based on the classical principle
of Huygens and Fresnel. According to this principle, each point of the
unobstructed part of a primary wave is assumed to be a source of sphere waves
and the diffracted field is considered to arise from the superposition of these
sphere waves.

A different physical model for diffraction was suggested by Young in 1802
prior to the principle of Huygens and Fresnel. Young believed that the incident
light undergoes a kind of reflection at the boundary of the diffracting body and he
considered diffraction to arise from the interference between the direct light and
the light propagated from each point of the boundary. But due to the early success
of Fresnel’s Theory and also due to no accurate analytical expression for Young’s
ideas, Fresnel’s theory soon dominated in diffraction research and Young’s

explanation of diffraction has been forgotten by most people.
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However after a long time, more and more evidence and experiments suggest
that Young’s theory is a good physical model which is probably more fundamental
and simpler than principle of Huygens and Fresnel.

In 1962, Kenro Miyamoto and Emil Wolf [5][6] first proposed Boundary
Diffraction Wave equation according to Helmholtz-Kirchholf integral equation
which is:

U (P):”V(Q,P)-ﬁds (4-1)
Where

. (4-2)

V(Q,P)= E?{U (Q)V, exp (iks) _ exp(iks)

S

v
Where a monochromatic scalar wave field with frequency o could be written
as
V(X,Y,2,t)=U(X,Y,z)exp(—iat) (4-3)
And U satisfies the Helmholtz equation
(V2 +K*)u =0 (4-4)
n is the unit inward normal to S, and s is the distance from observation point P to

point Q on aperture.
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Fig. 4.1. lllustrating the Helmholtz-Kirchhoff integral theorem.

There is a way to express it as a curl of an associated vector potential W(P,Q)
V(P,Q) =V, xW(P,Q) (4-5)
Through the use of the Stokes theorem, Kenro Miyamoto and Emil Wolf found
this equation could be deduced to
U(P):Zj:Fj(P)+UB(P) (4-6)
This separation forms the basic equation of the Boundary Diffraction Wave
(BDW) theory. Ug represents the boundary diffraction wave coming from the
boundary T of the diffraction aperture. This expression is given by the contour

integral of W

Us(P) = [W(P,Q)-dl (4-7)
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The vector potential W associated with a given field U(Q) incident upon the

aperture may be expressed as

R eiks A
W(P’Q):47zssx(|k+s \% )

U(Q) (4-8)

Where k=2n/L. The distance PQ is denoted by s; S is the corresponding unit
vector (see Fig. 4.2).

The F; term represents the integral contribution of singular points Q; on the
closed surface S. In application of the Stokes theorem to Equation (4-1), these
singular points Q; are dealt with by surrounding them with very small circles of
radii ;. When the radii o; close to zero, contour integrals can be derived

(performed clockwise, as seen from P) along the perimeters I

F (P .JmIWWQ)dI (4-9)
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Fig. 4.2. Geometry of the diffraction problem.

According to Equation (4-9), when the incident wave upon the diffracting
aperture is either plane or spherical, the term F; in Equation (4-6) represents
precisely the incident wave, propagating freely to the observation point P
according to the laws of geometrical optics when there is no any obstacles. In the
case where there are no singularities W(P,Q;) in the aperture, the geometrical
wave is zero which physically means the observation point P lies in the optical

shadow region.
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4.2 Asymptotic representation of BDW for Gaussian beam incident upon a

half-screen

Px.y.2)

KO
. Es
\
-
pe
Ny

Fig. 4.3. Gaussian Beam diffraction by half screen.

Let a Gaussian beam be normally incident upon a screen in a half-plane x>c,
z=20, as shown in Fig. 4.3. The field of the incident Gaussian beam could be
written as [7]:

_q(0)

Ui(x,y,z)_ﬁ

exp| ikg(x,y,2)]

Where ¢(x,y,z)=z+(x*+y*)/2q(z) (4-10)

q(z)zz—%

b=ka? (k=27/24)

S
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The incident beam is assumed to propagate along the z direction and to have the
smallest spot size ws at z=0.

Following the BDW theory, the diffracted field U(P) at an observation point
Pis

U(P)zzj:Fj(P)JrUB(P) (4-11)

The first term contains the contributions from the singularities of a vector
potential W(P,Q) on a plane x<c, z=z,. Within the paraxial approximation
x2 + y¢ < 1q(z9)|?, 1 < ws, according to Equation (4-8) the vector potential

W(P,Q) for the Gaussian beam is:

L B eiks §XVQ¢

W(P.Q)_U|(Q) 47Z'S (1+§VQ¢) (4-12)

%o Yo oi|q_XtYe |5 )
Vqu‘q(zo)“q(zo)y{l 2q<zo)2}Z (413)

For the paraxial region: |x,—x|? + |y, —v|? < |zo — z|?>, we have the
approximation
2 2
s~Z +|:(XO -X) +(Yo—Y) }/22 (for phase term)
s~Z (for amplitude term) (4-14)

S~[(%—X)%+(y,—y)y-22]/Z
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Where Z=(z-z0) is the distance between point P and its projection on the screen,
and the vectors X, andZ are the unit vectors in the X, y, and z directions
respectively.

The singularities of the vector potential W are determined from the

denominator of the right-hand side of Equation (4-12):

. 1 i ’
s(1+5-Vog) = E{XO ;I((ZZO)) - x} J{yo (?((ZZO)) - y} } =0 (4-15)

From Equation (4-15), two singular points P1(xo%, Yo',20) and Pa(Xo?, Yo%,20) of the

vector potential W on the plane of the aperture in real space are

Qo XYY a_ rX+y
0 2 0~ 2
a(l+y°) a(l+y°)
(4-16)
2o XHVY e TrXHY
0 2 0o~ 2
al+y°) a(l+y°)

9@ _ ., _B
Where et +Bi, y -
It can easily be shown that the contribution from each singularity P1 and P2

is equal to a half of the unperturbed incident beam Ui(P) at P. Therefore the first

term in Equation (4-11) is represented as
2
ZFj(P)z[E(xﬁ—x)+E(x§—x)]ui(P)/z (4-17)
j=1

Where E(1) is the unit step function and xi and x? are the values of x when the

singularities P, and P, , respectively, are on the boundary of the half-screen, i.e.
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X, = ac(l+7/2)+7y
(4-18)
X = ac(l+;/2)—yy

The second term Ug(P) in Equation (3.11) is the boundary diffraction wave

given by
Ug (P) = [W(P,Q)-Idl (4-19)

where [ is the unit vector tangential to the boundary T of the half-screen. And
the contour integral should be taken counterclockwise when viewed from P. In
derivation of Equation (4-16), the contribution only from the small area close to
(c,0,z0) because the field of the incident Gaussian beam vanishes rapidly away
from the propagation axis. By substituting Equation (4-13) and (4-14) into

Equation (4-12), Ug(P) is represented as
Us (P)= [G(yo)exp[ikd (y,)]dy, (4-20)

Where

4y, (c—x)*+ (Y, - y)’
d — 0,7 0
(%) q(Z°)+2q(zo)+ " 27

(4-21)

q(O)q(zO)[x—c—cZ /CI(ZO)} g kb2

Gly)= 2707 (2) (Yo = V3 ) (Yo ¥3)

