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ABSTRACT

In a large network (graph) it would be desirable to guarantee the existence
of some local property based only on global knowledge of the network. Consider
the following classical example: how many connections are necessary to guarantee
that the network contains three nodes which are pairwise adjacent? It turns out
that more than n?/4 connections are needed, and no smaller number will suffice in

general. Problems of this type fall into the category of “extremal graph theory.”

Generally speaking, extremal graph theory is the study of how global pa-
rameters of a graph are related to local properties. This dissertation deals with
the relationship between minimum degree conditions of a host graph G and the
property that G contains a specified spanning subgraph (or class of subgraphs).
The goal is to find the optimal minimum degree which guarantees the existence
of a desired spanning subgraph. This goal is achieved in four different settings,
with the main tools being Szemerédi’s Regularity Lemma; the Blow-up Lemma

of Komlos, Sarkozy, Szemerédi ; and some basic probabilistic techniques.
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Chapter 1

BACKGROUND MATERIAL

A hypergraph is a pair of sets (V, E) with the property that F is a family of
subsets of V. A graph is a hypergraph in which every element of F has order 2.
Given a hypergraph G = (V| E), we refer to the set V' as vertices, and the set E
as edges. For any graph G, we will use the notation V' (G) to represent the set of
vertices of G and the notation F(G) to represent the edges of G. In this
dissertation we will only consider graphs with a finite vertex set. Given a set V'
and a nonnegative integer k, we let (}) = {S C V :|S| = k}. For a positive

integer k, let [k] = {1,2,...,k}. We write edges {z,y} as zy.

Let H = (W, F) and G = (V, E) be graphs. We say H is isomorphic to G
if there exists a function f : W — V such that xy € F if and only if
f(x)f(y) € E. We say H is a subgraph of G, denoted H C G, if there exists

some V! CV and E' C (‘;/) such that H is isomorphic to (V’, E’).

The complete graph is a graph G for which E(G) = (V(QG)). We denote
the complete graph on r vertices as K, and we call K3 a triangle. The starting
point of extremal graph theory can be captured in the following question: If G is
a graph on n vertices, what is the fewest number of edges that G must have in
order to guarantee that GG contains a triangle? The answer to this question is

Mantel’s theorem from 1907.

Theorem 1.0.1 (Mantel [37]). Let G be a graph on n vertices. If
|E(G)| > L”{J + 1, then K3 C G. Furthermore, there exists a graph with L”IQJ

edges which is triangle-free.

Of course the natural follow-up question is: If r is fixed and G is a graph

on n vertices, what is the fewest number of edges that G must have in order to
1



guarantee that K, C G7 It appears as if Mantel’s result was mostly unknown,
since it was not until 1941 when Turan independently asked himself that very
question and solved it for all r (for an incredible story of how Turdn solved this
problem while working in a labor camp during World War II, see [47]). Let
T.(n) be the complete r-partite graph on n vertices such that the sizes of any
two parts differ by at most 1; it is clear that 7,.(n) does not contain a copy of
K, 1. Let t.(n) be the number of edges in T,.(n). Note that when r divides n,

we have t,(n) = (3) (%)2 = =i’

Theorem 1.0.2 (Turan [46]). Let G be a graph on n vertices. If
|E(G)| > t.(n) + 1, then K, 1 € G. Furthermore, there exists a graph with t.(n)

edges which is K, 1-free.

Starting with Turan’s theorem, the subject of extremal graph theory
blossomed into a coherent subject with many interesting theorems and powerful

techniques.

For the rest of this dissertation we will be focusing on subgraph
problems, but of a slightly different type. If H is a subgraph of GG, we say H is
spanning if H and G have the same number of vertices. In this case, it is no
longer natural to ask how many edges G must have so that H C G. To see why,
let H be any connected graph on n vertices and let G be the complete graph
K,,_1 plus an isolated vertex. On one hand G has almost every possible edge,
but on the other hand H is not a subgraph of G. So when studying sufficient
conditions for spanning subgraphs, the most natural thing is to restrict the
number of edges at each vertex. Let G be a graph and v € V(G). The
neighborhood of v, denoted N (v), is the set {u € V(G) : wv € E(G)}. The
degree of v, denoted deg(v), is the quantity |N(v)|. The minimum degree of G,
denoted §(G), is the quantity min{deg(v) : v € V(G)}. For a set S C V(G), we

2



write deg(v, .S) for the quantity |V (v) N.S|. We will study the relationship
between minimum degree of a graph G and the property H C G. If G has at
least as many vertices as H, there is always a relationship between 6(G) and the
property H C G: if 6(G) > n — 1, then G is complete and H C G. So the goal is

to minimize §(G) with respect to the condition H C G.

We first define two special types of graphs. Let P, be a graph with vertex
set {v1, v, ..., v} and edge set {vv;41 i € [k — 1]}. We call Py, a path on k
vertices and we denote Py as v1vs...v. Let C) be a graph with vertex set
{v1,v9, ..., v} and edge set {v;v;1 1 1 € [k — 1]} U {vgvi}. We call Cy a cycle on

k vertices and we denote C}, as v1vsy . .. v,v;.

Let G be a graph on n vertices. To illustrate the title “Optimal Degree
Conditions for Spanning Subgraphs”, we will fully examine the (well known)
relationship between 6(G) and the property C,, C G. We start with the

following basic fact.

Proposition 1.0.3. If §(G) > 2, then G contains a cycle on at least 6(G) + 1

vertices.

Proof. Let P = viv, ... v be a path of maximum length in G. Since P is
maximum, N(vy) C V(P). Since deg(vy) > §(G), there exists some v; € N(v;)
such that i > §(G) + 1. Thus v1v,...v;01 is a cycle on at least §(G) + 1

vertices. [

Unfortunately, we cannot use this result to directly conclude anything
about the current problem. All we get is that 6(G) > n — 1 implies C,, C G,

however we already knew this from the discussion above. So we try to do better.

Proposition 1.0.4. If §(G) > %, then C, C G.



Proof. Let C' = vjvs...v,v7 be a cycle of maximum length in G. By Proposition
1.0.3, we know k > %” + 1. If £ = n, we are done, so suppose not. Let

z € V(G)\ V(C). If deg(x,C) > £, then there exists i € [k] such that

v;, Vir1 € N(x), but then v1vy ... v;xV41 . .. vy is longer cycle than C. So we
may suppose that deg(z, C') < % However, now we have the following

contradiction

2 k
?n < deg(z) < deg(z,C)+deg(zx,G—-C) < §+n—k—1:n—1—

So now we ask ourselves if any lower value of §(G) will suffice. One thing

2n

to do would be to try to construct a graph with minimum degree less than <

which does not contain C,,. After trying for a while, two examples might come

to mind.

Proposition 1.0.5. There exists a graph G on n vertices with §(G) = [gw -1

such that G does not contain C,,.

Proof. We give two examples of such a graph. Let G; be the union of a complete

graph of {%W vertices and a complete graph on L%J + 1 vertices which intersect in

one vertex. First note that Gy has [%W + L%J + 1 — 1 = n vertices. Every vertex

in Gy has degree at least min{n — 1, [2] — 1, |2|}. Since |2] > [2] — 1, we have

(Gh) = (%-‘ — 1. Since G has a cut vertex, it is not the case that C,, C Gj.

Let GG5 be the complete bipartite graph with parts of size ng + 1 and
[2] — 1. Since [2] +1 > [2] — 1, we have §(G>) = [2] — 1. Since G is

2

bipartite with unequal part sizes, it is not the case that C,, C G.,.



(...Q...........)

Klg)r[z]

(...Q.......... )

G1 G2

Figure 1.1: Two graphs with 0(G) = (%w — 1 which do not contain C,

n

2} — 1, so we are not

In each of the examples above we have 6(G) = |

very close to %" Perhaps at this point we try to prove that 6(G) > % suffices.

Theorem 1.0.6 (Dirac 1952 [15]). If 0(G) > %, then C,, C G.

Proof. Let P = v1vy...v; be a path of maximum length in GG. Note that

k > % + 1 by Proposition 1.0.3. We first show that there exists a cycle C' with
the property that |C| = k and V(P) C V(C). Since P is a maximum length
path, N(vy) C V(P) and N(vx) C V(P). Let d; := deg(vy1) and dj, := deg(vy).
We assign d; “units of charge” to v; and dy “units of charge” to vg. Let

N7 (vg) = {viz1 : v; € N(vg)}. We now distribute the charge according the
following rule: v; gives one unit of charge to each vertex in N(v;) and vy, gives
one unit of charge to each vertex in N*(v;). Note that according to the rule, v
necessarily ends up with 0 units of charge. There are now d; + d; > n units of
charge on at most k — 1 <n — 1 vertices. So some vertex v; € {vs,...,v;} has
two units of charge, which translates to v; € N(v1) and v;_; € N(vg). Then
V... Vi1V ... 001 1S a cycle with the desired property. If k& = n, then we have
C, € G, so suppose not. Let 2 € V(G) \ V(C). Since k > 5 + 1, we have

n —k < % — 1 and thus there exists v; € V(C) N N(x). But now

TV; . ..UV ... v;_1 is path which is longer than P, contradicting our assumption.

[]

So now we have an optimal result. If §(G) > %, then C,, C G, but no

5



smaller value will suffice because of Proposition 1.0.5. This example illustrates

the type of results we will prove throughout the dissertation.

Two of the main threads running through the research presented here (in
Chapters 2, 5, and 6) can be traced back to Problem 9 of the Proceedings of the
Symposium held in Smolenice in June 1963 [16]. Given a graph G = (V, E) let
r™ power of G, denoted G", be the graph obtained by adding an edge between
every pair of vertices of distance at most r in G. We say G? is the square of G.
Erdés made the following conjecture: If GG is a graph on n vertices with
(G) > -7, then G contains L%J vertex disjoint copies of K, ;. Erdds goes on
to point out that the case r = 1 is a consequence of Dirac’s Theorem since the

graph C,, contains L%J copies of K5. He also mentions that the case r = 2 was
solved by Corrdadi and Hajnal in a paper which appeared in 1963 [9].
Furthermore, he goes on to state that Pésa made the following conjecture which
would contain the result of Corradi and Hajnal: If 6(G) > 2, then C2 C G.

Note that the square of C,, contains [%J vertex disjoint copies of K3.

In 1970, Hajnal and Szemerédi proved Erdds’ conjecture from 1963 [21].
Then in 1973, Seymour generalized Pdsa’s conjecture, making a conjecture
which would contain the Hajnal-Szemerédi Theorem [42]: If 6(G) > ;2%, then

Cr C G. It would be close to 30 years before there were any results on the

Pésa-Seymour conjecture.

One of the most powerful combinatorial tools is Szemerédi’s Regularity
Lemma [44] (here we will discuss the Regularity Lemma somewhat informally,
with precise statements given in Chapter 3). The Regularity Lemma came out
of Szemerédi’s proof of a conjecture of Erdés and Turan on arithmetic sequences

(for which Szemerédi received a $1000 prize from Erdds).

Theorem 1.0.7 (Szemerédi [45]). For every d € (0,1) and k € N there exists N

6



such that if S C{1,...,N} and |S| > dN, then S contains an k-term arithmetic

Progression.

Here we will only talk about the applications of the Regularity Lemma
for graphs. One of the consequences of the Regularity Lemma is that large dense
graphs behave like random graphs from the point of view of bounded degree
subgraphs. To see what this means more precisely, let p € (0,1) and let G, be a
graph on n vertices where each edge exists with probability p — thus the
expected number of edges in G is 2(n?) and we say G is dense. Let A be a
positive integer, € € (0,1), and H be a graph on (1 — €)n vertices with maximum

degree A(H) < A.

Claim 1.0.8. The probability that H C G goes to 1 as n — o0

Proof. We embed H one vertex at a time. Since there are always at least en
vertices left over, the probability that there is no suitable candidate for the next

vertex is (1 — p®) — 0. O

This shows that it is easy to embed “almost” spanning subgraphs in
dense random graphs. The Regularity Lemma and corresponding “Key Lemma”

(see [32]) allows one to obtain the same result in any dense enough large graph.

However, we are still at a loss if we want to find spanning subgraphs,
which is of course the aim of this dissertation. In the 1990’s, Komlds, Sarkozy,
and Szemerédi proved the Blow-up Lemma [28]. The abstract of their paper
read, “Regular pairs behave like complete bipartite graphs from the point of
view of bounded degree subgraphs.” The Blow-up Lemma works in regular pairs
which satisfy an additional minimum degree condition. So using the Blow-up

Lemma in conjunction with the Regularity Lemma, it is possible to find



spanning subgraphs. In fact, one of the first uses of the Blow-up Lemma was to

give a proof of Pdsa’s conjecture for large graphs.

Theorem 1.0.9 (Komléds, Sarkozy, Szemerédi [27]). Let G be a graph on n

vertices. There exists Ny € N such that if 0(G) > 2?” and n > Ny, then C? C G.

They went on to also prove Seymour’s conjecture when n is large with
respect to r. The Blow-up Lemma has since been used to prove many results
and we will give two applications in Chapters 4 and 6. One of the unfortunate
aspects of the Regularity-Blow-up method is that the graphs being considered
are extremely large. In fact they are so large that they exceed any physical
description, i.e. much larger than the number of atoms in the universe. So any
result which is proved using the Regularity-Blow-up method leaves open the
general statement which has no lower bound on the number of vertices. Lately,
there has been increasing success in removing Regularity from certain arguments

and we begin with such a result in Chapter 2.

Finally before getting into the main results, we give an example of how
the Regularity-Blow-up method is usually applied. Let G be a graph on n
vertices with §(G) > 5. Suppose we are trying to prove that C, C G. Of course
a simple proof was already given above, but imagine for the moment that we are
unaware of such a proof. We saw in Proposition 1.0.5, that there exists a graph
G with 6(G) = 1 which does not contain C,. We call G an “extremal

example”, since any increase in the minimum degree will give us the desired

cycle. What is the key property which makes GG an extremal example? G has an

independent set X of size ”T“, and an independent set Y of size "T_l with every
possible edge between them. G doesn’t contain C,, because any two vertices in
X must be separated on the cycle by a vertex from Y, which isn’t possible since

|X| > |Y|. Notice that we can in fact add every possible edge to Y and still have

8



an extremal example for the same reason. This tells us that the key property is
that G has a slightly too large independent set. Now in the graph with the
correct degree condition we can define an appropriate notion of “closeness” to
the extremal example. There is no one right way to do this, but we may
introduce some parameter o > 0 and say that G is in the extremal case if G' has
a set S of size at least (1 — )5 which contains fewer than a(‘g ‘) edges. Then we
will split the proof into two cases. When (' is not in the extremal case, we will
apply the Regularity-Blow-up method. When G is in the extremal case, we will
use ad hoc techniques which take advantage of the narrow structure imposed by

the extremal condition.



Chapter 2

POSA’S CONJECTURE FOR GRAPHS ON AT LEAST 2 x 10® VERTICES
This chapter is joint work with Phong Chau and H.A. Kierstead.
2.1 Introduction

The square H? of a graph H is obtained by joining all pairs {z,y} C V(H) with
distance dist(x,y) = 2 in H. If H is a path (cycle) then H? is called a square
path (cycle). Now fix a graph G = (V, F) on n vertices. We say that vy ... v is a
square path (cycle) in G if vy ... v, is a path (cycle) in G and its square is

contained in G. In 1962 Pédsa [16] conjectured:

Conjecture 2.1.1. Every graph G with §(G) > %]G! contains a hamiltonian

square cycle.