Where yz} and yg are poles of the integrand in Equation (4-20)
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SO R TR

~ B (4-22)
z_q(ZO) +ic _q(zo)x
) Y @)

It is difficult to obtain analytical result of the boundary-diffraction wave
given by Equation (4-20). In high-frequency regions, however, the wave number
k is so large that the integral given by Equation (4-20) can be evaluated
approximately by the steepest-descent method. The major contributions to Ug(P)

come from the poles y; and yj and the saddle point

y (4-23)

Let xs denote the value of x when two poles y; and y; are on the
steepest-descent path (SDP), i.e., xs is determined from Re[d(y;)] = Re[d(ys )I;

then

. =c[ 47% +b° +2b(z—zo)(4zz+b2jﬂ2] (4-24)
° 4z,2+0° 47z, +b* | 422 +1°
We define x = X, as the shadow boundary.
In the deformation of the path of integration from —oo to oo into the SDP,
some poles are encountered. The number of poles encountered depends on the

location of observation point P. In the case in which Xp2 < Xs < Xp1, it is found that

no pole is encountered for region x < x,?, pole yp2 for  Xn2<x< Xs, pole yp1 for X
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<x< xp%, and no pole for x,'<x. Therefore the boundary diffraction wave is

represented as

UB(P):[E(X_Xﬁ)jL E(X_Xﬁ)_ZE(X—XS)]ZﬁiKeikd(yt)

_ (4-25)
n J G(yo)e"‘d(y‘” dy,
SDP
Where x is the residue of G(yo) at pole ypl,
id(0) o2
=— e -
479(2) (4-26)

Using Appendix D we will get

[ G(y,)e ) dy, ~ z2rince™ ") erfc(ii fik[d (y,)d (yi)]}mj

SDP

(4-27)

K e*0:) G(ys){IZq(ZO 2K

>zr+
9@ fifd(y)-d(yi) ]

(xsx,)

VA

Where erfc(t) is the complementary error function defined by
erfc(z) = iife‘xzdx (4-28)
Vs

After some calculation of the right-hand side of Equation (4-27), it is found that

the two parts in second term cancel each other, so that only the first term remains.
Use of Equations (4-17), (4-26), and (4-27) in Equation (4-11) yields the

uniform asymptotic representation of the diffracted field Ux(P) as follows:

U, (P)=Us (P)+Uy(P) (4-29)
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Where Ug(P) and Up(P) are the geometrical-optics and diffraction components,

respectively. These are given by

Us (P) :E(Xs - X)Ui(P)

(4-30)

0, (7)-0, 38 el el @)

Where s(Qq) is the complex distance from saddle point Qg (C,Ys,20) tO

observation point P,

L (x=e) +(y-y) ]
$(Q,)=2 + . (4-31)

the first factor D, in Equation (4-30) is given by

1 (. A2 | a(z,)Z B ik[d( v} )-d(ys) ]
D, =Ferfc| +ilik| d(y,)-d(y;) x{—} e J
2 { [ ]} q(z) (4_32)

4.3 Diffraction Field in the Backward-scattering Region

Since we will compute reflection by reflector antennas, we are only
interested in the diffracted field in the backward-scattering region (z<0). We try to
find an equivalent model to describe the diffracted field in the
backward-scattering region. As we discussed in reflection part, reflected wave in
the backward scattering region is equivalent to an image beam at the opposite side
of the half-screen, the same in magnitude but opposite in sign to the incident

beam. The image beam is propagating in the -z direction and diffraction has to be
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described in a new coordinate system with the transformed xr, yr and zr axes
pointing in the -x, y and -z directions, respectively. And in the equivalent model
the equivalent half screen must be complementary to the real half screen to
generate a shadow region in the lower half-space (x<0). The boundary location
should be the same since diffraction wave depends on the location of the edge and
not on the orientation of the half-screen. Fig. 4.4 shows the equivalent geometry
for calculating the diffracted field in the backward-scattering region. Fig. 4.5
shows the backward-scattering field for different Gaussian beam spot size. Fig.

4.6 shows the backward-scattering field for different parameter c.

AL

Gaussian beam
amplitude (+1)

(@)
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Fig. 4.4. Origin and equivalent geometry for determining the diffracted field in
the backward-scattering region.
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Fig. 4.5. Backscattered field for various beam spot sizes c=0, z=-400A, z,=0.
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Fig. 4.6. Backscattered field for various ¢, ws=162, z=-4002, z,=0.

However when each Gaussian beam hit the reflector edge, the propagation
direction of Gaussian beam may be not perpendicular to the reflector. Fig. 4.7
depicts the geometry of the discussed problem, showing three different coordinate
systems: the transmitted beam-related co-ordinate system (X, i, zi), the reflected
beam related co-ordinate system (X, Y, z;) and the half-screen based co-ordinate
system (X, Y, z). The intersection point between the incident and reflected beam
axes is the origin point of the half-screen based coordinate system. Since normal
incidence is assumed with respect to the polar angle, the y-direction is the same
for all three co-ordinate systems. Let @o be the incidence angle of negative

propagation direction (—2;) and half-screen tangential direction (Z). The
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observation point is described in the half-screen based cylindrical (p, ¢, V)
coordinate system. The transmitted and reflected beams propagate in the (n+@g)
and (m-@o) direction, respectively. Their co-ordinate systems are expressed
regarding to the half-screen co-ordinate system by simple translation as

ﬁ [‘:’:2 E::;’f: )} (Z J

(4-33)

Gaussian beam
amplitude (-1)

Gaussian beam
amplitude (+1)

43



Fig. 4.7. Equivalent geometry for determining the diffracted field in the
backward-scattering region at oblique incident.

Since the boundary diffraction wave is obtained as a line integral along the
edge and does not depend on the orientation of the half-screen, we can apply it
regarding to the reflected beam co-ordinate system (X;, Vi, z;). The offset distance
c from the edge (see Fig. 4.4(a)) is related to the axial position z. In the

half-screen based co-ordinate system (Fig. 4.7), it is c=zSin(¢o).

Field dB

_50 1 1 1 1
-200 -150 -100 -50 0 50 100 150 200
xtfl

Fig. 4.8. Backscattered field for various orientations of the half-screen ws=8A,
¢=0, z;=-300%, zg=100A.

With respect to the polarization, we use normal incidence (6= 90°). The field
has been calculated with the half-beamwidth ws to be eight wavelengths. The
parameter ¢ equals zero.
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It would be great if we can derive a solution for non-normal incidence with
respect to the polar angle as we did in reflection part. Unfortunately, in our
general problem the incident Gaussian beam cannot be separated into three
Cartesian coordinates as people do in classical GTD problem. However we can
only consider the normal incidence part as a good approximation. Since in
quasi-optical systems the distance between the reflectors is usually much larger
than their diameter such that the beams are well located in the validity of the
paraxial approximation and the incident condition is close to normal incidence.
The error is small enough to be neglected. So the conclusion is that for incidence
angles close to 90° the results for the equivalent geometry in Fig. 4.7 can still be

valid.
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CHAPTER 5
PARALLEL COMPUTATION RESULT

The field on a plane z=0 is the superposition of all Gaussian beams. Since
these Gaussian beams are independent, they can be calculated on different
processors. Fig. 5.1 illustrates the parallel scheme for computation task
assignment. First, all Annuy Will be calculated on the master processor. Then all
information about these Gaussian beams, stored in [AQ], will be distributed to all
slave processors. According to number of processor N, [A0] is equally divided
into N segments, of which each will pass to the relevant processor. Every
processor will produce the field [Un] for the output plane from their assigned
Gaussian beams and then pass the output field to the master processor which will

add up output field.