During the 90’s there were numerous partial results on Pdsa’s conjecture.
Here we review a number that have a direct impact on this paper. Fan and
Kierstead [18, 19, 20] proved the following three theorems. The first is a
connecting lemma that immediately yields an approximate version of Pdsa’s

conjecture.

Theorem 2.1.2 (Fan and Kierstead [18]). For every e > 0 there exists a
constant m such that for every graph G with 6(G) > (% + ¢)|G| +m and every
pair ey, es of disjoint ordered edges, G has a hamiltonian square path starting

with e; and ending with es. In particular, G has a hamiltonian square cycle.

We shall need two ideas from this paper—weak reservoirs *, and optimal

square paths and cycles—which will be presented in the next section. Roughly,

!The term reservoir is not mentioned in [18], and the modifiers weak, strong and special
are our own invention. However, in light of more recent papers this terminology provides a
consistent transition (see Definition 2.2.8).

10



given a graph G on n vertices, a weak reservoir is a small fraction R of the
vertex set V' (G) such that |N N R| = |N||R|/n for any neighborhood N := N(v).
Weak reservoirs were used to connect long square paths contained in V(G) \ R.

The second theorem is a path version of Pésa’s Conjecture.

Theorem 2.1.3 (Fan and Kierstead [19]). Every graph G with 6(G) > %

contains a hamiltonian square path.

The third theorem shows that V(G) can be partitioned into at most two

square cycles.

Theorem 2.1.4 (Fan and Kierstead [20]). Suppose G is a graph with
(G) > §|G| If G has a square cycle of length greater than §|G| then G has a
hamiltonian square cycle. Moreover, V(G) can be partitioned into at most two

square cycles, each of length at least §|G\

The proofs of Theorems 2.1.3 and 2.1.4 are based on optimal paths and
cycles, but do not use weak reservoirs. Theorem 2.1.4 is essential to this paper,
because it allows our constructions to terminate as soon as we get a square cycle

of length greater than 2|G]|.

Next came a major breakthrough. Komlés, Sarkozy and Szemerédi
proved their famous Blow-up Lemma [28], and used it and the Regularity

Lemma [44] to prove:

Theorem 2.1.5 (Komléds, Sarkozy and Szemerédi [27]). There exists a constant
ng such that every graph G with |G| > ny and §(G) > 2|G| has a hamiltonian

square cycle.

Their proof has the following structure. First they determine extremal

configurations that are very close to being counterexamples, but because of the

11



tightness of the degree condition, cannot achieve this status. (For example, if
the independence number «(G) > |G| then G does not have a hamiltonian
square cycle, but then also does not satisfy 6(G) > %]G |. Moreover if G has an
almost independent set of size almost |G| and §(G) > 2|G/, then we will see
that G does have a hamiltonian square cycle.) Next they proved that if |G| is
sufficiently large, 0(G) > §|G |, and G has an extremal configuration, then G has
a hamiltonian square cycle. When there are no extremal configurations, the
Regularity Lemma imposes a pseudo random structure on the graph that can be
exploited, using this lack of extremal configurations and the Blow-up Lemma, to
construct a hamiltonian square cycle. The use of the Regularity Lemma causes

the constant ng to be extremely large.

Very recently Rodl, Rucinski and Szemerédi have made another
important advance [39, 40]. They proved the following version of Dirac’s
Theorem for 3-uniform hypergraphs (3-graphs). An open chain
P :=vjv9u3 ... v,_9vs_ 105 in a 3-graph H is a sequence of distinct vertices such
that v;v; 110,12 € E(H) for all i € [s — 2]; P is a closed chain if in addition

Vs 10501, Vg0 09 € E(H).

Theorem 2.1.6 (R6dl, Rucinski and Szemerédi [40]). There exists an integer ng
such that for every 3-graph H on at least ng vertices, if every pair of vertices of
H is contained in at least || H|| edges of H then H contains a hamiltonian

closed chain.

The remarkable proof is very long, but has a similar structure to the
proof of Theorem 2.1.5. However, a major difference is that the non-extremal
case does not use any version of the Blow-up Lemma, and regularity (weak
hypergraph regularity) is only used in a quite generic way to construct various

strong reservoirs—weak reservoirs with no extreme sets. The Blow-up Lemma is

12



replaced by a construction based on an ingenious absorbing path lemma, and a

connecting lemma, that uses the strong reservoir.

Levitt, Sarkozy and Szemerédi [36] applied similar techniques to the
non-extremal case of Pdsa’s Conjecture without using the Regularity Lemma,
and thus proved the result for much smaller graphs than those considered in

Theorem 2.1.5.

Here we show that Pdsa’s Conjecture holds for graphs of order at least
2 x 10® without using the Regularity-Blow-up method. In addition, our proof of
the extremal case holds for all n. We were influenced by the ideas of [36], but
only rely on results from [18, 19, 20], and the idea from [27] of dividing the
problem into an extremal case and a non-extremal case. We avoid the Blow-up
Lemma and absorbing paths by using Theorem 2.1.4. Our approach is explained

fully in the next section.

Notation

Most of our notation is consistent with Diestel’s graph theory text [14]. In
particular note that P" is a path on n edges, |G| = |[V(G)|, |G| = |E(G)|, and
d(v) is the degree of the vertex v. For A, B C V(G), let ||A, B|| = |E(A, B)],
where E(A, B) is the set of edges with one end in A and the other in B, in
particular we shall write ||a, B|| if A = {a}. We also use |4, B|| to denote the
number of edges in the complement of GG that have one end in A and the other in

B. For ay,ag,...,ar € V(GQ), let N(ay,aq,...,a;) = N(a1) N N(az)---N N(ag).
2.2 Main theorem and proof strategy
Here is our main result:

Theorem 2.2.1. Let G be a graph on n vertices with n > ng := 2 x 10%. If

(G) > %n, then G has a hamiltonian square cycle.
13



In this section we organize the structure of the proof. The first step is to
define a usable extremal configuration. Our choice is simpler than the choice in
[36], which was much simpler than the several extremal configurations used in
[27]. A priori, this makes the extremal case easier and the non-extremal case

harder.

Definition 2.2.2. Let G be a graph on n vertices. A set S C V(G) is a-extreme

if |S| > (1 — )% and ||v, S|| < af for allv e S.

The proof divides into two parts, depending on whether G is %—extreme,
i.e., contains an a-extreme set with a := %. The extreme case is handled in
Section 2.4, where we prove the following theorem without assuming anything
about the order of G. Its proof only requires elementary graph theory. Notice

that K340 — E(Kyy1) demonstrates that the degree condition is tight.

Theorem 2.2.3 (Extremal Case). Let G be a graph on n vertices with

i(G) > %n If G has a %-extreme set, then G has a hamiltonian square cycle.

The non-extremal case is more complicated. In Section 2.3 we will prove:

Theorem 2.2.4 (Non-extremal Case). Let G be a graph on n vertices with

i(G) > %n and n > ng =2 x 10%. If G does not contain a %—eztreme set, then

G has a hamiltonian square cycle.

Note that if G has an a-extreme set S C V(G) for some a < 55, then S is

a 3—16-extreme set. This explains why we only consider

L

3g-€xtreme sets n

Theorems 2.2.3 and 2.2.4.

The proof of Theorem 2.2.4 has three parts. First we use the Reservoir
Lemma (Lemma 2.3.2) to construct a special reservoir R with |R| < 3n. Then

we use the Path Cover Lemma (Lemma 2.3.3) to construct two disjoint square
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paths Py, P, in G — R such that |Pi| + |P,| > 2n using techniques and results
from [18, 19]. Finally, we use the properties of the special reservoir R, together
with our version of the Connecting Lemma (Lemma 2.3.1), to connect the ends
of P to the ends of P, by disjoint square paths in R so as to form a square cycle
of length greater than %n Thus by Theorem 2.1.4 we obtain a hamiltonian

square cycle.

2.2.1 Reservoirs and the Connecting Lemma

The bottleneck in this line of attack is in determining properties for special
reservoirs that are strong enough to prove the Connecting Lemma, yet weak
enough to ensure the existence of special reservoirs in moderately sized graphs.
In the process of constructing a connecting square path we need to know that
certain subsets of the reservoir are nonextreme. Since it is too expensive to
ensure that all subsets are nonextreme, we anticipate a limited collection of
special subsets that might appear in this construction, and construct a reservoir

with no extreme special sets.

Definition 2.2.5. A set S C V(G) is special if there ezist (not necessarily
distinct) vertices u,v,w,x,y € V(QG) such that

S = (N(u,v,w)UN(u,v,2)) N N(y).

A set S of size at least (1 — )% that is not a-extreme has at least one
vertex with “large” degree to S, but we will need more than one vertex of

“large” degree, so we define a more general notion of extremity.

Definition 2.2.6. Let G be a graph with n vertices. A set S C V(Q) is
(a, B)-extreme if |S| > (1 — v+ )% and there are fewer than |3%] vertices

v € S such that ||v, S|| > af.
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So a set S of size at least (1 — a + 3)% that is not (a, 3)-extreme has at

least W%J vertices with “large” degree to S. In the non-extremal case we know
that G contains no a-extreme sets, but we must ensure for the Connecting
Lemma that the reservoir has no (o, #’)-extreme special sets. So we use the

following simple observation when constructing the reservoir.

Lemma 2.2.7. Let G be a graph on n vertices and let o, 3 > 0. If G has no
a-extreme sets and S C V(G) with |S| > (1 — a+ 3)%, then S is not

(o, B)-extreme.

Proof. Suppose S is («, 3)-extreme and let S’ = {v € S : ||v, S|| > a%}. Since S
is (av, B)-extreme, we have [S'| < |#%]. Thus |S\ S| > (1 — @)% and
v, S\ §'|| < af forall v € S\ §’, contradicting the fact that G has no

a-extreme sets. O

Here are the technical definitions of (e, p)-weak, (o, €, p)-strong and

(av, B, €, 0)-special reservoir.

Definition 2.2.8 (Reservoir). Let G' be a graph on n vertices. Let 1 > 0 >0
and € > 0. An (e, o)-weak reservoir is a set R C V(G) such that |R| = [on] and

for allu € V(G),
(M= 1l < i < (M) 4 ) 1

An (a, €, 0)-strong reservoir is an (€, 0)-weak reservoir R such that G[R]

has no a-extreme sets.

An (a, 3, €, 0)-special reservoir is an (€, 0)-weak reservoir R such that for

all special sets S C V(G), SN R is not (a, B)-extreme in G|R).

A routine application of Chernoff’s bound yields (e, p)-weak reservoirs R

in moderately large graphs. The reason for this is that we have only
16



polynomially many conditions to preserve. A similar observation allows us to
construct (a, (3, €, )-special reservoirs. However this standard approach fails for
(v, €, 0)-strong reservoirs, because there are exponentially many conditions to

check.

A connecting lemma should state that any two disjoint ordered edges in
V(G) \ R can be connected by a short square path whose interior vertices are in

R. For example, Fan and Kierstead [18] proved:

Lemma 2.2.9. If §(G) > 2|G| then there exists a square path connecting any

two disjoint edges.

In the context of Theorem 2.1.2, (¢/2, p)-weak reservoirs are sufficient since the
degree bounds ensure that §(G[R]) > 2|R|. In [36, 40] the authors prove
connecting lemmas for strong reservoirs. We use a simpler argument and show

that it works for special reservoirs.

2.2.2  Optimal paths

Let e := vjvg and eg := vs_jv5 be disjoint ordered edges. A square (e, e2)-path

is a square path of the form vivy ... vs_qvs.

Definition 2.2.10. An optimal square path (or cycle, or (eq,es)-path) is a
square path (or cycle, or (ey,e2)-path) P such that among all square paths (or
cycles, or (e, es)-paths) (i) P is as long as possible, (ii) subject to (i), P has as
many 3-chords as possible, and (iii) subject to (i) and (ii), P has as many

4-chords as possible.

All the work in [18, 19, 20] starts with lemmas about optimal square

paths.
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Lemma 2.2.11 (Fan-Kierstead [18], [19] Lemma 1). Suppose that P is a square
path in a graph G and v € V(G — P). If P is an (e1, e2)-optimal square path
then ||v, Q|| < %\V(Q)] + 1 for every segment QQ of P. Moreover, if P is an
optimal square path then ||v, P|| < §|P| — % and if P is an optimal square cycle

then ||v, P|| < 2|P| + 5.

In the extremal case we will take advantage of the following fact.

Corollary 2.2.12. Pdsa’s Conjecture is true, if it holds for all G with |G|
divisible by 3.

Proof. Suppose |G| = 3k +r, where 1 <r < 2. Let G’ be G with r vertices
deleted. Then

5@ > (%(% )] == 2k = §|G’].

Thus by hypothesis, G’ has a hamiltonian square cycle C’. So an optimal square
cycle C in G has length at least 3k. Suppose C' is not hamiltonian in G. Then
there exists © € V(G — C). By Lemma 2.2.11, we have the following

contradiction:

1 2 2
2%+ < 3(G) < |lo, €l +1G] - €]~ 1G] - 5|C] — = < 2b+7 - =

We will also need:

Lemma 2.2.13 (Fan-Kierstead [19], Lemma 9). Let P be an optimal square
path of G. Let xy be an edge of G — P such that there are square paths, of at
least q vertices, starting at vy and yx in G — P. If |P| > 2q + 2, then

ley, Pl < 51P| = 3q+ 2.
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2.2.3  Probability

If X is a random variable with hypergeometric distribution (and our experiment
consists of drawing n items from a collection of N total items, m of which are

good and N — m of which are bad) the expected value of X is given by

Exzik.Pr(X:k):ik-%:%.

n

Theorem 2.2.14 (Chernoft’s bound [8, 24]). Let X be a random variable with
binomial or hypergeometric distribution. Then the following hold:

(ii)) Pr(X <EX —t) <exp (—%) , t>0;
(iii) £ 0 < v < 3/2, then Pr(|X — EX| > 4EX) < 2exp <—73—QIEX).
2.3 Non-extremal case

In this section we prove Theorem 2.2.4. We have compromised optimality
somewhat in our constructions and calculations in favor of clarity of exposition.
For instance, we know how to reduce ng by a factor of 2. That being said, we
can make the reservoir lemma slightly simpler and we can choose “nicer”

constants throughout the non-extremal case at the cost of a factor of 3 in ng.

We first show that if H is a graph with no («, 3)-extreme special sets
whose minimum degree is almost %]H |, then any two disjoint edges in H can be
connected by a short square path. Let zy € E(H); we say that P{zy}Q is a

square path if one of PxyQ or Pyx() is a square path.

. 1 a—p N
Lemma 2.3.1 (Connecting Lemma). Let 0 < 3 <a < 5, 0<e < 7, [:=10

and suppose n > max{6—fo, 9. Let H = (V, E) be a graph on n vertices with no
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(a, B)-extreme special sets such that §(H) > (3 — e)n. Let L C 'V such that
|L| <. If ab, c¢d are any two disjoint ordered edges in H — L, then there is a

square (ab, cd)-path P of order at most 14 for which V(P) C V '\ L.

Proof. Let ab, cd be disjoint ordered edges in H — L and set A := {a, b, ¢, d}.
Here is our plan. First (a) we find disjoint edges a't/, ¢d’ in H — L — A such that
|ab, 'V || = 4 = ||cd, ¢'d’||. Then, setting A" := {a’,¥',,d'}, (b) we construct a
square path {a'b'}Q{cd'} with Q@ C H' := H\ (LU AU A’) connecting the
unordered edges '/, ¢d'. This will yield a square path ab{a't'}Q{c'd'}cd, where
the order of {a’b'} and {c/d'} is determined by Q.

Let M C V with |M| <1+ 12. We will often use the following statement:
If S is a special set with |S| > (1 — o + ﬁ)g then ||.S\ M| > 0. (2.1)

To see this, note that since S is not («, #)-extreme and n > %, S has at least

Lﬂ%J > [ + 12 vertices with degree at least ag > [+ 12.

Consider the special set N(a,b) = (N(a,a,a) U N(a,a,a)) N N(b). Since

6(H) > (2 — €)n, we have

IN(a,b)| > (1 — 66)= > (1 —a+ﬁ)g.

w3

By (2.1), there exists a't’ € E(N(a,b) \ (LU A)). Likewise there is an edge
dd € E(N(e,d)\ ({d,b'} U LUA)), completing the first goal (a).

Next we show (b). Let V' := V(H’). Then |V'| > n — 1 —8. We must
construct @ C H'. For i € [4], let S; := S;(A") ={v eV :|v,A|| =i}. Then
8 2 ) ‘
gn—4en = 4(§—e)n < ||A, V] = ZZ|Si| < 4|54]43|55]4+2(n—[S4|—1]S5]), (2.2)
1€[4]
which gives

2
2|Sy| + |S3] > 3"~ den. (2.3)
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Case 1: |S;| > [+ 12. Looking ahead to an application in Case 2.a, we will
construct Q C H” := H' — A", for any fixed 4-set A”. Set V" := V(H"). By the
case assumption, there exists x € Sy N V", If there exists

u € N(z)N(SyUS3) NV then set @ := {zu}. Otherwise,

|S4] + 1S5] < $n+ en + 1+ 12, since d(z) > 2n — en. Thus by (2.3), and using
a— (3 >15.1c and n > @, we have

1
|S4|Zgn—5en—l—122(1—a+ﬁ)g.

Moreover, Sy = N(a',V,,d") = (N(a',b/,) UN(d', b, ")) N N(d') is special.

Thus by (2.1), there exists an edge uv € S; N V", and we set Q) := uwv.
Case 2: |Sy| <1+ 12. Let

Ty:={veS3US,:|v,{d,b}|=2}= (N Vb, )UN@,V,d)NN() and

(2.4)
Ty :={veS3US,:|v{,d}| =2}=(N(d ad)UN(,db)NN().
(2.5)
Then T; and T are both special sets. Note that S5 is partitioned as
(Ty\ Sq) U (T \ Sy) and T) N'Ty = S,. By (2.3) and the fact that
|Th| + |To| = |S5] + 2|S4], we have
T+ T3] > gn _den. (2.6)

Without loss of generality, |T1| < |7, and so Ty # (). Finally, note that by (2.3)

and the case assumption we have,

2
’Tl U Tgl = |Sg U S4| 2 §Tl —4den — 1 —12. (27)

Case 2.a: |T1| > [ + 8. If there exists xy € E(T1,T5) N E(H'), then set @ := xy.
Otherwise, let # € Ty NV, Then using, in order, d(z) > (3 — €)n, (2.6),
a— [ >15.1e and n > @ we have

%+en+l—|—82|Tg|2|T1|2g—5en—l—82(1—a+ﬁ)g. (2.8)
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By (2.1) and (2.8), there exist edges a”b" € E(T3) and ¢"d” € E(T3) such
that A” := {a”,b",",d"} is disjoint from L U AU A’. Note that A” N Sy = 0,

since E(T1,T3) N E(H') = () as mentioned above.

Set U =V \ (Ty UT). By (2.7),

\U|:n—]T1UT2]§§+4en+l+12. (2.9)

By (2.8), for any = € A",
2 n
||z, U] Zgn—en—|Tg| 25—26n—l—8. (2.10)

By (2.9), (2.10), and n > %2 we have ||z, U|| < 6en + 31+ 32 < :|{UNV"|. Thus
there exist more than [ + 12 vertices in Sy(A”). Thus by Case 1, there exists a
square path @ := {a"0"}Q'{"d"} with |Q’'| < 2.

Case 2.b: |T1| <1+ 8. Then |T3| > 2n —4en — 1 — 8 by (2.6). Let
x € N(d,b')NV’, and note that
S:=T,NN(z)=(N(,d,dYUND,,d))NN(x)is a special set. Moreover by

a— (3 >15.1¢ anan@we have
\S|2\T2|+\N(:c)|—n2g—5en—l—82(1—a+ﬁ)g.

Thus by (2.1), there exists an edge yz € E(SNV’). Let Q := zyz.

m
Now we prove the reservoir lemma.
Lemma 2.3.2 (Reservoir Lemma). Let a > ==, ¢ > &, o’ := (1 — 3¢)a,
G =ca, € > O‘llgf/, 0>1-— 52//63j26€ and n > ng :=2 x 10%. If H is a graph on n

vertices such that 6(H) > %n and H contains no a-extreme sets, then H

contains an (o, ', €, 0)-special reservoir.
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Proof. Let v := l_ff/_ﬁ,. We will show that there exists a set R C V(H) such

that |R| = [on] which satisfies the following three properties.

(i) For all u € V(H), (M - e> IR| < ||u, R|| < (% + e) IR|.

n

(ii) For all special sets S C V(H), if [S| > (1 — o/ + 3')0%, then
|S N R| < 1.050]S| and for all special sets S C V(H), if
ISAR| > (1 —a +0)o%, then [SNR| < (1+7)0|S].

(iii) For all special sets S C V(H), if |S| > (1 — o' — )3, then there exists a

set 7" C SN R such that |T'] > #'o% and ||z, SN R|| > o/p% for all z € T".

Then we will show that these three properties imply that R is an

(o, 3, €, p)-special reservoir.

Let R C V(H) be a set of size [on] =: r chosen at random from all (")
possibilities. There are five calculations that follow. In each of these calculations

we will need n to be large, specifically n > 2 x 108 is large enough.

Let uw € V(H). The expected value of ||u, R|| is # > od(u). So by

Theorem 2.2.14(iii), we have

rd(u) en rd(u) (a0)? rd(u)
P?”(Hu,RH— " 2d<u> , )§2eXp (— (3) "
—€e2on? 1
<2 —.
- exp( 3d(u) ) ~3n

There are n vertices in V(H). So by applying Boole’s inequality, the probability

that there exists a vertex which does not satisfy property (i) is less than 1/3.

Let S C V(H) be a special set such that [S| > (1 — o' + 3')o%. The

expected value of |S N R| is @ > 0lS] > (1 — o + ')0*%. So by Theorem
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2.2.14(i), we have

rlS]

) < (.050]5])?

~ 2(0[S| + .050]5]/3)
.00250*(1— o' + B)n
= 2(1+.05/3) 3

log Pr(]SNR| > 1.06——

So with high probability,

1S N R| < 1.050|8] for all § C V(H) such that |S| > (1 — o/ + 5’)9% (2.11)

Now let S C V/(H) be a special set such that [S N R| > (1 —a' + ')o%3. Since
S| > |S N R| we have [S]| > (1 — o + 3')o% and thus by (2.11),

S| > |f.851§ > 4 f”o'gﬁ)” The expected value of |[S N R| is

@ > 0|S] > =2 w)" Using Theorem 2.2.14(i) again, we have

1.05
r|S| (volS|)?
log Pr(|SNR| > (1+ S5
BPr(SNA|Z (L+9)=5) < ~5oet e
Yo(l—a' +8)n 1
S T T0@r2/3) 3 - 8

There are at most n® special sets S C V(H). So by applying Boole’s inequality,
the probability that there exists a set S which does not satisfy property (ii) is
less than 4/9.

Let S C V(H) be a special set such that
S| > (1 - = )% = (1 —a+2ca)s. Since H has no a-extreme sets, we see by
Lemma 2.2.7 that S is not (a, 2ca)-extreme. So there exists a set S’ C S having
the property that |S'| = |2ca®| and for all v € &', ||lv, S|| > a%. Let
T := 5" N R. We first show that with high probability,
|T"| > %|S’| > 5(|S'] +1) > B'o%. The expected value of |T"] is
0|S'| > o(2cag —1). So by Theorem 2.2.14(ii), we have

2] Q)2 / 2 n _1
GISD? ol __elcas—1) 1
2(0]S"|) 32 32 In®

log Pr(|T"| < |5/ = 315 < —

Next we show that, with high probability, every vertex in S’ has at least

(1 =3c)o||lv, S|| > o’0% neighbors in SN R. Let v € S". The expected value of
24



|v, T|| is o|lv, S|| > eag. So by Theorem 2.2.14(ii), we have

log Pr([lv, SN R[| < (1 —=3c)ellv, SI)

2 2 2
_ Beellv, S1)° _ 9<eflv, S 3cfean 1
20]v, 3] 2 T2 on?

There are at most n® special sets S C V(H) and at most n® sets defined when
we examine the neighborhood of vertices in each special set. So by applying
Boole’s inequality, the probability that there exists a set S which does not

satisfy property (iii) is less than 2/9.

The probability that R doesn’t satisfy one of the conditions is less than 1,

thus there exists a set R C V(H) satisfying properties (i)-(iii).

We now show that R is an (o/, 7, €, 0)-special reservoir. Since R satisfies
property (i), R is a (€, p)-weak reservoir. Let S C V(H) be a special set such
that [SN R[> (1 —a' + 3)oe%. By property (i), we have
o|S|(1+7) > |SNR| > (1 —a + )%, and thus

(I1-a"+8)n

S| >
5= 147 3

_ (1_a1_ﬁ/)g

Then since |S| > (1 — o/ — )% there is, by property (iii), a set of vertices
T C SN R with [T'| > 0% such that for all v € T", |[v, S N R|| > o/p%. Thus
SN R isnot (o, f)-extreme in G[R]. Therefore R is an (o/, 7', €, o)-special

reservoir. O

We now prove a lemma which allows us to cover most of the complement

of the reservoir with at most two long square paths.

Lemma 2.3.3 (Path Cover Lemma). Suppose € < ﬁ and n > 6000. Let H be a

graph on n vertices with 6(H) > (2 — €) n. Then

(a) H has a square path P with |P| > (1 — 3e)n.
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(b) H has two vertex disjoint square paths Py and P so that
|Pi| + [Py > (3 —2¢)n.

Proof. (a) Let P := ujus...u, be an optimal square path in H and suppose that
p < (3 — 3¢)n. We first observe that since 6(H) > (3 — €)n we have

N(uy,uz) > (3 — 2¢)n and thus p > (3 — 2e)n. Let H' := H — P and set
h:=|H'|. If ||v, P|| < (3 — 4e)p for all v € V(H') then we have

6(H") > (3 —€)n— (3 —4e)p > 2h. Thus by Theorem 2.1.3, H’ has a hamiltonian
square path of length more than than %n, contradicting the optimality of P.
Thus there is a vertex « € V(H') such that ||z, P|| > (3 —4e)p > sp+ 1. Tt
follows that = is adjacent to two consecutive vertices of P. Choose i € [p| as

small as possible such that u;, u;+1 € N(x). Let @ := ujus...u;—1 and set

q:=1i—1. Then ||z, Q|| < 3¢. We claim that ¢ < (3 — 2¢)n. Otherwise,

2 1 2 1
||:6,P—Q||>(§—4E)p——q=—(p—Q)+—q—4ep

2 3 6
2 1.1 1
> §|P - Q|+ 6<6 —2¢)n — 46(5 —3¢e)n
2 1 7
“lp— L
>3| Q|~|—36n Z€n
2

contradicting Lemma 2.2.11. On the other hand, since

IN(z,u;)| > (3 — 2¢)n = 2(5 — 3¢)n > 2p, Lemma 2.2.11 implies « and u; have a

common neighbor y in H'. Also, by Lemma 2.2.11 we have

2 2 1 2
N> (Z = — (=p — — —h —
d(H") > (3 em (Sp 3) > 3h en,

and thus for any edge uv in H', |[Ng/(u,v)| > $h — 2en > (3 — 2¢)n. Hence, we
can find a square path P’ of length at least (% — 2¢)n starting at zy. Since
|P'| > g, the square path P'yzu;u;i1...u, is longer than P, a contradiction. This

completes the proof of part (a).
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(b) Let P, be an optimal square path in H and let p := |P;|. Note that
p > (3 — 3¢)n by Lemma 2.3.3(a). If p > (2 — 2¢)n, then set P, = () and we are
done. So we may assume that p < (2 — 2e)n. Set H' := H — P, and
h:=|H'| >n/6. If ||v, Pi|| < (3 — 3¢)p for all v € V(H’) then
6(H') > (3 —e)n — (3 — 3¢)p > 2h. Thus H' has a hamiltonian square path P,

by Theorem 2.1.3, and we are done. Otherwise, let x € V(H') such that

6(H') > (3 —e)n— (3p— 1) > 2h — en, and thus there is a square path of length
at least $h — 2en starting at any ordered edge in H'. Set H” := G[Ny(x)] and

R’ :=|H"|. Note that by Lemma 2.2.13, we have that for all y € V/(H"),

4 2.1 2 2 2 4
Pl <op—2(3h—2en)+2— (5 —3€)p==p— —h + —en + 3ep + 2
ly, 1H<3p 3(3 en) + (3 €)p 3p 9 +36n+ ep + 2,
S0
2 2 2 4 8 7
||y,H’||>(g—e)n—(gp—§h+§en+3ep+2):§h—§en—3ep—2.

So every vertex in H” has at most %h + gen + 3ep + 1 nonneighbors in H'.

Therefore

%h—en—(%h+§en+3&p+1)h,> gh’

6H// >
(H") 2 %h—en 3

since € < ﬁ, n > 6000, and h > n/6. Therefore H” has a hamiltonian square

path P,. Thus

2 1 1.1 5
|P1|+|P2|>p+§h—6n:n—gh—enZn—§(§+3€)n—en:(6—26)71.

O
Now we are ready to finish the nonextreme case.

Proof of Theorem 2.2.4. Let o := % and let G be a graph on n vertices.

Suppose G has no a-extreme sets, n > ng := 2 x 108, and §(G) > %n Let
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2/34€
5/6—2¢

1 _._ 50 1
€= 1, €= 1555, and g =1

Apply Lemma 2.3.2 to obtain an

(ﬁa, ﬁa, €, 0)-special reservoir R. Let H := G — R and let h := |H|. Since R is

a special reservoir we have 6(H) > (2 — €)h. Now we apply Lemma 2.3.3 to H,

to get disjoint square paths P, and P; so that

P+ |Py| > (g —9)h = (g —2)(n— [on]) > (% -1 gn

Since R is a special reservoir, every special set S C V(G) has the property that
SN R is not (13a, ;a)-extreme in G[R]. So we apply Lemma 2.3.1 at most
twice to connect the paths P, and P, through R. On the second application, we
set L :=V(P;) N R to make sure that we avoid the vertices used in the first
application. This gives us a square cycle C' with V(P) UV (P,) C V(C) and thus

|IC| > %n Therefore G has a hamiltonian square cycle by Theorem 2.1.4. O
2.4  Extremal Case

In this section we prove Theorem 2.2.3. First we need two propositions. Note

that the length of an (ordinary) path P is the size || P|| of its edge set.