Expand input
to get [AO]

[AU]

Al An
Calculate Calculate Calculate
output field output field output field
[U1] by [A1] [U2] by [A2] [Un] by [An]

[U2]
U1 \ ‘ [Un]
[UD]=[U1]+....[Un]
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Fig. 5.1. Program flow chat for parallel computation.

The reflector antenna system in Fig. 5.2 is analyzed to demonstrate the efficiency
and effectiveness of this algorithm. The source is a Huygens source and the

radiated electrical field could be written as [12]

ejkr

E, = N—e""*(1+cosh) (5-1)
r

y

If the taper is specified to A dB (A < 0) at the angle 60, b can be obtained as

20log ((1+020590)] -A

(5-2)

20k (1—cos 6, )log(e)

In this example we choose A=-6dB. At 30GHz the reflector has a diameter of
40). The source is located at one focal point of the hyperboloid reflector, and the
image of the source is the other focal point of the hyperboloid reflector. The input
plane is chosen 0.8m away from the feed. The elementary beams in Gaussian
beam expansion are 12 wavelengths wide i.e., L=6\. The input plane is 52A by
52 with sampling shift A. The output plane is 2m away from the reflector. Results,
well agreed with the previous paper [1], are shown in Fig. 5.2 (b). In Fig. 5.2 (c),
we list the computation time on Arizona State University Saguaro cluster. The
developed parallel algorithm is based on Message Passing Interface (MPI) [28].

For this simulation, efficiency has greatly increased when 16 processors are used.
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When using 24 processors, communications between computers degrades the

performance.

output plane mnput plane

field level in dB

e

__---‘\~
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Fig. 5.2. Reflector antenna simulation.

(@) geometry of antenna; (b) near field from reflector antenna at output plane; (c)
simulation time comparison for parallel computation.
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CHAPTER 6
COIFMAN WAVELETS AND INTERVALLIC COIFLETS
6.1 Multi-resolution Analysis

The study of orthogonal wavelets begins with the multi-resolution analysis

(MRA) which is defined as a nested sequence of closed subspace {Vf}jez of

L?(R), with the following properties:
1. -cV,cV,c---cL’(R)
2. V(x)eV; oVv(2X) eV,
3. v(X) eV, <v(x+D) eV,

4. ﬂjvj ={O},c|osure(UjVj)= L*(R)
5. Jg(t) eV, suchthat {p(t—n)} form a Riesz basis of V,

Correspondingly physical meaning of these five properties is:

e The nested sub-spaces implies that information in coarser V; space is
contained in the finer spaces

e V; isdilation invariant subspace. This property allows us to multigrid
basis functions according to the nature of the solution. In the rapidly
varying regions the resolution could be very fine, while in the
opposite situation the basis could be very coarse.

e Translation invariant V;.

e Errors and residues in wavelet expansion.

e Riesz basis condition will be used to drive and prove convergence.
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If we have basis ¢(t) € V,, then v2¢(2t — k) € V;, according the MRA
properties we should have
o(t) :Zk;hkﬁco(zt—k), {hYel’teR (6-1)
Equation (6-1) is called the dilation equation, and is one of the most
important equations in the field of wavelets. The MRA allow us to expand a
function f(t) in terms of basis functions, consisting of the scalets and wavelets.
Any function f € L2(R) can be projected onto V,, by means of a projection
operator Py,,, defined as Py,f = f™ = X, fun®Pmn, Where f,, is the
coefficient of expansion of f on the basis ¢,,,. From the previously listed MRA
properties, it can be proved that lim,,_||f — f™|| = 0, which means a function
can be approximated with any precision by increasing the resolution in MRA.
6.2 Coifman Wavelets (Coiflets)
An orthonormal wavelet system with compact support is called the Coifman
wavelet system of order L if ¢(t) have L — 1 vanishing moments, which is
[to®dt=0, 1=12,.,L-1 (6-2)
And
[t)dt=1 (6-3)
The nonzero support of the Coiflets of order L = 2K is [—L,2L —1].
Property of (6-2) will yield:
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> kh, =0. (6-4)
In order to let Coiflets to be orthonormal basis, following equations can be
derived
In-2
Zk:(—l)khk =0 (6-5)

Zk: hk hk—2n = 50n

According to (6-4) and (6-5), for L=4, hy result is list in Table 1

Table 1 hy coefficient for L=4 Coiflets dilation equation

n hy/V2
-4 1.15876e-2
3 -2.932014e-2
2 -4.76396-2
-1 2.73021047e-1
0 5.7468239%-1
1 2.948671937e-1
2 -5.408561e-2
3 -4.20264805e-2
4 1.67444101e-2
5 3.96788361e-3

52



6 -1.2892033e-3

7 -5.095054¢e-4

6.3 Construction Coiflets by Recursion & Iteration

6.3.1 Average Current Sensing Recursion method

For L=4 Coiflets, it has support [-4, 7]. At boundary, ¢(—4) =0, ¢(7) =0,
other wise Coiflets won’t be continuous. Plug in other integer points in support to
dilation equation (6-1)

9(=3) = \2p(-2) + h ,\20(-3)

9(-2) = h_,20(0) + hy2p(=1) + h ,[20(-2) + h ,\/20p(-3)

9(-1) = h_,V20(2) + h ,.V20(1) + h,20(0) + h . \2p(-1)
+hV20(-2) + h\2(-3)

0(0) = h_,V20(4) + h ;}V20(3) + h ,V20(2) + h ,V20(1)
+hyV20(0) + hN20(-1) + h,N20(~2) + hy/29(-3)

o) = h_,\2p(6) + h,\20(5) + h_,\2p(4) + h,2p(3)
+h,V20(2) + hN20(1) + h,N20(0) + h,\2p(-1)
+h,N20(-2) + h,\20(-3)

(2) = ,\20(6) + h ,\20(5) + hy20(4) + h20(3)
+h,N20(2) + h,2p(1) + h,V20(0) + hy/290(~1)
+hN20(=2) + h,\[29(-3)

9(3) = hy\20(6) + N, N20(5) + h,\2(4) + h\2(3) +
h,20(2) + 29 (1) + hy290(0) + h, N [29(-1)

0(4) = h,20(6) + h,20(5) + h,/290(4) + h\20(3)
+hN20(2) +h,N20(D)

9(5) = h,29(6) + h,\20(5) + h\20(4) + 1, \20(3)

9(6) = h;~20(8) + 1, /20(5)

(6-6)
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Equation (6-6) is typical eigen-value equation. When considering the
normalization condition:

2 o(t-n)=1 (67)
We can get values at integer points.