Proposition 2.4.1. Every connected graph H with |H| > 3 has a path or cycle
of length min(20(H), |H|).

Proof. Let P be a maximum length path in H. If we are not done, then
|P|| < 20(H). So, as in the proof of Dirac’s Theorem [15], G has a cycle C' that
spans V(P). If C' is hamiltonian then we are done; otherwise, using connectivity,

we can extend C' to a path longer than P, a contradiction. O]

Proposition 2.4.2. If H is a graph with circumference | > |H| — 6(H), then

[ > min(26(H), |H|), and moreover, if |H| is also even, then H has an even

cycle of length at least min(20(H), |H|).
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Proof. Let C' C H be a cycle of length [, and fix an orientation of C'. If

|C| = |H| then we are done, even if |H| is even. Otherwise, let P :=v;...v, be
a maximum path in 4 — C. Then all neighbors of v, are on P U C. By
hypothesis §(H) > |H| — | > p, and so v; has a neighbor € C and v, has a
neighbor on C' — z. Let y, 2 # x be neighbors of v, on C' with y as close as
possible to x in the forward direction and z as close as possible in the backward
direction (possibly y = z). Then ||2Cz||, [[zCy|| > p + 1, as otherwise we could
replace the interior vertices of one of these segments with P to obtain a longer
cycle, which would yield a contradiction. Moreover, since C' has maximum
length, any two neighbors of v, are separated by at least one vertex on C. Since

v, has at least d(v,) — p neighbors on C' — z,

Cl = llzCyll + [lyCzll + 2Cz[ = (p+ 1) + 2(d(vp) —p = 1) + (p + 1) = 26(H).

Now suppose |H| is even. If |C] is even we are done, so suppose |C] is
odd. Consider the path P and vertices x,y, z defined above. If ||xCy| and
|2Cx|| have different parity, then replace xC'y with zPy or replace zC'z with
2Pz to get an even cycle of length at least 20(H). So assume ||zCy|| and ||zCz||
have the same parity, and thus ||yCz|| is odd. Now v, has k > d(v,) — p
neighbors on yCz. Let y = a1, aq, ..., a; = z be the neighbors of v, on yCz in
their natural order. Since ||yCz|| is odd, some segment a;C'a; 1 must have odd
length. By replacing a;Ca;+1 with a;v,a,41, we get a cycle C” with even length

such that |C'| > (p+ 1)+ (p+ 1) + 2(d(v,) —p—1) > 25(H) as before. O

Proof of Theorem 2.2.3. Let G = (V, E) be a graph on n vertices with

6(G) > 2n. By Corollary 2.2.12 we may assume n = 3k, which gives 6(G) > 2k.

Set o := 3—16, and suppose G has an a-extreme subset. Let S C V be an

a-extreme set of minimal order, so |S| = [(1 —a)k]. Set T:=V\S. If k < 1/a,

then |S| =k, |T'| = 2k, G[S,T] is complete and 6(G[T]) > k. So by Dirac’s
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theorem 7" has a hamiltonian cycle C :=y; ... yory;. Since G[S,T] is complete
we can insert the vertices xy,xs, ...,z of S into C so that

Y1Y2X1Y3YaT - - - Yok—1YokTrY1Y2 is & hamiltonian square cycle. So for the rest of
the proof assume k > 1/a. Choose Ty C T such that |V \ (S UT)| is even,

2 |Vak| —1 <|Ty| <2[/ak]|, and subject to this, |7y, S| is as small as

possible. Set T} := T \ Ty, and note that |71] is even. We have,

Vee S, ||z, T|| <k— (5] — |z, 5) <2|ak]. (2.12)

Every vertex in 77 has at most as many nonneighbors in S as every vertex in Tj.

1

35, and expressing k as k = 36q + r with ¢,r € Z and

Thus, using o =

0 <r <35, we have

e T TSl < Ftam |S|J . fmm (k — Lak:J)J . {(35q+T)J <|vah|.

To U {y}| 2 |Vak) 6
(2.13)
Set m := k — |To| + |ak] and note that since k > 36,
2 2
m > §k + |ak| > gk + 1. (2.14)
Thus we have
2

Case 1: There exists an even cycle C' C G[T3] of length 21 > 2m; say

C :=1vy;...yyy1. Looking ahead to an application in Case 2, we prove something
slightly more general than what is needed for Case 1. For some ¢t < |T3|/2, let
T} C Ty such that |T]| = 2¢t. Enumerate the vertices of 77 as 21, ..., z9;. Let

P :={p1,...,p:} be aset of ports, where p; := {z9;_1, 29i, 29441, 22112} and
addition of indices is modulo t. We say that a vertex x € S can be inserted into

port p; if p; € N(x).
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Claim 2.4.3. For S’ C S with |S’| > |S| — 4, let ' be the S’, P-bigraph with
xp € E(I) if and only if x can be inserted into p. Then T has a matching

M = {x;p; : i € [t]} that saturates P.

Proof. Using Hall’s Theorem [22], since |S’| > |T1]/2 > | P, it suffices to show
that

|z, Pllr + |5, pllr > |P] for all z € S" and p € P. (2.16)

If . € 5, then ||z, T|, < 2|ak] by (2.12). Since each y € T7 is in two

ports, each nonedge zy contributes to two nonedges in I'. So ||z, P||, < 4 |ak].

Thus

[z, Plle = |P[ = ||z, Pllp = [P| — 4ak. (2.17)

If p € P, then |5, y| o < |ak] for each y € p by (2.13). Thus
15", pllp < 4 [Vak]. So

! ! 1 4
15 plle = 18" = 1", pllp = (1 = @ = - = 4v/a)k. (2.18)

Since 4y/a + 5o+ 7 < 22 < 1, summing (2.17) and (2.18) yields (2.16). O

Let S":= S and P :={p1,...,p}, where p; := {y2i_1, Yoi, Y2i+1, Y2i1o} and
addition of indices is modulo 2/. By Claim 2.4.3, there exist xy, ..., x; such that
Y1Y2T1Y3YaTo - - - Y2r—1Y2Ty1 Y2 is a square cycle of length 3I. By (2.15),

3l > 3m > 2k, and so Theorem 2.1.4 implies that G has a hamiltonian square

cycle.

Case 2: Not Case 1. Since |T}| is even, using Proposition 2.4.2 and (2.15),
|D| < |T1| — 6(G[T1]) < k, for every cycle D C G[T]. (2.19)

First suppose G[T}] is connected. By Proposition 2.4.1, there exists a path in
G[T}] of length at least 2m.
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Claim 2.4.4. Let P =y, ...y, be a path of mazimum length in G[T1]. If

yi € N(y1) and y; € N(y;), then i < j.

Proof. Suppose there exists y; € N(y1), y; € N(y;) such that ¢ > j. With respect
to this condition, choose y; and y; such that ¢ — j is minimum. If i —j —1 < %k:,
set D=y ...y;y...yiyr. By (2.14), |D| > 2m — 5k > k, which contradicts
(2.19). If i — j — 1 > 3k, let h be maximum such that y, € N(y;) and set

D :=wyys...ypy1. Since i —j —1 > %k: and ¢ — j is minimum, we have

|D| > h>m+1i—j—1> k, which contradicts (2.19). O

Let P :=y; ...y be a path of maximum length in G[T}] and with respect
to this condition, choose P so that j — ¢ is minimum, where y; is the smallest
indexed neighbor of y; and y; the largest indexed neighbor of ;. Note that by
Claim 2.4.4, j — i > 0. By (2.19) we have,

N(y1) € {y2: -y} and N(y) € {yirs1, - 1} (2.20)

Set

A=Ay, ¥}, B=Ayi, ... ayj}7 C:= {Z/j+1, T
Without loss of generality we may suppose |A| > |C| and thus we have
m < (G[T1]) <|C| <Al <k (2.21)
and |[Bl=j7—i+1<[1-2m.

Next we show that

|A, C| = 0. (2.22)

Suppose a < i < j < b and y,y, € E. Choose y, € N(y;) and yp € N(y;) such
that a < a' <i < j <V <band both ¢’ —a and b — b’ are minimal. Now

D = y1 Py yo Pyiyw Pyqey1 is a cycle having the property that
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N(y1) UN(y;) € V(D) and thus |D| > |N(y1) U N(y)| > 2m — 1 > k,

contradicting (2.19).

Set A :={yn € A:ypy1 € N(vy)} and C" :={y, € C 1 yp_1 € N(y)) }.
Note that |A’| > m and |C’| > m. We claim that the vertices in A"UC" are good

in the sense that

Vae A, N(a)N(Ty\ (AU{y;})) =0 and Ve e C',N(c) N (T1 \ (C U {y,})) = 0.
(2.23)

Without loss of generality, suppose some y;, € A’ has a neighbor

vy e\ (Au{y}). Ity ¢ V(P), then ¥'yp ... y1yns1 - - - y; is longer than P

which is a contradiction. Otherwise, by (2.22), ¥ € B. However,

Yh - -Y1Yna1 - - -y is @ path for which 5 — ¢ is smaller, contradicting the

minimality of j — 7.

Now suppose G[T1] is not connected. Since 6(G[11]) > m and |T3| < 3m,
G[T}] has exactly two components. Call these components A and C, then set
A" := A and C" := C. Without loss of generality, suppose |A| > |C]. Since
d(G[T1]) > m, we have m + 1 < |C| which implies |A| < k, by (2.14) and the fact
that |T1| = 2k + |ak| — |To|. So regardless of whether G[T}] is connected or not,
all of the following hold: (2.21), (2.22), (2.23), and

Va € A’ |la, A|| < |A| —m and Vece ' |c,C| < |C| —m. (2.24)

ForY e {A,C}, let Y =AifY =Aandlet Y =C"if Y =C.
Claim 2.4.5. For allv e V' \ (AU C), there exists Y € {A, C} such that for all

y €Y', (N(w)NN(y)NY|> 3.

Proof. For allv e V' \ (AU C), we have

[, AUC| = 2k = (V] = (Al +|C])) = |A] + [C] = k. (2.25)
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Suppose there exists v € V' \ (AU C) and ¢ € C’ such that
|(N(v) N N(c)) N C| < 2. This implies that ||v,C|| < |C| —m + 2 by (2.24). So

we have
v, Al 2 [A] +|C] =k = (|C] =m +2) = [A] + m — k — 2.
Let a € A, then by (2.14),

1
(N@) N N(@) N Al = (Al +m—k—=2)+m—|A]=2m—k—2> 2k >3,

Claim 2.4.6. There exist two disjoint square P®’s connecting edges of A to

edges of C'.

Proof. Set s := L";;lj and ¢ := L@J Choose nonadjacent vertices z, 2’ € S and
ass,¢1 € N(x) with ags € A" and ¢; € C'. Since as,s and ¢; are nonadjacent they
have at least £ 4+ 1 common neighbors distinct from x, and these common
neighbors are not in A U C. One of them v must also be adjacent to x. By
Claim 2.4.5 there exists, without loss of generality, ass_1 € A such that

ass,v € N(ags—1). Since z € S, there exists ¢y € C such that x,c¢; € N(cg). Thus
Q = Ggs_1a2,07C1Cy 18 a square P° connecting ass_1ass to cicy. Similarly, we can
choose a1, cy € N(2') with a1 € A" — ags_1 — ags and ¢y € C" — ¢ — ¢9. Since a;
and ¢y, are nonadjacent, there exist k& common neighbors of a; and cq; that are
distinct from 2" and v. One of them v’ is adjacent to x’, and v' # x by the choice
of z,2'. Moreover, v' ¢ AU C. So as above, we can choose as € A and ¢y € C
so that Q' := cor_100:{v' 7' }aras, QN Q' =0 and Q' is a square P° connecting

Cot—1Cor 10 ajag (note that we cannot specify the order of v' and z). O

Finally we claim that there exist paths

R = a1as . ..A25—-1092¢ g G[A] and R/ = C1Co . ..Cot_1Co¢ g G[C],
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such that |R| = 2s and |R/| = 2t. If |A| = m, then A = A" and thus G[A4] is

complete by (2.24). Otherwise |A| > m + 1 and thus by (2.14) we have
1 1
“k+1<=|A| 2.26
k1< ]A (2.26)

By (2.22) and (2.26), we have

S(GIAD > 2% — (V] = (1A +1CD) = JA +1C] ~k > |4l +2~ (5 +1) > 7]A] +2.

Thus for all a,d’,a” € A,
G[A\ {a,d’,a"}] is hamiltonian connected,

since 8(G[A\ {a,d’,a"}]) > 3|A| — 1 > L(JA] — 3). If |A| = 2s, then we use the
fact that G[A \ {a1, ass}] is hamiltonian connected to get R. If |A| = 2s + 1 we
let ' € A\ {a1, a9, as5_1,as2:}, and we use the fact that G[A \ {ay, ass, a’}] is

hamiltonian connected to get R. Since |A| > |C|, the same argument gives us R’

in G[C].

So by Claim 2.4.6, D := RQR'Q)’ is an even cycle of length
25+ 2t +4 > 2m + 2 (note that D € G[T1]). Recall that
V(D)NS C{x,v,2',v'} and set S := S\ D. As in Case 1, let
P:={p1,...,ps,p},-..,p;} be aset of ports, where p; := {ag;_1, a2, a2i11, @242}
for 1 <i<s—1andp):= {caj—1, 25, Coj41, Cojpa} for 1 < j <t —1. By Claim

2.4.3, there exist xq,...,xs_1,2],...,2;_; such that
/ / / !
A1G9T1A304T3 . . . T 1005 1A95VTC Cal)C3C4 T . .. Ty 1Co1Co {0 ' }aqag

is a square cycle of length at least 2s +2t +4+s—1+t—1>3m —1 > 2k.

Thus by Theorem 2.1.4, G has a hamiltonian square cycle.
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2.5 Conclusion

We have established a concrete threshold ng := 2 x 108 such that Pésa’s
Conjecture holds for all graphs of order at least ng, using methods essentially
from prior to 1996. It seems in retrospect, that we were blinded by the brilliance
of the Regularity-Blow-up method, and missed that the crucial idea of [27] was
just to divide the problem into extremal and non-extremal cases. However Pdsa’s
Conjecture remains open. We suspect that our probabilistic methods cannot be
used to obtain an improvement of more than a factor of 1000. On the other hand

we believe that ordinary graph theoretic methods have not yet been exhausted.

We have also developed the method of special reservoirs, for removing
regularity from certain arguments. We believe that this could be used on other
problems. The paper [36] was written with the goal of developing methods for a
more general set of problems. In particular they used an absorbing path lemma
which contributes to a much larger value of ng. However other problems do not
(yet) have an analog of Theorem 2.1.4, while the absorbing technique is quite
adaptable. Here are some other possible candidates for applying these new

techniques, the first of which was discussed in [36].

Conjecture 2.5.1 (Seymour [42]). For all positive integers k, every graph G

with 6(G) > ﬁ|G| contains the k™ power of a hamiltonian cycle.

Komlés, Sarkézy and Szemerédi [29, 30] used the Regularity and Blow-up
Lemmas to prove that there exists a function n(k) such that Seymour’s

Conjecture holds for all k and graphs of order at least n(k).

Chau also used the Regularity and Blow-up Lemmas to prove the

following Ore-type version of Pdsa’s Conjecture for graphs of large order.

36



Theorem 2.5.2 (Chau [7]). Let G be a graph on n vertices such that
d(z) +d(y) > 3n— 3 for all zy ¢ E(G).

(a) If 6(G) = sn+2 or 6(G) = sn+ 2, then G contains a hamiltonian

square path.

(b) If §(G) > %n + 2, then for sufficiently large n, G contains a

hamiltonian square cycle.

For a directed graph G, the minimum semi-degree of G, denoted 6°(G), is
the minimum of the minimum in-degree §~(G) and the minimum out-degree
dt(G). An oriented graph is a directed graph with no 2-cycles. Keevash, Kiihn,
and Osthus proved the following oriented version of Dirac’s theorem using the

Regularity-Blow-up method (with a directed version of the Regularity Lemma).

Theorem 2.5.3 (Keevash, Kiithn, Osthus [25]). Let G be an oriented graph on n
vertices. If 8°(G) > 3"Tj4 and n 1is sufficiently large, then G contains a

hamiltonian cycle.

Finally Treglown conjectured the following oriented version of Pésa’s

conjecture.

Conjecture 2.5.4 (Treglown [48]). Let G be an oriented graph on n vertices. If

6°(G) = 22, then G contains a the square of a hamiltonian cycle.
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Chapter 3

REGULARITY-BLOW-UP METHOD

In this section we review the Regularity and Blow-up Lemmas and state all the
facts needed for our applications in Chapters 4 and 6 (see [32] for a nice
reference). Let I" be a simple graph on n vertices. For two disjoint, nonempty
subsets U and V' of V(I"), define the density of the pair (U,V) as

e(U, V)
uivy

d(U,V) =

Definition 3.0.5. A pair (U, V) is called e-regular if for every U C U with
|U’'| > €|U| and every V' CV with |V'| > €|V|, |d(U’, V') —d(U,V)| <e. The
pair (U, V') is (¢, 0)-super-regular if it is e-reqular and for all u € U,

deg (u, V') > § |V| and for allv € V, deg (v,U) > § |U]|.

First we note the following facts that we will need about e-regular pairs.

Fact 3.0.6 (Intersection Property). If (U, V) is an e-regular pair with density d,
then for any Y CV with (d — €)*=YY| > €|V| there are less than ke|U|* k-tuples
of vertices (uy,ug, ..., u), u; € U, such that

Y NN (up, ug, ..., u)| < (d—e)F|Y].

Fact 3.0.7 (Slicing Lemma). Let (U,V) be an e-reqular pair with density d, and
for some X\ > e let U' CU, V' CV, with |U'| > AU|, |V'| > A|V|. Then (U, V')

is an € -reqular pair of density d' where € = max{{,2¢} and d' > d —e.

Proposition 3.0.8. If (U, V) is an e-reqular pair with density 6 > 2y/e > 0 and
subsets A,C C U, B,D CV of size at least %5|U| then there exist

a€ Abe B,ce C,de D with abcda = Cy.

Lemma 3.0.9 (Augmenting Lemma). Let (U, V') be an e-regular pair. Suppose

that U =UUS and V' =V UT, where |S| < p|U|, |T| < p|V],
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SNV =0=TnNU', and 0 < p <e. Then (U, V') is an € -reqular pair, where

€ = max{%,Ge}.

We will use the Regularity Lemma of Szemerédi [44] which we state in its

multipartite form.

Lemma 3.0.10 (Regularity Lemma - Bipartite Version). For every € > 0 there
exists M := M (€) such that if G := G[U, V] is a balanced bipartite graph on 2n
vertices and d € [0, 1], then there is a partition of U into clusters Uy, Uy, ..., Uy,
a partition of V into clusters Vo, Vi,..., Vi, and a subgraph G' := G'[U, V] with

the following properties:

(i) t < M,
(i) [Uo| < en, [Vo| < en,
(ili) |U;| = |Vi| =€ < en for all i € [t],
(iv) dege(x) > dega(z) — (d+ €)n for all x € V(G),

(v) All pairs (U;, V), i, € [t], are e-reqular in G' each with density either 0 or

exceeding d.

We will also use the following stronger version of the Blow-up Lemma of

Komlés, Sarkozy, and Szemerédi [28].

Lemma 3.0.11 (Blow-up Lemma). Given § >0, A >0 and o > 0 there exist

e >0 and n > 0 such that the following holds. Let S = (X1, X3) be an
(€,0)-super-reqular pair. with |X1| = ny and |X3| = ny. If T is a Y1, Ya-bigraph
with mazimum degree A(T) < A and T is embeddable into the complete bipartite
graph K, ,ny then it is also embeddable into S. Moreover, for all n|X;|-subsets
X! C X; and functions f; : X! — (;f;i), i1 =1,2, T can be embedded into S so

that the image of each z; € X! is in the set f; (x;).
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Chapter 4

2-FACTORS OF BIPARTITE GRAPHS WITH ASYMMETRIC MINIMUM
DEGREES

This chapter is joint work with H.A. Kierstead and Andrzej Czygrinow and was

published in STAM Journal on Discrete Mathematics [12].
4.1 Introduction

This paper is motivated by several lines of research. Let C! (Pr) be the r-th
power of a cycle (path) on n vertices C,, (F,). In attempt to inspire a new proof

of the Hajnal-Szemerédi theorem, Seymour made the following conjecture:

Conjecture 4.1.1 (Seymour [42]). If G is a graph on n vertices with
0(G) > +i5n, then C), C G.

Note that the case r =1 is Dirac’s Theorem and the case r = 2 is Pésa’s
Conjecture. Komlés, Sarkézy and Szemerédi [29, 30] have used Szemerédi’s
Regularity Lemma [44] and their own Blow-up Lemma [28] to prove Seymour’s
conjecture for huge graphs, however even Pésa’s Conjecture remains open for

small graphs.

Chau generalized the minimum degree condition in Seymour’s conjecture

to an Ore-type degree condition.

Conjecture 4.1.2 (Chau [7]). Suppose G is a graph on n vertices such that

deg(x) + deg(y) > T%r—"ln — :jr—} for all non-adjacent pairs of vertices x,y € V(G).

(i) If6(G) = =n+2 or 6(G) = “9n+ 3, then P, C G.

T ortl r+1

(ii) If 0(G) > ==n+2, then C;, C G.
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When r = 1, the condition deg(z) + deg(y) > r%n — :f} is Ore’s
condition and thus C] C G with no further restrictions on the minimum degree.

Chau proved Conjecture 4.1.2 for huge graphs when r = 2.

The following fundamental graph packing conjecture was made
independently by Bollobas-Eldridge [5] and Catlin [6]. We state it here in a

complementary form.

Conjecture 4.1.3 (Bollobas-Eldridge [5], Catlin [6]). If G and H are graphs on

n vertices with A(H) <r and §(G) > ™=, then H C G.

Call a graph on n vertices r-universal if it contains every graph H on n

vertices with A(H) < r, then Conjecture 4.1.3 states that G is r-universal if

§(G) > =L The case r = 1 follows from the path version of Dirac’s Theorem:

1
Since §(G) > "T_l, G contains the l-universal graph P,. Aigner and Brandt [2]
proved Conjecture 4.1.3 for the case r = 2. Fan and Kierstead [19] proved the
path version of Pésa’s Conjecture: If 6(G) > % then G contains the square P2
of P,. Since P? is 2-universal, we have a stronger version of the Aigner-Brandt
Theorem: If §(G) > 22+ then G contains a 2-universal graph with maximum

degree 4. Csaba, Shokoufandeh and Szemerédi [10] have proved Conjecture 4.1.3

for large graphs when r = 3.

Kostochka and Yu generalized the minimum degree condition in the

Bollobas-Eldridge conjecture to an Ore-type degree condition.

Conjecture 4.1.4 (Kostochka-Yu [33]). If G and H are graphs on n vertices

. 2(rn—1 . .
with A(H) < r and deg(z) + deg(y) > (T+1 ) for all non-adjacent pairs of

vertices x,y € V(G), then H C G.

The case r = 1 follows from the path version of Ore’s theorem: Since

deg(z) + deg(y) > n — 1 for all non-adjacent pairs of vertices =,y € V(G), G
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contains the 1-universal graph P,. Kostochka and Yu [34] proved Conjecture

4.1.4 for the case r = 2.

El-Zahar made the following conjecture.

Conjecture 4.1.5 (El-Zahar [17]). If G is a graph on n vertices with
(G) > Zle [in;] where n; >3 and n = Zle n;, then G contains k disjoint

cycles of lengths nq, ..., ng.

El-Zahar proved that if G is a graph on n vertices with
i(G) > %nﬂ + (%nﬂ, where nq,n9 > 3 and n = ny + ny, then G contains two
disjoint cycles of lengths ny and ns. Abassi [1] used the Blow-up and Regularity

Lemmas to prove El-Zahar’s Conjecture for huge n.

Now we focus our attention on bipartite graphs. A U, V-bigraph is
balanced if |U| = |V|. We will call a balanced bipartite graph on 2n vertices
bi-universal if it contains every balanced bipartite graph H with |H| = 2n and

A(H) = 2. Wang made the following conjecture.

Conjecture 4.1.6 (Wang [49]). Every balanced bipartite graph G on 2n vertices

with §(G) > n/2+ 1 is bi-universal.

An n-ladder, denoted by L,, is a balanced bipartite graph with vertex
sets A ={a1,...,a,} and B = {b,...,b,} such that a; ~ b; if and only if
li — 7| < 1. We refer to the edges a;b; as rungs and the edges a;by, a,b, as the
first and last rung respectively. It is easily checked that an n-ladder is a
bi-universal graph with maximum degree 3. In this sense, a ladder in a bipartite
graph is analogous to a square path in a graph. Czygrinow and Kierstead [13]
used the Blow-up and Regularity Lemmas to prove Conjecture 4.1.6 for huge

graphs by proving that such graphs contain a spanning ladder.
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Finally we consider bipartite graphs with asymmetric minimum degrees.
For a U, V-bigraph G, let §y := oy (G) and dy := 6y (G) denote the minimum
degrees of vertices in U and V respectively. The number of components of G is
denoted by comp(G). Moon and Moser [38] proved that if G is a balanced
bipartite graph on 2n vertices with oy + 0y > n + 1, then G is hamiltonian.
Amar [4] proved the following result about more general 2-factors. If G and H
are balanced U, V-bigraphs on 2n vertices with 6y + dy > n+ 2, A(H) < 2 and
comp(H) < 2 then G contains H. As noted in [4], when comp(H) < 2 this result

is best possible. Amar then made the following conjecture.

Conjecture 4.1.7 (Amar [4]). Let G and H be balanced U,V -bigraphs on 2n

vertices with A(H) < 2. If 6y + dy > n+ comp(H) then G contains H.

We will prove the following theorems, strengthening Conjecture 4.1.7 for

huge graphs.

Theorem 4.1.8. Let G and H be balanced U,V -bigraphs on 2n vertices with
A(H) < 2. For every integer k there exists No(k) such that if n > No(k),
du + 0y >n+2, and comp(H) < k, then G contains H. Furthermore, if

6(G) > goezn + 1 then G contains a spanning ladder.

Theorem 4.1.9. There exists a constant C' such that every balanced
U,V -bigraph G on 2n vertices satisfying oy + 0y > n + C' contains a spanning
ladder.

Theorem 4.1.10. Let G and H be balanced U,V -bigraphs on 2n vertices with
A(H) < 2. There exists an integer Ny such that if n > Ny and

oy + 0y > n+ comp(H) then G contains H.

We note that there are no known counterexamples to show that the

bound in Amar’s conjecture is tight when £ > 3. In fact, Wang made the
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following stronger conjecture:

Conjecture 4.1.11 (Wang [50]). Every balanced U,V -bigraph on 2n vertices

with 0y + oy > n + 2 is bi-universal.

In Theorem 4.1.10 we prove Amar’s conjecture for huge graphs, but
Theorem 4.1.8 gives evidence to suggest that a proof of Conjecture 4.1.11 should

ultimately be the goal.

We use the following notation. For A, B C V(G), E(A, B) is the set of
edges with one end in A and the other in B. By E(A) we mean E(A,V(G) \ A)
and instead of E({a}, B) we will write E(a, B). Let e(A, B) = |E(A, B)|, and we
will sometimes write e(a, B) as deg(a, B). For a subgraph H C G, e(a, H) means
e(a,V(H)). Let A(A, B) := max{e(a,B) : a € A} and
d(A, B) := min{e(a, B) : a € A}. We denote the graph induced by A as G[A].
Given a tree T, we write 2Ty for the unique path in T" between vertices x and y.
We will use the symbol & to denote modular addition, where the modulus will

be clear in context.
4.2 Auxiliary facts
We begin with some facts that we will need throughout the paper.

Lemma 4.2.1. Let G be a connected balanced U,V -bigraph on 2n vertices. Then

G contains a path of order t = min{2(dy + ov ), 2n}.

Proof. Let P be any maximal path with |P| < ¢. It suffices to show that G has a
path @ with |@| > |P|. Since P is maximal, the neighborhoods of the ends of P

are contained in P. We consider two cases depending on the parity of P.

Case 1: P = z1y, ... 1y is an even path. Then

e(x1, P) + e(y, P) > dy + 6y > [. Thus there exists an index ¢ € [I] such that
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x1 ~y; and y; ~ x;. So C = x1y; Py,x; Px is a cycle of length 2[. Since t < 2n
and G is connected, some vertex z € P has a neighbor »r € G — C'. Then

Q =rz(C — z) is a longer path.

Case 2: P = x1y; ... xyx141 is an odd path. Without loss of generality,
let 1 € U. Set P’ = P — ;1 and consider the components of G’ = G — P’. The
component containing x;,; has order 1 and thus more vertices from U than V.
Since G’ is balanced it also has a component D with more vertices from V' than
U. Since G is connected, there exists a vertex r € D that is adjacent to a vertex
z € {x;,y;} C V(P'). If possible, we choose r € V' and with respect to this
condition, choose r so that j is maximized. Let w be the predecessor of z on P’.
If |D| =1 then e(r, P') 4+ e(x1, P') > 0y + 0y > [, so there exists an index ¢ € [{]
such that x; ~ y; and r ~ x;. Thus Q = rz; Pxiy;Px;yq is a path with |Q] > | P].
So we may assume that |D| > 3. Fix a depth first search tree T" of D that is

rooted at r. Let b be the number of leaves of 7" in V. Note that
2TNV|=-b<|EM)|=|T|-1=|DNU|+|DNV|-1

which implies b > |[DNV| = |DNU|+1>2. Let y be aleaf of T in V that is
distinct from r. Since T is a depth first search tree, N(y) C V(yTr U P’). Let
m = |V(yTr) N U| and let i be the largest index with z; ~ y;. If j > [ —m then
Q = yT'rzPx, is a path with |Q| = 2(j + m) > 2(l + 1) > |P|. So suppose

3 <l—m.Ifi>1—m then Q = yTrzPy;x;Pw is a path with

Q| > 2(i+m) >2(l+ 1) > |P|. Otherwise ¢ <1 — m. By choice of r we have
e(x1, Py—m) + e(y, Px;_) > 6y + oy —m > 1 —m. So there exists an index

h € [l —m] such that z; ~ y, and y ~ x. Thus Q = rTyz, Pr 1y, Px;11 is a
path with |Q] > |P|. O

Lemma 4.2.2. Let G be a balanced U,V -bigraph on 2n wvertices.
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(i) If es and e; are independent edges and 5(G) > 3n + 1 then G contains a

spanning ladder, starting with es and ending with e;.