@(-4)=0

¢(~3) = 0.000750387321579783
¢(~2) =0.0342775992864935
¢(~1) =-0.147015530207457
¢(0) =1.23031367372496

o(1) =-0.162912388827161
¢(2) =0.0470857907521607
¢(3) = -0.00252723822119367
¢(4) = 2.51783852394600e-05
¢(5) = 2.53035721025110e-06
¢(6) =-2.57183018768425¢-09

@(7)=0

(6-8)
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6.3.2 lteration method

14 T T T T T T T T T T

Fig. 6.1. Coiflet for j0=0, k=0, L=4.

After get values at integer points, we may plug half integer points in to dilation
equation (6-1)

¢(-3.5) =, \2p(-3)

@(~2.5) = h_,\2p(=1) + h_,\20(=2) + h ,\2(-3) (6-9)
Utilizing these half-integer points, we may obtain the values at the quarter-integer
points. Repeating this process, we shall find the values at any dyadic fraction
points. In other words, for Coiflets there is no analytical expression but digital
solution. Once we get this 0 level Coiflets ¢ at original point, the other basis

should be
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Piy x = 2072 Do 0 (Zjot —k) (6-10)
Where jO represents the level of subspace, k is the shift for each basis. All basis
for one subspace is complete orthonormal, which leads

0 m=#n

6-11
1 m=n ( )

I¢j0,m(t)¢j0’n (t)dt = 5m,n :{

6.4 Coiflets Property
Because of properties (6-2) and (6-3), Coiflets can exhibit Dirac-6 sampling

property for smooth functions, which is

q

J f (99(x—x)dx =

) (x= 3"
(L-1)!

(6-12)

p
}( f (%) + T (X)(X=X)+--+ +-~-}o(x—x0)dx
p

= (%) +O((x=%))")
Where integration interval [p,q] is the support of ¢(x).
Dirac-§ function is the extreme example of localization in the spatial domain
with infinite number of vanishing moments.

j f (X)S(x—X,)dx = f () (6-13)

The Dirac-6 function like nature of the Coiflets allows us to simplify quadrature
computation into a single point value, and thus speeds up the matrix element

evaluations. As an example of the zero moment property, we present in Table 2

first seven moment integrals for L=4 Coiflet. Comparing to pulse basis for which
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one point quadrature rule is O((x-Xo)), Coiflet has three exact zero moments and

even the fourth moment integral is close to zero.

Table 2 Moment Integrals for L=4 Coiflet

n Moment integral value
0 1.0000000
1 0.0000000
2 0.0000000
3 0.0000000
4 4.9333e-11
5 -0.1348373
6 3.5308e-10

Table 3 Numerical result for Coiflets properties

Ideal Property Numerical value from computation
[ 200005 (D)t =1 1.000000003387167
j%o (D, (t)dt =0 0.000000039638602
[ oot =1 0.99998758604572
jtqooyo (t)dt =0 -0.000049873707868
J.tngO’O (t)ydt =0 -0.000199813419603
[t ()t =0 -0.00079826902927
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J-t4(p0’0 (t)dt=0 -0.003180400355591

6.5 Intervallic Coiflets on [0, 1]

For any given function which is defined on [0, 1], the function itself may have
nonzero value at the two end points, 0 and 1. This condition has limited the
application of the Coiflets in periodic problem, since Coiflet is zero at its
boundary. An alternate approach, which is less restrictive, is the use of intervallic
wavelets. This approach converts a regular wavelet into its corresponding
intervallic wavelet within the domain [0, 1].
For L=4, jo=0 level Coiflets, the nonzero support is 11, namely
supp{e(x)}=[-47] (6-14)

Then when for any jo, and k

supp{p(2 x—K)}=[2 " (=4 +k), 2% (7 +K)] (6-15)
We divide the regular Coiflets into three groups:

1) The left group, S]f), which intercepting the left boundary point 0.

2) The right group, Sj’j, which intercepting the right boundary point 1.
3) Completely situated within [0, 1]. No treatment is necessary.

The two groups, S/ and S{ are treated in a similar manner.

For left group, point 0 should inside of its support, namely
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{210_ (-4+k) <0 (6-16)
272 (7+k)>0
It follows that
—7<k<4 (6-17)
For right group, point 1 should inside of its support, namely
{2-10_ (—4+Kk) <1 (6-18)
27 0(T7T+k)>1
It follows that
2b _7<k<2b 44 (6-19)

We wish to build the left basis functions from the Coiflets in the left group.
Ideally these wavelets are orthogonal to the Coiflets in the central group, and
orthogonal to the right group basis. Finally they are orthonormal among
themselves within the group. Then construction begins with the expansion of the
monomials. One approach to make the edge bases is to employ monomials:
x%,x1,x2, ...,x""1 . For any monomial x " we have:

X :Zk:<xr'(ﬂjo,k>(”jo,k(x) o<r<L-1 (6-20)

Where @ Is unrestricted, namely
xeR

And k should be the value indicated (6-17) and (6-19) respectively for left and

right edge bases. Next, if x € [0, 1]
X' loy= Z<Xr ' ¢j01k>¢j0vk () lroy (6-21)
k
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So the new left basis functions, Xfo,L (r=0,1,..., L-1) are defined as

X;o,L = Z <Xr'¢j0,k>¢j0,k(x) |[o,1] (6-22)
kes*-
These basis functions are linearly independent but not orthonormal. So we

may use Schmidt Cramer orthogonalization method in Appendix. When jO=4, the

orthonormalized left and right bases are illustrated in Fig. 6.2 and Fig. 6.3

o 01 02 03 04 05 06 07 08 08 1 [1} 01 02 03 04 05 06 07 08 08 1
x x

8 5
B
4 a

) )

L 2 =

i~ 3
0 5
2
4 L L L L L 1 L L L -0 L 1 L L L L L n L
0 01 02 03 04 05 06 07 08 09 1 o 0.1 02 03 04 05 0B 07 08 09 1

x x
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B

B

Fig. 6.2. Left-edge basis after orthonormalization.

o 01 02 03 04 05 06 07 08 08 1

pAe

O - N R

G

L L L L L L L L L
[1} 01 02 03 04 05 06 07 08 089 1
x

[1} 01 02 03 04 05 06 07 08 08 1
x

Fig. 6.3. Right-edge basis after orthonormalization.
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— Coifman Scaling Function Bases

0t
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|

r | f
LA Y
-4 'l .
_g I 1 | 1 | I I I I
0 0.1 0.2 03 0.4 05 0.6 07 0.8 09 1

Pasition on bounded interval, x

Fig. 6.4. Coifman intervallic scalets when j0=4.