(i) If A={L',... L%} is a set of disjoint ladders in G such that
Soren |L| =2t and §(G) > 2= 11 then G has a spanning ladder
starting with the first rung e; of L', ending with the last rung es of L®, and

containing each L € A.

Proof. (i) Let M be a 1-factor of G with ey, e; € M. Define an auxiliary graph
H = (M,F) on M as follows. If uv,zy € M with u,z € U then uv ~p xy if and
only if u ~¢ y and v ~g z. There is a natural one-to-one correspondence
between ladders uqivy ... upvp in G, whose rungs are in M, and paths in H. Also
|H| =n and §(H) > 3n+ 1. So H is hamiltonian connected and thus has a
Hamilton path, starting with e; and ending with e;. This path corresponds to

the required ladder in G.

(ii) Note that 6(G) is large enough to insure that G has a 1-factor M
containing all the rungs of the ladders L. Form H as in (i). Then each ladder
L corresponds to a path P, in H and §(H) > %‘9“ + 1. Thus any two vertices
of H share s non-path neighbors. For i € [s — 1], connect the end ¢; of each P; to
the start b; .1 of each P,,; with a non-path vertex z; to form a path P C H with
|Pl|=t+s—1. Let H = H — (P — {¢s—1,25_1}). Then 6(H') > 3|H'| +1 and
so H' is hamiltonian connected. It follows that H’ contains a Hamilton path @

starting at c,_; and ending at x,_;. Then the Hamilton path b, Pc,_1Qx,_ 1 Pc,

of H corresponds to the required ladder in G. O

Observe that in the proof of Lemma 4.2.2(ii) we do not need the degrees
of “interior” vertices of L! to be large. More precisely, given a ladder L we define
the partition V(L) = ext(L) U L, where ext(L) is the set of exterior vertices, and

L is the set of interior vertices. If L is an initial ladder, let ext(L) be the
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vertices in the last rung. If L is a terminal ladder, let ext(L) be the vertices in
the first rung. If L is not an initial or terminal ladder, let ext(L) be the vertices
in the first and last rung of L. Note that if L € {L;, Lo}, then it is possible for
L=0.Set I:=1I(\A)= Urea L. Then Lemma 4.2.2(ii) still holds if we only

require deg(v) > 2% 41 for v € V(G) \ 1.

Lemma 4.2.3. Let G be a balanced U,V -bigraph on 2n vertices and let
A={L' ... L*} be a set of disjoint ladders with initial ladder L' and if s > 1,
terminal ladder L* such that ), |L| = 2t. Suppose deg(v) > d for all v ¢ I(A)
and there exists Q C U UV with |Q| < q such that deg(v) > D for every

veE QUIA). If

(i) D> 3n+3s+1t+4q
- 4

+1 and (ii)) d>t+3q+2s+n—D.

then G has a spanning ladder that starts with the first rung e; of L', contains

each L € A, and, if s > 1, ends with the last rung es of L*.

Proof. Let M be a matching that saturates @' = @ \. I and avoids the ladders in
A. This is possible since ¢’ = |Q’'| < d —t by (ii). We view each edge of M as a
I-ladder. Let At =AUM, s =s+¢ and t' =t + ¢'. Next we extend each
ladder L € AT to a new ladder ¢(L) as follows: let ¢(L') = L'y, 2y,

&(L*) = asb L, and (L") = a;b;L'y;z; for i € [s'] \ {1, s} such that

an, bn, Y, zn € RU R for h € [s'], where R = [J; oo+ V(L) and R’ is the set of all
previously chosen extension vertices. For example, suppose we want to find yy 2
after finding all previous extensions. Let uv be the rung of L* that we wish to
extend, where u,v € ext(L*). We have |(RU R') N N(v)| < 28’ 4+ t', and so it is
possible by (ii) to choose yy € N(v) \ (RU R'). Note that Q U I(A) C R, and so

deg(u) > D. Now since D < n we have 3s +t + 4¢ + 4 < n and thus

[(N(u) N N(ys)) N (RU R >
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So by (i) and (4.1) we may choose zy € (N(u) N N(y.)) ~ (RUR/).

Set ' ={¢(L): L€ AT} and " =1t 4+ 25’ — 2. Then s’ = |A’| and
2t" =3 en IL]. By (i)

J3n+3stiddg In+(s+¢)+{t+¢ +2(s+4q))

! "
> n+s +t

D 1 1 1.
2 1 +1 2 1 + 1 +

Thus by Lemma (4.2.2), @ € R C I(A’) and our observation preceding the

Lemma, we are done. O

4.3 Set-up and organization of the proof

For the rest of this paper we let G and H be a balanced U, V-bigraphs on 2n

vertices. Assume 0y + 0y > n + 2 and suppose without loss of generality that
0y < dy. Note that this implies 6y > 3. Define v, by 0y = 71n + 1 and 75 by

Y1+ 72 = 1. Assume vy < % < 73, since the case where v; = 7, was handled in
[13]. Also assume A(H) < 2 and k = comp(H). Our goal is to show that G

contains H.

The rest of the proof is organized as follows. Our main task is to prove

Theorem 4.1.8. This proof divides into three main cases. In Section 4 we handle

_1

the case that v < 555;-

In this case, we will show that G contains H for any
value of n, but will not prove the existence of a spanning ladder. Otherwise, we
consider two cases, the extremal case and the random case. The case is
determined by whether G is a-splittable for a sufficiently small a. In Section 5
we define G to be a-splittable if a certain configuration exists in G. The
definition is designed to be most useful in the non-extremal case where G fails to
be a-splittable. In the remainder of Section 5 we show that if G is a-splittable
and 8 > 24/a then G has a much nicer configuration called a (-partition. In
Section 6, we handle the extremal case by showing that for sufficiently small 3,

we can obtain a spanning ladder from any g-partition. In Section 7 we introduce

the Regularity and Blow-up Lemmas. In Section 8 we use these lemmas to prove
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that in the non-extremal case, if n is sufficiently large in terms of a, then G
contains a spanning ladder. In Section 9 we use our previous results to complete

the proofs of Theorem 4.1.9 and Theorem 4.1.10.
4.4 Pre-extremal Case

In this section, we will show that Theorem 4.1.8 is true in the case that one of

the minimum degrees is very small.

Lemma 4.4.1. If v < ﬁ then G contains H.

Proof. Let S ={u € U : deg(u) < 5n} and s = |S|. Then 75 > 1 — 5 and

200k
1- 1 n? < E deg(v) = E deg(u) < gns +n(n — s)
200k - 10
veV uelU
1
—n. 4.2
T (4.2)

Since 0y + 0y > n + 2, G contains a Hamilton cycle D. Suppose D orders
S as x1,...,Ts, where 1 is chosen so that distp(xy,z5) > 2. For each i € [s], let
W;TiY; Q D. Since

1 1
. . > U
|(N(w;) N N(y;)) S| > (1 T00% 20k3) n> s,

we can choose distinct z; € U such that z; is adjacent to both y; and w;g, if

Yi = Wig then z; = x;41, and otherwise z; ¢ S. Note that by the choice of z; we
have y, # wy and thus z, # 1. Set C' = wyx1y121 . . . wsTsYszswi. Then C'is a
cycle with length at most 45 < 22. Let G’ = G — (C' — {wy, z,}). Then G’ is a
balanced bipartite graph and G’ C G — S. Thus

9 (4.2) 3 3G
8(G) > —n—2s > —n+1>—| |

1.
— 10 4 _42+

So by Lemma 4.2.2(1), G’ contains a spanning ladder L with first rung w, z;.
Since comp(H ) = k, some component of H must have size at least 2?” and thus

HCCULCG. [l
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4.5 Splitting

In this section we define the notions of a-splitting and [-partition. We prove

that if G has an a-splitting then it has a (-partition.

Definition 4.5.1. G is a-splittable with a-splitting (X,Y) if X C U and
Y CV satisfy

(i) (m—a)n <|X|<(m+a)n and (2 —a)n < Y| < (2 + a)n and
(ii) e(X,Y) < ol X[]Y]
Informally, the following lemma asserts that if G is a-splittable then G
can almost be split into two balanced complete bipartite graphs so that one has

order approximately 2v;n and the other has order approximately 2v,n. Let

(X,Y) be an a-splitting of G and set X =U~ X and Y =V \ Y.
Lemma 4.5.2. If G is a-splittable for a < (%)2, then there exist partitions

U=XoUX;UXyand V =YyUY,UY; so that

(i) X1 C X,V CY,|X|= V1| > (m —2Va)n and S(G[X,UY]]) >
(m1 —4v/a)n and
(i) Xo C X,Ys CY,|Xo| = |Ya| > (72 — 2v/@)n and §6(G[X2UYs]) >

(15 — 4y/@)n,

Proof. We will show that there exist X; C X and Y; C Y satisfying (i) without
using v; < 2. Then by the symmetry of v, X and s, Y it will follow that there

exists Y, C Y and X, C X satisfying (ii).
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Let S={r € X :e(x,Y) < (71 — Va)n}. Then

SlVan < 3 e(2,Y) = e(X.Y) < a|X||Y]

zeX

151 < valx|2l < van (43)

Let T={y €Y :e(y,X) < (71 — va)n}. Then since

Y orex e(z,Y)=e(X,Y) = Zy€7 e(y, X), we have
nn|X| = a|X[|Y] < e(X,Y) < (v — Vea)n|T| + [X|([Y] = [T)).
Thus

(IX] = (m = Va)n)|IT| < (Y| = mn + ofY])|X|
(Va—an|T| < ((n+a—m)n+a(yp+a)n)(n+an
(1= Va)T| < (1+ 7+ a)(n +a)Van

T| < gﬁn (4.4)

Choose X; C X — S and Y; CY — T such that | X;| = V1] > (1 — 2V/@).
This is possible by Definition 4.5.1(i) and the upper bounds (4.3) and (4.4) on
S| and |T|. Thus for every z € X;,y € Y}

e(z,Y1) > e(z,Y) = |T| > ((m — va) = 2v/a)n > (n — 4/a)n and

e(y, X1) > e(y, X) — |S] = ((m — Va) = 2v/a)n > (m — 4/a)n.

Definition 4.5.3. A B-partition of G is an ordered partition
<X17517527X253/17T17T2,}/2) with
UZUlUU?aUl :XIUSIaUQ :SQUXQ,V:‘/&U‘/Q,‘/& :HUTI;‘/Q:TQU}/Q

such that for g := ||S;| — |Ti|| and h € [2] the following conditions are satisfied

(1) (va = B)n < |Unl,|Vi| < (9 + B)n;
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X, S; S, X;
5 | =1
@*\

Y, T, T, Y,

Figure 4.1: Lemma 4.5.4

(ii) |Sllv|82|"T1|7|T2| SQB”;'
(iii) 0(Xn, Yn), 6(Yn, Xn) = (v — 48)n + g;
(IV) 5(Sh, Yh), 5(Th, Xh) Z 22671 + g,

(v) if |Si| > | T3] then A(U;, V;), A(V;,U;) < 2406n fori € [2] and j =3 — 1.

Lemma 4.5.4. If G is a-splittable and 2\/a < 3 < 55 then G has a (3 partition.

Proof. (See Fig. 4.1.) We start with the partition U = X, U X; U X, and
V=YyUY,UY,; from Lemma 4.5.2. We describe a process for updating the

partition so that conditions (i-v) are satisfied.

Set

Sl = {.’L’ € X(] . €($,Y1) 2 24ﬁn}, SQ = Xo AN Sl,

Ty ={yeYy:e(y,X1)>24pn}, and Ty, = Yo N\ T1.

Clearly (i,ii) hold. Also (iii) holds with 24n — g to spare. Since 503 < 71 < 72,
we have e(z,Y3), e(y, Xo) > 240n for all x € Sy and y € Ty, and thus (iv) also
holds with 2n — g to spare. If (v) holds, we are done, so suppose not. Choose i
such that |S;| > |T;| and set j = 3 — i, then

0 < go:=|Si| — L] =|T;| — |5;] < 206n. We will now move vertices so that after
each move, the difference |S;| — |T;| is reduced while (i-iv) continue to hold.

Once the difference can no longer be reduced by moving vertices we will claim
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that (v) holds and then we set g := |S;| — |T;| > 0. On each step we attempt to
move vertices x € S; with e(z,Y;) > 246n from S; to S; and/or vertices y € T
with e(y, X;) > 240n from Tj to T;. If no vertices meet this requirement, then
we will attempt to move vertices x € X; with e(z,Y;) > 240n from X, to ;.
Any time a move of this type is made the size of X, is reduced, so to ensure that
| X7 = |Ya| we must also move any vertex from Y; to 7;. Similarly, we may move
eligible vertices from Y; to T; and compensate by moving any vertex from X to
S;. After each move, any of | X|, [Y4],8(X;,Y;),0(Y;, Xi),6(S;, YY), 0(T5, X;) may
decrease, and |S;| and |T;| will increase. Note that these parameters may change
by only 1 per move. Since we will make at most gy — g moves, (iii,iv) will
continue to hold. Furthermore, since |S;|, || will never be increased, |U;|, |V}|
may decrease by at most go — g and |U;]|, |V;| may increase by at most gy — g, so
(i,ii) will continue to hold. When the the process stops, (v) will hold either
because |S;| = |T;| or because there are no more eligible vertices to move, in

which case condition (v) is satisfied.

4.6 Extremal case

In this section we prove Theorem 4.1.8 in the case that G is a-splittable for

sufficiently small a.

Lemma 4.6.1. Let Ny(k) = 408800k + 1. If n > Ny(k), 11 > and G is

1
200k /
a-splittable for o = (5%)2, then G contains a spanning ladder.

Proof. Set 8 = 2\/a = 75, then by Lemma 4.5.4 G has a (-partition

(Xl,Sl,SQ,XQ,Yi,TI,TQ,}/Q). Since 71 Z L we have

200k

Y11
= = ) 4.
6n 509 > 7 (4.5)
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Set G; = G[U; UV;] for i € [2]. For L € {Ly, L3} we say that L is a
crossing ladder if its first rung is in G; and its last rung is in GG5. Choose ¢ so
that g = |S;| — |7;] > 0 and set j = 3 — i. Roughly, our plan is to find a crossing
ladder L° and then find ladders L', L” spanning G, G5 such that the last rung
of L' is the first rung of L° and the last rung of L is the first rung of L”.
However GG1, Go may not be balanced or G;, Go may have been balanced to
begin with, but the crossing ladder created an imbalance. In both of these
situations we will need a way of moving vertices between GG; and G5 so that they

may be incorporated into L' and L”.

Formally, our plan is to construct a set of pairwise disjoint ladders

A={L°.. . [*} withs<g+1<208n+1 andI:I(A):ULeAi such that

(a) LY is a crossing ladder,
(b) for all p € [s], there exists h € [2] with ext(L?) C G}, and

(¢) Gy — I is balanced (equivalently, G — I is balanced).

We may also designate one ladder as an initial ladder for each Gj. Then

we will apply Lemma 4.2.3 to construct a spanning ladder.

We begin with two useful facts. By our degree conditions we have

Vo,o' e V. IN(w)NN@)| > 20y —n>2(n/2+1)—n=2 (4.6)

Since ), .y deg(u) = e(U,V) > éy|U| and oy < éy, there exists u* € U
with deg(u*) > dy. Thus

e UVueU |INu)NNw)|>dy+1+dy—n>3. (4.7)
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Step 1: (Construct a crossing ladder L°.) We are done unless
there is no crossing Lo. (%)

So suppose not, then by (4.7) there exist vertices z; € Uy, xo € U, such that

|N(z1) N N(x2)| > 3 and

(N(xz1) N N(z2) € V1)V (N(z1) N N(zz) C V). (x1)

Let y1,y2 € N(x1) N N(x2), by (x1) there exists ¢ € [2] such that
{y1,92} CV,. Let ¢ =3 —qand y3 € N(xzy) NV,. By (4.6), y2 and ys have a
common neighbor x3 # x4, T,. By (%), 23 € Uy. Thus L = z,y12ya73y3 is a

crossing L. (See Fig. 4.2)

Step 2: (Construct L', ..., L* so that (b) and (c) hold.) For all u € U; and

velV
n+2 < deg(u)+deg(v) < |Vi|+e(u, V;)+|Uj|+e(v, U;) < n—g+e(u, V;)+e(v, U;).

Therefore
g+2§5(Ui,Vj)+5(Vj,Ui). (4.8)

Case 1: ¢ = 0. If G has a crossing Lo, i.e., (%) fails, then there is nothing to do.
Otherwise, L° = L3 and y, € L° NV, thus |U, ~ L9| = [V, ~ L°| + 1. Let

' € N(y2) N (U, — x,) and y' € N(zy) N (Vy —ys). Since g =0, ¢ and j are
interchangeable, so by (4.8), either 2’ has a neighbor in V, or ¥ has a neighbor
in U, and by (x), neither of these possible neighbors can be in L°. Regardless,
there exists an edge zy € E(U,, V) whose ends are not in L°. Let

y* € N(z) N (V, ~V(L%). By (4.6), y and y* have a common neighbor z* with
¥ # x,xp,. By (%), 2* € U,. Set L' = zyxz*y* and specify L' as the initial ladder
for G,. Note that ext(L) C G, and |U, ~ (LOU LY)| = |V, ~ (L0 U L1)| so we are

done.
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Figure 4.2: Step 1 and Step 2 (Case 1)

Case 2: g > 1. Using Definition 4.5.3(i,v) and g > 1 we have

4
Vo, v € V; [(N(v) N N(")NU;| > 2(ye —248)n — |U;| > |U;| — 506n > 5|Uj\.

(4.9)
If U; = U; we have

4
Vu,u* € Uy [(N(u) N N(u))NVi| > 2(y —2408)n — |Vi| > |Vi| — 506n > g]Vl]

(4.10)

If U; = Uy then for all v € Vi, (71 + B)n > deg(v,Uy) > (2 — 2408)n

which implies 75 > 71 > v — 253. In which case we have

Vu,u* € Uy [(N(u) N N(u*)) NVa| > 2(y —2408)n — |Va| > 2(v9 — 496)n — |V

13
> |Va] — 10080 > S|Val. (4.11)

Let m = max{0(U;,V;),d(V;,U;)} and note that by (4.8) and g > 1, we
have m > 2. Also note that by (4.8), if g > 3 then m > 3. It is the case that if
LY = L3 then m > 3: if §(V},U;) > 0, then by (4.6,%), we have 6(V;,U;) > 3
otherwise 6(V}, U;) = 0 and thus 6(U;, V;) > 3 by (4.8).

Case 2a: m =2. Then L' =Ly, 1< g<2and 1< (A4, B) <§B,A) =2 for
some choice of {A, B} = {U;,V;}. Let AUA", BUB' € {U,V}. By
Definition 4.5.3(v) and g > 0 there exists b, € B \. V(L") with no neighbor in

V(L°) N A and two neighbors a;,as € A. By (4.9,4.10,4.11), a; and ay have a
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common neighbor by € B’ \ V(L°). Let L' = a;b1asb, be the initial ladder for
G, where by € G, and ext(L') C G),. If g = 1 then

|U; ([jOULOl)] = Vi~ (Ijo U[jl)\ and we are done. If g = 2 then also §(A, B) = 2
by (4.8), and a similar argument yields an initial ladder L? = azbzasby for Gj_3
such that az € A,bs, by € B,as € A" and L°, L', L? are disjoint. We have

ext(L?) C Gj_3 and |U; (LOUL' U L2)| = Vi~ (LOO U L' U L?)| so we are done.

Case 2b: m > 3. By (4.8) there exists A € {U;,V;} = {A, B} such that

e(a,B) >m >3 for all a € A. Let M = {a,b,c,d, : r € [s]} be a maximal set of
disjoint claws with root a, € A and leaves b,, c,,d, € B. Then every vertex in
A=A~ {a,:r €[s]} has at least m — 2 neighbors in N = {b,,c,,d, : r € [s]}.
Suppose s < g. Then using Definition 4.5.3(1,v), ¢ < 26n and g < 2m — 2 (from
(4.8)), we note

(m—2)((1 = B)n — s) < |E(A,N)| < 35 - 248n.

Thus

2m

—9
5 T30<2018 <, (4.12)

v <7289 — 43+ 2 <728
m — 2 n m —

a contradiction. So we conclude that s > g + 1. Choose B’ so that
{B,B'} ={U, V,} for some [ € [2]. Let ¢ :== |B ~ L% — |B' . L| and note that

g—1<g <g+1. In order to balance G; — L we build a set of disjoint 3-ladders
AM) = {z,bra,cy.d, 1 € [¢'], a.bcrd, € M and x,,y, € B'}.

This is possible by s > g + 1, (4.9,4.10,4.11) and

(N (B) N () 0 (B IO |(N(er) AN () 1 (B~ 19)] > 221B] 2 > 2

Thus |U; ~ (LOU I(A(M)))| = |V ~ (L° U I(A(M)))| and ext(L) C G, for all
L € A(M) so we are done.
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Step 3: (Construct the spanning ladder.) Let A be the set of ladders
constructed in Steps 1 and 2 and set [ := I(A). Let A, = {L € A:ext(L) C G}
and G, = (G, — ) UJAy, for h € [2]. Note that G, GY are balanced and

G, UGl =G — LO. For each ladder L € A, there is a unique vertex

v € LNV(Gs_p). Since v/ € L, we are unconcerned about its degree in G, so we

add this vertex to the appropriate exceptional set (Sy, or T}) in GY,.

Let e; and ey be the first and last rungs of L°, which we will specify as
the terminal ladders in G} and G}, respectively. It will suffice to show using
Lemma 4.2.3 that each G, has a spanning ladder, starting at its initial ladder, if
it is specified in Case 1 or Case 2a, and ending at its terminal ladder. Let
s :=|Ap| <g+1and ¢ :=3|JAy| <3(g+1). Recall that g = |S;| — |T;|. Since
we only add vertices to S; and T; and Lon V(G}) = 0, we have
n' = 3|G}| < (v + B)n. Let Q :={v € V(G},) : deg(v) < D}, where
D := (y, — 406)n — 1. By Definition 4.5.3(iii), @ C Sj, U T},. Thus, by Definition
4.5.3(ii), ¢ :=|Q| < 48n — g. By Definition 4.5.3(iii,iv), if v € V(G}) ~\ I then
d:=22pn—1<220n+g— s <deg(v,G}). Thus G}, has the desired spanning

ladder by Lemma 4.2.3, since

!/ !/ / /
3n +384+t + 4q 1< 37hn+2§5n+10 <D

and

(4.5)
' 4+3¢ +25+n' —D<21Bn+6 < d.

4.7 Non-extremal case

In this section, we will show that if the graph is not a-splittable for sufficiently
small « then it contains a spanning ladder. The proof uses the

Regularity-Blow-up method (see Chapter 3).
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There exists

Lemma 4.7.1. Let k be a positive integer and suppose 1 2 5555 -

Ny (k) € N so that if G is not a-splittable for o = (5%)2, and n > Ny(k) then G

contains a spanning ladder.

Proof. Let0<d0§ﬁ7§—”,(51 dg, 09 < (51,(53< (52,54< 53,(5< 54,

= 3072
A=4and o= %5. For these choices of §, A and o choose € < §° and 7 to satisfy
the conclusion of Lemma 3.0.11. Now let €5 < (5)4, €1 < 165, €3 < 1eq, 60 < L,

andel_—@ So
0<ea<Ea<a<a<aKeLi<iy<iz<i<i<Kd K a.

Let Ny = 4M(€1 where M (e;) is the value obtained from Lemma 3.0.10. Apply
Lemma 3.0.10 to G with €; and §; to obtain a partition
{Uo, Uy, ..., Uy U{Vo,V1,...,V;} and a subgraph G’ satisfying (i-v). For all

i,j € [t], let £ := |U;| = |V}| and note that

(1—61) SES

|3
+ 13

Consider the cluster graph G with V(G) = {Uy, ..., U} U{Vi,...,V;} and
two clusters W, W' joined by an edge when the pair (W, W’) is €;-regular and
d(W,W') > 4;. Then G is a bipartite graph with bipartition {U/, V}, where
U={Uy,..., U} and V ={Vy,..., V;}.

Claim 4.7.2. 61/{ Z (’}/1 — 51 — 261)t and 51; Z (’}/2 — 51 — 261)t.

Proof. Suppose there exists Z € V(G) with degg(Z) < (7; — 61 — 2€1)t, where
i=1if ZeU andi=2if Z € V. Then

’)/ﬂlg S eg(Z) < ( - (51 - 261)t€ + 6177/6 < ( — (51 — 61)716
and thus some vertex z € Z has

dege (2) < vin — (01 + €1)n < degq(z) — (01 + €1)n,
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contradicting property (iv) of Lemma 3.0.10. O]

Claim 4.7.3. G contains a path P on 2q vertices with q > (1 — 207 — 4€)t.

Proof. 1f G is connected, then the claim follows immediately from Claim 4.7.2
and Lemma 4.2.1. So suppose that G is disconnected, we will obtain a
contradiction by showing that this implies that G is a-splittable. Let A and B
be distinct components of G and let X =UNJA and Y =V N|JB. Using
eg(X,Y) =0, we have

eq(X,Y) < a|X[[Y]+atl|X] < &|X[[Y]+e3]Y[|X] < aln —a)(re —a).
Thus Definition 4.5.1(ii) holds. By Claim 4.7.2 we have

| X| > (y2— 01 —2e1)tl > (79 — 01 — 261)(1 —e1)n > (72 — 61 — 3er)n > (2 — a)n
and

Y|> (1 — 61 —2e)tl > (71— 01 — 261)(1 —e1)n > (71 — 01 — 3e1)n > (71 — a)n.

Thus Definition 4.5.1(i) holds for some X’ C X, Y’ CY and (X',Y’) is an

a-splitting of G. O

Choose the notation so that P = UV, ..., U,V,. Add all clusters which
are not in P to the exceptional class Uy U V. As 07 > €, the exceptional class
may now be much larger:

Our next task is to reassign the vertices from the exceptional class to P.
Since we will need to do this twice, we state the procedure in general terms. Let
{Xo, X1,..., X, } U{Yo,Y1,...,Y,} be the current partition, where | JI_, X; =U
and (J7_,Y; = V. Suppose that (X;,Y;) and (X,41,Y;) are ¢-regular pairs of
density at least §'. Recall that (1 — €)% < ¢ < % was the common size of the
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non-exceptional clusters in the initial e;-regular partition. The procedure takes

2 is an upper bound on the size of the

two parameters ¢ and 7 where o
exceptional sets and 27/ is a minimum degree condition which a vertex must
meet in order to be reassigned to a cluster. We arbitrarily group the vertices
from Xy UY} into pairs (u,v) and distribute them one pair at a time. In addition

to reassigning vertices from X, U Y, we may move a vertex from one cluster to

another. This process will be completed after s := | X,| = |Yy| < 0n steps.

We use the following notation. For a cluster Z let Z" denote Z after the
r-th step of the reassignment. So Z = Z°. Let O(Z") := Z° N Z" denote the
original vertices of Z° that remain after the r-th step, T'(Z") := Z" \. Z° denote
the vertices that have been moved to Z during the first r steps, and
F(Z") := Z° \ Z" denote the vertices that have been moved from Z during the

first r steps. We say that a cluster Z" is full when |T(Z")| = o.

PROCEDURE: REASSIGN

For r =1,...,s reassign the r-th pair (u,v) as follows:

(i) Choose i,j € [q] so that each of the following holds:
(a) Nome of V"1 U/ and U;_l is full.
(b) deg(v,Up) > 27¢ and deg(u, V") > 27¢.
(c) If i # j then e(U}, V,°) > 37(.

ii) Reassign u to U'™', v to V7!, and if i # j then pick v’ € O(UT™!) with
j i j

deg(u/, V;?) > 27¢ and reassign u’ to U] .

Lemma 4.7.4 (Reassigning Lemma). Suppose

{Xo, X1,..., X, U{Yo, Y1,...,Y,} is a partition of V(G) in which the pairs

(X5,Y:) and (Xj41,Y;) fori € [q] and j € [q — 1], are € -regular with density at
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Figure 4.3: Distribution of vertices from X,UYy. We write z — W if deg(z, W?) >
270.

least &', where 2¢' < &', (1 — do)l < | X, |Yi| < € and s = | Xo| = |Yo| < o?n. If
a<é<o< %7’ < ido, then REASSIGN distributes all vertices from XoU Yy so

that the following conditions are satisfied:
(i) Ifu € T(X?) then deg(u,O(Y?)) > 7€ and if v € T(Y;®) then
deg(v, O(X?)) > 7¢;
(i) X7 =¥ = X7 = [Y?];
(iil) [T(XP), [TV < ol and |F(X7)|, |[F(Y7)] < of;

(iv) the pairs (O(X7), O(Y;?)) and (O(X5,,),O(Y})) are 2¢ -reqular with

J

density at least %5’.

Proof. Suppose that r pairs have been distributed and consider the (r 4 1)-th

pair (u,v). Let
N'(u) = {i : deg(u, ;") > 274} and N'(v) = {i: deg(v, X?) > 27¢}.
Since

Yon < deg(v) < [N'(v)|€ + 270t + o*n < |N’(v)|% + 20 + o?n,
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we have

IN'(v)| > (7 — 2T — o)t > (72 — 37)t.
In the same way we obtain
[N'(w)] = (71— 37)t.