For example, expand the following function

2-e*"2 for —1<x<0
X) = 6-23
y(x) { —x+1for 0<x<1 ( )
First, we have to rescale the x range, let
1
X'= % (6-24)

Then, x'e€[0,1]

62



T T T T T T T I I
\\ ——reconstructed
<o origin
12F
.-
1 -
08|
06
04
02
i} | L | L | | L | L
1 038 06 0.4 0.2 0 02 0.4 06 0.8

Fig. 6.5. Original function (6-23) and its reconstructed value

at level 4 intervallic Coiflets.

x10°

05+

051

251

Fig. 6.6. Difference between original function

(6-23) and its reconstructed value at level 4 intervallic.
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From Fig. 6.6, we can find the main difference between original and reconstructed
value is around O point. This is because the original function is not smooth at 0

point.
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CHAPTER 7 COIFLETS IMPLEMENTATION OF THE MFIE
7.1 Magnetic Integral Equation Formulation (MFIE)
7.1.1 MFIE in spatial domain

For 3-D plane wave scattering by PEC surface, the MFIE [24] is
J*(R)=2mxH'(R)+ o~ [[ I*(R)xV'g(R,R)ds’ (7-1)
2r Sy

Where S; is infinite scattering area and g is 3-D Green’s function

o e-JkO\R—R\
Rl R, = — — 7‘2
9(R,R) "R (7-2)
When we consider the doubly periodic cone, (7-1) convert to
J*(R)=2nxH'(R)+
(7-3)

n x = = .
— || I*(RYxV'g(R,R")dSs'
22z J IR VoRR)
Where m and n are integers numbering the periodic elements, with m=n=0 being

the reference element, Sp,, is the cone area, and D is periodic distance in x and y

direction. ko is plane wave propagation constant in free space.

=~

)
0 = W &,

. ) L (7-4)
kK, =k, (sin @cos ¢,sin gsin ¢, cos 6)

R’ is the position vector of an arbitrary point on cone surface.

Cone profile and TE and TM incidence are indicated in Fig. 7.1
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Fig. 7.1. One cone profile and incidence configuration

(a) TMz incidence (b) TEz incidence.

Surface function of cone is

2X* +y?
7= f(xy)=C {1-%} (7-5)
where C is the height of cone. Then normal direction on the surface is

ﬁ:(_af(X,y)’_ﬁf(X,y)Jj/J(af(X,Y))z+(6f(x,Y)j2+l -6
2 oy ox oy

For TM case

o - jkoR
nxH'(R)= 2e - (2.0+9H0—2H0—8f(8yx’y)J
7-7
(ﬁ(x,y)j NEACS N (7-7)
OX oy
Ho is the magnitude of incident wave. The current is just on PEC surface, which

leads to
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n"-J(R)=0 =

T (D’ _af(x,! y,) T (D’ af(X,1 y,) T D! (7-8)

3LR) =S LR+ S (R)

dS’=dx’dy'\/(af(X" y’)j +(af(x" y')] +1 (7-9)
ox' oy’

Plug Equation (7-7), (7-8) and (7-9) into Equation (7-1), and we just consider x

and y component,

Fx(R) af(x’ y) ’ [/ N D/
2 o mZr;sjm{dxdyG(R,R)

x[ (x=X)F,(R)-(y-Y)F,(R) |+ jj dx'dy'G(R, R
o e (7-10)
x({—(x—xo%ﬂf(x, D~ (X, y')]}

of (X', y')

!

xF (R")—(x—X") F,(R))=0

And

FY(R) 8f (X, y) [N/ N D/
o mzns'['[dxdyG(R,R)

x[ (x=X)F,(R)-(y=Y)F,(R) |+ jj dx'dy'G(R, R
T (7-11)
of (x,y)

X({—(y — y’)T —[f(xy)-f(x, y’)]}

' ' of X', ' ' —jkyR
<, (R) -y - y) TELL (R = Hge

Where G(R,R') is the gradient of Green’s function g(R,R")

L o (Cik|R-R]-pe M
G(R,R)=V'g(R,R) = M i
4z|R-R|

(7-12)

The weighted surface current components are defined as
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OX
- (7-13)
= By TRy [N Y ()
For TE case
i I (R) = LI
(6f(x,y)j +[af(x,y)j 1
o % (7-14)
[RHO(COSH—MSM 9j+ 9H0M8in0—2H0 of (x,y) cosej
ay OX OX

So we can get the full equation for TE case by just changing the right side of

Equation (7-10) and (7-11).

RHS = H e *oR [cos@—msin 9]
% (7-15)
RHS = H e ? A g

OX
7.1.2 MFIE in spectral domain
Because of the periodicity and plane wave incidence, these currents must satisfy
Floquet’s theorem, which is
J*(R+mD, + ynD,) = J(R)e™ > (7-16)
From Appendix B, the vector potential created by a doubly periodic cone array is
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e ~jko(R-R")

AR) =4 ”'J(R)4d8’

R-R]
=£zﬂa(R) R ds’
e ,X”P n°y (7-17)
- ZZHJ(R')G_“(R_R')ds' 157
| 23k DA r,
T [3®) e_’k;R'R) i z<7

Where S is surface area of reference cone and

K, =k, + 27

2z
+_

k, = ﬁkx' + 9ky' +2k,r, = Kk,I.
H field is calculated as
o _ o K (R-R)
H*(R) = oo ZH[u(z—z )T, xJ(R)—+
s " (7-19)
I G
u(z'-z)r xJ(R)———]ds’
r-Z
Where
1 >0
u = 7'20
(©) {0 ‘0 (7-20)
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Origin MFIE is coming from the boundary condition that expresses the total

electric current density induced at any point on the surface of PEC
J(R)=nx(H'(R)+H*(R)) (7-21)

Where H' and H° stand for the incident and scattered magnetic field respectively.

Plug (7-19) into (7-21), we get

> [[lu@Ez-2r. xJ(R)$+

kil s z

|

J (R)+nx[2D2
o (7-22)

u(z'—z)rxj(R')er—]dS j:ﬁ «H'(R)

z

We can take 7 X into quadrature

. — T/ oY af(x y)
xT xJ(R") =
nxr, xJ(R) X[ y (rdy =1y d)—(r,d, -, z)j

+9((nny )+ 0 g x)j (7-23)

of (X, y) ~ _of(x.y)
( ay ( r ‘] ) X (+Z X' +X Z)J

+y 7' +Z y

Plug (7-6), (7-7), (7-8), (7-9) and (7-23) into (7-22) left part, we may get
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¢ E (R)4—t v’
LHs-x_FX(R)+2D2%:Ljdxdy

{u(z—z’)eﬁk*(ﬁﬂ [(af(x,y)r —r_+r —af(g);’,yl)jFx(R')

ay +y +z +X

of (x, of (x',y' ,
" ——g; Wy vr, —(gy,y)JFy(R)ﬂ (7-24)
B I ((af V) oy TGY) y')] F.(R)
: & ox

S ALY J Fy(R’)ﬂ
oy oy'

z

A ») 1 (AN
LHS -9 =F,(R)+——; %:jsjdx dy

| e O (ot (xy), af(x,y)
-7 e —=r . |F (R
u(z—12" - (( T o +y) (R +

z

of (x,y) df(x,y) ,
-, +r,, Y + P r+Xij(R)ﬂ (7-25)

| e M (ot (xy), af(xy)
r_ 1 _ 1 F RV
u(z'—z2) [( T fy) (R +

z

—r,+r o, y) + o (x.y) r_X] F (R')H
y ayl OX y

Right part of (7-22) is the same with that in spatial domain formula (7-10) and

(7-11).
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7.2 Coiflets Implementation in MFIE
7.2.1 Coiflets Implementation in spatial domain MFIE
To solve the coupled integral equations (7-10) and (7-11), we apply the Galerkin

based method of moments. First we expand the unknown function Fx(ﬁ) and

E,(R) interm of Coiflets
Fx(ﬁ) = Zzai,j¢jo,i(x)¢jo,j (y)
i

_ 7-26
Fy(R)=ZZﬂi,j¢jO,i(X)¢jo,j(Y) ( )

Substituting the expansions into the integral equations (7-10), multiplying

Pjorun(X) @, ()

And integrating, we arrive at

1
Ziaij .” dXdy(pJO-i (X)goio’i (y)(pjo.u(x)(/)jo,v(y) +
i
> > [[ [[ dxdydxdyG(R, R’ + mD + ynD)g, ,(x'+mD) x
mn i,j

0,,,(y +1D)p, , ()¢, () {ae " £ (x,y) - £ (X, )

of (

;o (7-27)
—(y- y'—nD)W—(x— x'—mD)X—”y)}

OX

-j kaD+kynD I} af y I} 81: ’, '
+p,e”" ){(x—x —mD)—(a); ) —(X-X —mD)—(gy’y)}}
=0

Imposing orthogonality and one point quadrature we obtain
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4
auv+zz G(x +mD,y; +nD;X,,Y,)x

mn ij 22
{aije—j(kme+kynD) [ f (%, ¥,)— f (X +mD,y; +nD)—

of (x,,Y,) ~ of (x, +mD, y; +nD)
(y,—y;—nD)——= Y —(X, =% —mD) p } (7-28)

- j(kymD+k,nD
+ﬂije j(kymD+kynD)

M—(xu — X —mD) o +mD,y, + nD)}}
% oy

{(xu —X, —mD)
=0

In the same manner, we can discretize the other integral equation in terms of

Coiflets coefficients. The matrix form of the discretized MFIE is

l R uv hUV
14 o | (7-29)
2 S T ﬁuv pLIV

Where | is the identity matrix and

4
Qjuw —ZL L ] G(x,+mD,y; +nD;X,, Y )e_j(kxmmkynmx

{f(xm )= 06 Y) = (v -y, —nD)—af ()(;“y’ Y.)
—(%, = X; _mD)M}
OX

mn

4
Rijw = Z[%} G(x, +mD,y; +nD;Xx,, y,)e” "™ x
22

of (%, ¥,)

)
o —(x,— %, —mD)

— — EI (Xl’y)
; D J
{(Xu X, —m ) :|
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4
Sijw = Z[LJOJ G(x;+mD,y; +nD;x,, yv)e_j(kxmmkynm X
mn 22

af (Xu’ yv)

of (., Y.
{(yv —Y,ND) 22— (y, -y, —nD)M}
X

OX

4
Tjw = Z[%J G(x,+mD,y, +nD;x,,y,)e """ x (7-30)
mn 2?
[f(xu, )= F O y) - (% =X —npy T ¥)
OX
of (%, Y;)
_(yv - yj - nD)—J:|
oy
hUV = O
2
D, = 1 H e~ Ko Rt i 06 3 (7-31)
g

7.2.2 Coiflets Implementation in spectral domain MFIE

For periodical problem, unknown current on edge is nonzero which limits
Coiflets implementation. Since Coiflets can only be utilized when boundary value
is zero. So we may consider using Intervallic Coiflets as bases to expand
unknown current. However the edge bases will no longer have the property with
vanishing moments, which may lead more computation effort. In order avoid this
loss, we will expand the unknown current to two periodical current which have
zero value at the boundary.

Let us begin with a 1-D problem. For cos(2mx), the period is 1. And we

expand it with j0=4 Coiflets as illustrated in Fig. 7.2
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Fig. 7.2. Function cos(2mx) expanded with Coiflets.

For bases center located in one period [0, 1) is
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Fig. 7.3. Coiflets with center located in [0, 1).

Fig. 7.4 indicates the summation of these bases multiply with expansion
coefficients. If j is big enough, support of these bases will all located in [-0.5, 0.5]

which is double of cos(2mx) function period.
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Fig. 7.4. Summation of Coiflets with center located in [0, 1).

e
L
3

05 0 05 1 15 2 25

Fig. 7.5. Two new periodical function.

So cos(2mx) function can be expanded to two periodical functions with doubled
period and zero value at boundary. We will utilize this idea to our surface current
as illustrated in Fig. 7.6, each black box means one cone area projecting to xy
plane. There are four shade styles, each of them stand for core part of new

double-period current. Red box means the boundary of new double-period

current.
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Fig. 7.6. Doubled period surface current.

According to Floquet’s theorem (7-16), total surface current is

XD +yD) = J(R)e > (7-32)

And Plug it into (7-24), and double the period let D=2D, we will arrive at
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_ 1 e
FR)+ kzl“jsjdxdy

- K, (R-R) 'yt
u(f (xy)—f(x,y) < r ((af(x’y)r - %JFX(R)

ay +y +2 +X
af (x,y) of (x\y") :
+ _Tr+x+r+xT Fy(R) B+ (7_33
) s )
- jk_-(R-R") oy
Hu(F e y) - F(xy) S [[‘% oY) r ey, Mj F.(R)
i r, oy ox’'
4 Ay (axy Wy yr, YD (;‘y’,y )ij(R')J B} =0
Where
B+ _ (1+ e—j(kXD)ej(kMD) +e—i(kyD)ei(k+yD) + e—j(kxDx+kyDy)ej(k+xD+k+yD)
(7-34)

B :(1+e—j(kxD)ej(k,XD)+efj(kyD)ej(k,yD)+efi(kxDﬁkyDy)ei(kfxD+kfyD))

We will the same thing as we did in 7.2.1. First we expand the unknown function

F,(R) and Fy(ﬁ) in term of Coiflets just in one new period area.
Fx(F—{) =szi,j(/’jo,i(x)(ﬁjo,j(y)
i
_ ~ (7-35)
Fy(R) ZZZﬂi,j¢jo,i(X)¢jo,j(Y)
i
Please note that bases only located in core area. Substituting the expansions into

the integral equations (7-33), multiplying ¢;, ..(x) @j,»()

And integrating, we arrive at
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Z iy [ dedyp,, ; ()9, ; (V). (903, () +

ZZ [[ ][ axdy'dxdye, ; (<), ()9, 0 (0, (¥)

8D2
- Gt 1 AR of (X', y) ) ~
U(f (X! y) —f (X Y )) rZ ([ ay r+y - r+z + r+x 8X' jaij
Ay ALY ] ) J BJ (7-36)
oy oy
+Hu(f O y) = f(xy) . ([ a g; Y) r,—r,+r, %};y’)} o
NG e {CA) y)} ] }
oy % !

=0

Imposing orthogonality and one point quadrature we obtain

SEEE

kI ij
o I R RY) o (x.y
{u(f(xu,yv)_f(xi,yj)) ([af(xu,yv — (% y')j&u
OX
NI LT D ( y) ] }
(7-37)
[ o ARR) ooy
HUCF Y )= 06, ¥ (af(x )y _p g V) yJ)J&”
OX
5f .
=0
Where
R, = %, + 9y, +2f (X, V,)

(7-38)

=

= )A(Xi + yyj + 2f (Xi’yj)
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In the same manner, we can discretize the other integral equation in terms of

Coiflets coefficients. The matrix form of the discretized MFIE is

P2 FE ]

Where 1 is the identity matrix and

= 1 1
Qij,uv _WZZ{ io ]

4 o2

r,—r., +r

ik (R.—R!
€ o (R=F) of (Xu, yv)
+y +z +X ox

z

{U(f(xw ¥,) = 06 ))

(T (6 y;) = T (x00,))

—jk_-(R,—R)
e of(x,,
( CT .

z

K| 92

4

~ 1 1

Rij,uv ~an? ZZ To
8D

e TR aE (%, of (%, Y,)
{U(f(xu,yv)—f(xi,y,-)) - Sy L TRV

ay +X +X ay

z

1, +r

—jk_-(Ry—Rj)
AU (6 y,) = 04, 10) 2 (wayv)r

z

81

of (%, Y;)

y -z —X ax

(7-39)

3

af(xi,y,-)jB }

P

af(xi,y,-)JB}

YT oy



4

= 1 1

Siw =557 22| G
8D

Wi | o2

’jlz!(ﬁuv*ﬁi,j) af X , ]
e _8f(xu,yv)r+ o (X, ;) B
OX L

{U(f(xu,yv)— FO6y7)

z

7j|27'(ﬁuv—ﬁi’1) af X., )
.9~ 1) S TR, SO B}
r, OoX
4 (7'40)
= 1 1
Tij,quZZ[ JO\J
K| 2
-y (Ru—R)) oF(x.y.
{u(f(xu,yv)—f(xi,y,-»e [af‘xwyv) o, 4, T VJ)J&
: OX
e " o (%, v,) of (%, y,)
qu'y'_fX, VIV r 'JB
+ ( ( i y]) ( u yv)) I"Z o % Tt 7y—6y 3
hUV = 0
2
D, = 110 He™ Ko ot () (7-41)
22
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CHAPTER 8
SCATTERING FROM A CALIBRATION TARGET

8.1 Comparison of spatial and spectral equations

Over the previous equations, there are summations for spatial and spectral
functions. To clarify, we denote the spatial summation by m, n representing the
indices of the (m,n) element, with m=n=0 being the reference element. In the
spectral summation, k and | represent the (k,I) mode, with k=I=0 being the
incident wave. Ideally, both spatial and spectral summations are from -oo to oo.
Nevertheless, due to finite computer resources, in numerical computations, we
have to truncate the summation at M1 and M2 in (8-1) as small as possible,

subject to an accepted precision.

<
~
<
—

3
7
NoZ
ey
>S5
z T
NoZ
ey

(8-1)

=~
I
<
N
I
<
N
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Fig. 8.1. |Q|, when receiving and transmitting cell are identical.

Coiflet one-point quadrature may not be accurate enough when the integrand is
non-smooth. For both spatial domain and spectral domain integrals, there are
singular or non-smooth points. As for spectral domain integration, when the
source patch and field patch are at the same elevation, z=z', or they coincide
(self-entry in the impedance matrix), we have to subdivide the integration range
into many small pieces and sum up the results. From Equations (7-24) (7-25),
there are only pure propagation modes, without attenuation when z=z', which
leads to underdamped and oscillation behavior. The summations converge slowly
and integration for every mode requires a large amount of computation, as
indicated in Fig. 8.1. In this situation, spectral domain function is not a good
choice, while spatial domain integration may be better off. In fact, numerical

integration is needed only if there is an overlap between source and field cells,
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and the spatial domain formulation is definitely faster than that of the spectral
domain to fill these entries in the impedance matrix. As for spatial domain
integration, there is only one cell, m=n=0, needs numerical integration, other m,n
value we can still use one-point quadrature property. Let us discuss the numerical
integration for m=n=0 case. For this 4-D integration, we will use Gaussian
Quadrature for x and y. Gaussian Quadrature is a weighted sum of function values
at specified points x; and y;. Then the function will be infinity when x' = x;
y" = y;. As indicated in Fig. 8.2, numerical integration for area close to singular
point will be fine pulses, which become coarse when get far away from singular

point.
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Fig. 8.2. Illustration for numerical integration at singular point.

All parameters for numerical integration, such as number of Gaussian
Quadrature sample points, pulse width and etc. are carefully chosen to ensure

computation efficiency and precision.

------ space domain |Q|
spectral domain |@| |

0 10 20 30 40 50

Fig.8.3. Q and Q, when no overlap between source and field cell, the abscissa
is the summation range M1 or M2.

On the other hand, when there is no overlap between source and field cells,
we may use spectral one-point quadrature property. Fig. 8.3 illustrates the values
of Q and Q from the spatial domain equation and spectral domain equation
respectively, when the z and z' coordinates of basis center are 0.4D apart. As one
can tell, the spectral domain function converges faster than spatial domain
function. It just needs 6 modes to get very accurate value. As indicated in (8-2)

when k and | are small, the waves are mainly in propagating modes. However,
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when k and | become large, wave becomes evanescent with k., being imaginary.
Therefore, computations with spectral domain equations are faster, and we choose

spectral domain equations in this situation.

i +7 R-R'

> [ (- axay ©-2)

Computation method for different situation is in Table 4.

Table 4 Impedance Matrix Fill method, where p = \/(x — x")2 + (y — y')?

situation Method of Integration

|z—2z'| >0.3D One-point + spectral domain

Numerical Integration for self point
z—27'|=0&p=0
One-point + spatial domain for others

z—27'|=0&p+#0 One-point + spatial domain

4-D Gasussian Quadrature for closest point
else

One-point + spatial domain for others

8.2 Computation result
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Incident plane wave

II/\)E

Scattering Z

Fig. 8.4. Plane wave incident on 9 by 9 intersected identical PEC cones.

As outlined in the Introduction, once the matrix equation has been solved and
the induced surface current on the reference cone is obtained, we calculate the far
fields and patterns. By the Floquet theorem, the surface current on each cone in an
infinite array is identical, subject to a phase shift. If we analyze the infinite array
under a plane wave incidence, the far-zone pattern is a Dirac-6 function similar to

SIn() - \vhich seems useless. The current distribution on a finite sized

limy, ., sinx '
array is obtained as if each cone were among an infinite array. This current

distribution is then used to produce the far-zone fields and radar cross sections

(RCS). This result is different from the solution of the same finite sized array

88



illuminated by a tapered wave. Nonetheless, if the array is large enough, the edge

effect from the truncation should be relatively small.

Jx (A/m) from FEKO Jx (Afm?) from our PMM

Jy (A/n12) from FEKO Jy (Nrr12) from our PMM
e _ "

X
=
_
5 6 7
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Fig. 8.5. Surface current on reference cone for normal plane wave incident with
Ho=1;

(@) Jx from FEKO and our PMM, (b) Jy from FEKO and our PMM.

Fig. 8.4 configures an array of 9 by 9 identical BEC cones with a normal
plane wave incidence. The cone has the period, Dy = Dy = D = 17.5mm and vertex
angle y = 17.5°. A normally incident plane wave of 10.695 GHz, with A =
28.03mm, 6; = 0, $;=0. There are 32>32 Coiflet bases deployed on the reference
cone, which makes a total of 2048 unknown surface currents. In order to increase
computation efficiency, parallel computation is implemented when fill impedance
matrix. The developed parallel algorithm is based on C++ with MPI [28] and run
on Saguaro cluster at Arizona State University.

Fig. 8.5 and Fig. 8.6 demonstrate the surface current and bi-static radar cross
sections (RCS) of the configuration in Fig. 8.4. The results by our method are
compared with the solutions from a RWG-MLFMA based commercial software,
FEKO. There are 3751 unknown RWG triangle edges in reference cone for FEKO.
As indicated in Fig. 8.5 and Fig. 8.6, there are some differences between peak

current at the edges, but RCS are well matched with that from the FEKO.
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Bistatic scattering cross section
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Bistatic scattering cross section

—60

-+ Result from FEKO
Result from our PMM

10

80 ) 40 20 0 20 40 50 80
Scattering angle 95 (degree)

(@)

50

e Result from FEKO
—— Result from our PMM

—B0

—80 -60 —40 —20 0 20 40 60 80

Scattering angle 95 (degree)

(b)

91



Fig. 8.6. Bi-static RCS of 9>9 cone array;,

(a) for ¢s = 0°, (b) for ¢s = 90°.

The results are compared against that of an RWG-MLFMA based

commercial software, FEKO with excellent agreement.
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CHAPTER 9
CONCLUSION
9.1 Summary for DGBA
The diffracted Gaussian beam approach is a good method for large scale
multi-reflector antenna simulation. Independence of expanded Gaussian beams

makes this method much more efficient when the MPI is used on the computers.

9.2 Summary for periodic MoM

Employing the well-posted MFIE, we conducted a full wave analysis for
doubly periodically PEC conic array. The proposed algorithm combines the
Floquet theorem and Coifman wavelets to perform Galerkin’s procedure with high
precision and great computational efficiency. Majority entries of the impedance
matrix are obtained by Coiflet one-point quadrature. Both spectral domain and
spatial domain formulations are derived and used to evaluate the singular or
oscillatory entries of impedance matrix, depending on different situations. This
hybrid filling process is faster than either the pure spectral PMM or spatial PMM.
The results are compared against that of an RWG-MLFMA based commercial

software, FEKO with excellent agreement.
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APPENDIX A

SCHMIDT-CRAMER ORTHOGONALIZATION

For a set of linearly independent basis {a;, a,, ..., a,}, we can generate a set of

orthonormal bases {b,, b,, ..., b,} as follows:

b =a
(a,5)
b. — a —
2 aZ <b1,b1> bl
<ak+l7bl> <ak+17bk>
by =8~ b b
1" o) 0 b, by)
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APPENDIX B
THE FIELD FROM AN ARRAY
In this appendix we determine the exact field of an infinite array of dipoles of
length dl and oriented along the arbitrary unit vector p [29]. The double
periodical array is located in the XY-plane with inter-element spacing Dy and Dy
and the reference element at (0, 0, 0).
The total vector potential dﬁ(x, y,z) for an infinite array of dipoles is

obtained by simple addition of the vector potentials d/fqm of each element:

nm

_ STV R S I
dA(X,y,Z)=nZ Zd'%m:pﬂr_; zlnm R (B1)

=—00 M=—00 7T n=—o0 m=—o0

Where y = a + jf is the propagation constant in the lossy medium, and
R, =a’+(mD, -y)’ (B 2)
Where
a’ = (nD, —x)* + 2° (B 3)
For an incident plane wave propagating in the direction §. According to Floquet’s

theorem (7-16), (B 1) will yield
dA(x,y,z)= > e " dA, (B 4)

Where
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=7Rum

- A Idl = 7'mse
dA1=pﬂ—ZemD”R— (B 5)

Ar = nm
Simply denotes the vector potential for a single column.

We shall first evaluate d/fn by transforming the infinite series in (B 5) into a

faster converging series by use of Poisson’s sum formula:

0

S e (ma) =TS £ (t+IT) (B6)

M=—c0

Where F(w) is the Fourier transform of f(t), and

27
T="
o (B7)

From Bateman [30] we obtain the Fourier transform pair:

—y a2+ (o-ay)? jout
e L e

_ H® [ 2_¢2
m 2] 0 (ay-7 )} (B 8)

Comparison of (B 5) and (B 6) and application of (B 2), (B 7) and (B 8) now

suggests that we put

2r  2r
@ =D, T=—r=7" t=-f5, &=y (B 9)
b Yy

By application of Poisson’s sum formula (B 6) we then transform (B 5) into

Idl ~iBy(s,+
/l Zemy( 1(A/D, »H(Z’(,Br 'a) (B 10)

4
A= 4JDyI —

where
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r/,':\/[%j —[sy+|DiJ (B 11)

Substituting (B 10) into (B 4),

WA=py jlgl e eIy e I H@ (B ') (B 12)
y |=—0 N=—o0

The summation over q in (B 12) is now to be transformed into a faster convergent
series by the use of Poisson sum formula similarly as above. We the obtain

pldl &
27/D y k=—0l=-00

dA=p

for z>o0r<0 (B 13)

Where 7, and r; are given by (7-18)
Having determined the vector potential dA from the entire array of dipoles as

given by (B 13), it is a simple matter to find the magnetic and electric fields from

dH(x,y,2) = Lux [dA(x, Y, z)]
u

B 1 } (B 14)
E :_—VXH
jowe
Yielding
; ldl & &e ™
dH(x,y,2) = > pxf, for z>or<0 (B15)
2Dny k=—o0 |=—0 h
N I 0 0 ef R-I’ . .
dE(x, y,z)_2D Z > pxi,]xf.  for z>or<0 (B 16)

X y =—00 |=—0



APPENDIX C
GAUSSIAN QUADRATURE
Gaussian quadrature 0 is an approximation of the definite integral of a
function, stated as a weighted sum of function values at specified points within
the domain of integration. An n-point 1D Gaussian is stated as

b b-ag b-a b+a
f(xX)dx = —— fl —x +——
[, f09d==—=3 " ( X ] €1

i=1
Where X; is i-th root of Py, P, is Legendre polynomials. It weight w; is given by

2
o= 2
@—x)[P/(x)]

(C2)

102



APPENDIX D
INTEGRAL ALONG THE STEEPEST DESCENT PATH
The integration variable of the integral along SDP in Equation (4-25) is
changed from yO to { as follows:
¢ =ifd(y,)-d(y)] (D 1)
The SDP transforms into the real axis of the complex { plane. The saddle

point and poles yo=Ys, ypl,yp2 correspond to =0, &, -Gy, respectively, where

& =fildv)-d(v)]" (D2)

The square root is defined so that ¢, is positive real at x=xs . On substitution

of Equation (D1) into (4-25), the integral along SDP becomes

jG(yo)exp[ikd (Y,)]=exp|ikd (ys)]TF(g)exp(—kch)dg

SDP

(D3)

Where

_G(y ) Do

In order to take into account the effect of two poles (=%, on the saddle point

=0, we set
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F(¢)=—2 % 4H
&)=z e HE) (D5)

Where H(Q) is regular. Approximation of H({) by H(0) and use of the
integral formula

e —Q¢?

[ = de=ri ferfc(iia\/ﬁ)e‘m’z (Ima < 0)
a

& -a (D 6)

—00

Yield the asymptotic representation of the integral along SDP, which is given

by Equation (4-27)
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