Now let

X=|J XYcvUandy= |J YYCW

iEN(u) 1EN'(v)

Then we have

Y] = |N'(v)[(1=do)(1—€1)

|3

> (72—=37)(1=dp)(1—€1)n > (y2—5do)n > (y2—a)n.

Similarly

| X| > (11— a)n.

Consequently, as the graph is not a-splittable, we have

e(X,Y) > alX||Y] > a(y — a)(ye — a)n? > ayyyen®/2. (4.13)

Suppose that we are unable to distribute the pair (u,v). We will derive a
contradiction by counting edges incident with full clusters and edges in pairs
(U7, V) with e(U],V]") < 370>, At most s — 1 < o°n pairs of exceptional
vertices have been distributed, and each time a pair is distributed there are at
most two indices ¢ such that |T'(X7)| or |T(Y;")| increases. Upon distribution,
|T(XT)| or |T(Y;")| can increase by at most one. Thus there are at most

20°%n

ol

27’L
= o —
l

pairs (U;, V;) such that either U; or V; is full. The total number of edges of G

which are incident with vertices in these clusters is at most

4a%€n = 4on?.
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There are at most 37n* edges of G in pairs (X7,Y}”) with (X, Y}) < 37(%.
Then, since

(37 4+ 4o)n® < 4mn* < aypn?/2 < e(X,Y)

contradicts (4.13), there must exist ¢ € N'(v) and j € N'(u) such that none of
X7, Y7, X7, Y] s full and e(X7,Y;%) > 372, Then since
e(O(X7),Y) > (31 — 0)¢* there is v/ € O(X7) with deg(u’, ;") > 27(. Thus the

procedure distributes (u,v).

Conditions (ii) and (iii) hold by design: for (iii) note that a vertex is only
reassigned from a cluster if another vertex is reassigned to that cluster.
Condition (iv) follows immediately from Lemma 3.0.7. Finally, condition (i) is

satisfied since for every u € T'(U?) and v € T'(V;®) we have

deg(u,O(V?)) > (21 — o)l > 7¢ and deg (v,0(U;)) > (21 — o)l > 7.

Now we apply Lemma 4.7.4 to the partition
{Uo, Up,..., U U{Vp, Vi, ..., V,} with 0 = /301 and 7 = dy, recalling that
P=U,V,...,U,V, and |Uy| = |Vo| < 3d1n. After the exceptional vertices have
been distributed we set U} := X and V! := Y*. Then O(U}) = O(X}) , etc. By
Lemma 4.7.4, each (O(U}), O(V}!)) is ey-regular with density at least d, and

0> |OUH] =10(VH| > (1 —+/301)¢. While (U}, V;') may not be e;-regular, the

exceptional parts T'(U}) and T'(V;!) satisfy:

Yu € T(UY,Yv € T(VD),

deg(u, O(V}')), deg(v, O(U})) = dot > /36,0 > [T(VH)|, |T(U}).

Our next goal is to find a small ladder in each pair (U;, V;) which will
contain all of the exceptional vertices T'(U}') and T'(V;!). Precisely, we will prove

the following.
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Claim 4.7.5. For each i € [r] there exists a ladder L' C U} UV} such that:

(i) TUHUT(V) S V(L.
(if) [V(LY)| < 164/30,0.

(ili) Each w € ext(L') satisfies deg(w, (O(V;') UO(U;)') \ LP) > $0,L.

N(v') / ”N(v”)N(v)
) f--{ T g g o
K A
RN i iR .

2
Q\

N (") N (wr1)

Figure 4.4: Proof of Claim 4.7.5

Proof. Let wy,ws, ..., ws be an ordering of T'(U}!) UT(V;!). Then

s < 23010 < 1—16d0€. Suppose that we have constructed a ladder L C U} U V! on
8r vertices (1 < r < s) that contains exactly the first r vertices of
T(UNUT(V}) | satisfies (iii), and has first rung «/v’ and last rung u”v".

Without loss of generality, assume that w,; € T(U}).

We will first show how to extend L to L' by attaching a 3-ladder
aba'b'w, v, with a,a’ € O(U}) \ L and b,V',v € O(V') \ L, to the end of L so
that w,,; and v satisfy (iii). By Lemma 3.0.6, all but at most ey, vertices
v € O(V}) satisty deg(v, O(V}') N\ V(L)) > 3650 + 4. Choose such a vertex
v € N(wy41) N V(L). Each o € {u”,v",w,41,v} has at least 36, neighbors in
(O(VHuO(U})) N\ L. So by Proposition 3.0.8 we can find vertices
a,b,a’, v/ € (O(V))UO(U!)) N\ L such that a ~v", b~ u”",a’ ~v,b ~ w,; and

Gl{a,b,d',0'}] = Cy, which completes the extension.

In extending L to L' we may have violated condition (iii) for the first

rung u'v" by using up some of its neighbors. So now, in a similar way, we choose
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a’” € O(U!) \ L' and b" € O(V!)) \ L’ such that v/ ~ 0" ~ a” ~ v and
deg(a”, O(V;') \ L), deg(b”,O(U}) N L) > 1650 + 1. We then add a”b” to L’ as
a first rung to obtain L” satisfying (iii). Continuing in this fashion we obtain the

desired ladder L satisfying (i-iii). O

For each i € [g], set U? := U} \ L* and V}* := V;! \ L. Then
0> U2 = |V > (1 9 351) 0> (1—do)t.

Move one vertex from U? to UqQ. By Lemma 3.0.7 each of the pairs (U?, V;?) and

(U2, V;?) are eg-regular with density at least ds.

Our next goal is to reassign some vertices so that each of the pairs
(U2,V?) is (e, 6)-super-regular. Let Q; C U? and R; C V2 be sets of size e3|V?|
such that every vertex w € U? U V2 with deg(w,U? U V?) < (65 — €3)|V?] is

contained in @); U R;. This is possible by Lemma 3.0.6.

Move the vertices in (Q; U R; to new exceptional sets to obtain the
partition

q q

Ui =i V=R, U}=U’\Qi and V:=V?\ R
i=1 i=1

Then |U3| = |V3}] < e3n. By Lemma 3.0.7 the pairs (U?, V;?) are

(€4, 04)-super-regular for i € [q]. The pairs (U?,,V;?) may not be super-regular,

but they are es-regular with density at least d,.

Applying Lemma 4.7.4 to the partition
{U3, U}, ... U} U{V{, VP, ...V} with 0 = /€5 and T = d4, we get a new
partition {U{,..., U/} U{V;!,..., V.'}. Note that the pairs (O(U}'), O(V;!)) are

7

(3¢5, 26)-super-regular and thus
(1 do)l < (1 - 9v/38 — &5 — V@)l < (O] [V < ¢ and

[TUH]IT(VH] < Vet < %\/6_55 < V&loWU)|, VeslO(V).
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Figure 4.5: Applying Lemma 3.0.11

So by Lemma 3.0.9, since deg(u/, O(V;*)) > 6,]O(V;*)| and

deg(v', O(U)) > 6,]O(U)], for all v’ € T(U}) and v' € T(V;?), the pairs
(U, V1) are (¢, d)-super-regular (with room to spare). Similarly, each pair
(U#,1,V}') is eregular with density at least 8. Also |U}'| = |V;*|, except that

Vit = U+ 1, (U] = V3] + 1.

Using Lemma 3.0.6, for i € [¢ — 1], choose v; € V;* such that |A;1| > 16¢,
where A;q := U}, N N(v;). Similarly, choose u;11 € A;1 such that [D;] > 36¢,
where D; := VAN N(uiy1). Set P:= {v,uiy1 10 € [q— 1]}, UP :== Ul \ P, and
V2 :=V;* X P. Then (using the spared room) (U?, V;?) is still an
(¢, §)-super-regular pair. Now set B, := V>N N(u;y1) and C; := U N N(v;).
Let x;7; be the first rung of L and let w;z; be the last rung of L?, where
xi,w; € U and y;, z; € V. Finally let X; = U> N N(y;), Vi = V> N N(x;),

W; = U> N N(z), and Z; = V>N N(w;). Note that each of X;, Y;, W;, and Z;

has size at least %56 = ol.

We now apply Lemma 3.0.11 to each pair (U?, V%) to find a spanning
ladder M* whose first rung is contained in A; x B;, whose second rung is
contained in X; X Y;, whose third rung is contained in W; x Z;, and whose last
rung is contained in C; x D;. This is possible since n¢ > 4. Clearly we can insert
L* between the second and third rungs of M* to obtain a ladder £¢ spanning

Ul U VA Finally, Lv1usL? ... v,_1u,L" is a spanning ladder of G. O
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4.8 Proof of Amar’s Conjecture

Theorem 4.1.8 follows immediately from Lemmas 4.4.1, 4.6.1, 4.7.1 with

No(k) = max{Ny(k), No(k)}.

Now we prove Theorem 4.1.9.

Proof. Let Ny(1) be the value given when k£ = 1 in Theorem 4.1.8 and set
C' := Ny(1). Suppose G is a balanced U, V-bigraph on 2n vertices with
oy + oy > n + C. We may assume without loss of generality that

oy = 0(G) =: 0. We may assume 6 < 535 + 1, otherwise we would have a

spanning ladder by Theorem 4.1.8 since the choice of C' implies that n > Ny(1).

Let S ={z € U : deg(x) < 9} and S’ C S be a maximal subset such
that |N(S")| < 3]9'|. Let 5 :=|S| —|9], then G[(S \ S") U (V ~ N(5"))] contains
a set of 5 disjoint claws M = {a,b.c.d, : r € [5], a, € S\ 9,

by, cryd. € VX N(S")}. We have the following bound on the cardinality of S,

9
(n—6+O)n < |BG)| < 515]+n(n —|5])

S| < 106 — 10C. (4.14)

Note that for all v1,ve € VN V(M) we have
47 _
(N(v1) " N(w))N(UNS)|>2n—0+C)—n—|S]| > ik >2s5.  (4.15)
Thus by (4.15) there exists a set of 3-ladders
AM) = {z,a,y,becrd, - v € [8], arbyepd, € M,z y, € U N ST

Note that ext(L) C V(G) \ S for all L € A(M). Let R = pcpn V(L) For all
v e VN N(5'), we have deg(v') > n — d§ + C, thus

5’| <6 —C. (4.16)
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Now we show that GG contains a ladder that spans S’. Let
T ={z €U :deg(r) <n—295}. Then

(n— 6+ C)n < |E(G)| < (n — 298)|T| +n(n — |T))

n
T < X
1< 3

Let X’ be any (300 — |S'|)-subset of U N\ (RUSUT) and U' = 5" U X',
Similarly, let Y’ be any (305 — [N (S")|)-subset of V' ~ (N (S") U V(M)) and
V'=N(S)UY'. Let H := G[U"UV’]. Then every vertex in X’ is non adjacent
to at most 296 vertices of V' and so dy := 0y (H) > 0. Similarly,

dyr = 0y(H) > 295 + C. Let m = 306 and note that oy + dy» > m + C,

6(H) > g and by the choice of C', m > Ny(1). Thus H contains a spanning
ladder L = ujv; ... uspsv30s by Lemmas 4.6.1 and 4.7.1. Since |[N(S")| < 3|5'| we
have |S" U N(S")| < 46 by (4.16). Thus there exists rungs u;v;, u; 110,41 € E(L)
with 2 <¢ <300 — 2 such that w;, v;, w1, vi01 € V(H) N (S"UN(S")). Let

L' = wvy ... uv; and L2 = w04 . . . us5v305. We will specify L' as the initial
ladder and L? as the terminal ladder. Let A := A(M) U {L', L?} and let
I'=1(A) =UpLea L. Set ¢ =0, :=5+2=|A] and ' := 300 + 35. Note that
for all z € V(G) \ I we have,

1000 "+t 4+ 4¢
deg(z)>9—n>3n+ 00 +1>3n+3s+ + 4q

- 10 — 4 - 4

+ 1.

So we may apply Lemma 4.2.3 to GG to obtain a spanning ladder which starts

with the first rung of L; and ends with the last rung of Ls.

Finally, we prove Theorem 4.1.10.

Proof. Let C be the constant from Theorem 4.1.9, let

No(1) < No(2) < -+ < No(C — 1) be the values given by Theorem 4.1.8, and let
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No = No(C —1). Let G be a balanced U, V-bigraph on 2n vertices with n > N
which satisfies 0y + 0y > n + comp(H ). By Theorem 4.1.8 and Theorem 4.1.9,
we have H C (. O]

4.9 Conclusion

A proof of Conjecture 4.1.3 was announced at the end of 2009 by Gabor Kun. In
light of this result, it would be interesting to study an analog of Conjecture 4.1.3

for bipartite graphs.

Problem 1. Let k be a positive integer and let G and H be balanced bipartite
graphs on 2n vertices with A(H) < k. Determine the optimal value, d(k), such
that 6(G) > d(k) implies H C G.

For k = 1, the answer is d(1) = § as implied by Hall’s theorem [22]. For
k = 2, Conjecture 4.1.6 claims that d(2) = § + 1. As noted in the introduction,

Conjecture 4.1.6 was solved by Czygrinow and Kierstead (for large n) in [13].
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Chapter 5

TILING IN BIPARTITE GRAPHS: MINIMUM DEGREE
This chapter is joint work with Andrzej Czygrinow.
5.1 Introduction

If G is a graph on n = sm vertices, H is a graph on s vertices and G contains m
vertex disjoint copies of H, then we say GG can be tiled with H. In this language,

we state the seminal result of Hajnal and Szemerédi.

Theorem 5.1.1 (Hajnal-Szemerédi [21]). Let G be a graph on n = sm vertices.
If 0(G) > (s — 1)m, then G can be tiled with K.

For tiling with general H, results of Alon and Yuster [3] and Komlés,
Sarkozy, and Szemerédi [31] gave sufficient conditions on the minimum degree of
a graph G such that G can be tiled with H. Specifically, in [31], it is shown that
if G is a graph on n vertices with minimum degree at least (1 —1/x(H))n + K
for a constant K that only depends on H, then G can be tiled with H. A more
delicate minimum degree condition that involves the so-called critical chromatic
number of H was conjectured by Komlds and solved by Shokoufandeh and Zhao
[43]. Finally, Kithn and Osthus [35] determined exactly when the critical
chromatic number or chromatic number is the appropriate parameter and thus

settled the problem (for large graphs).

In this paper we study the tiling problem in bipartite graphs. Denote a
bipartite graph G with partition sets U and V' by G[U, V]. We say G[U, V] is
balanced if |U| = |V|. Zhao proved the following Hajnal-Szemerédi type result

for bipartite graphs.

Theorem 5.1.2 (Zhao [51]). For each s > 2, there exists mg such that the
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following holds for all m > mgy. If G is a balanced bipartite graph on 2n = 2ms

vertices with

n . .
5+s—1 ifmis even

3(G) >

n+3s . :
o9 — 2 if mois odd,

then G can be tiled with K, ;.

Zhao proved that this minimum degree condition was tight.

Proposition 5.1.3 (Zhao [51]). Let s > 2, and n = ms > 64s®. There exists a

balanced bipartite graph, G, on 2n vertices with

2 1s—2 ifm s even
5(G) =< °? /

mtis — 3 ifm is odd

such that G cannot be tiled with K, ;.

Hladky and Schacht extended Zhao’s result as follows.

Theorem 5.1.4 (Hladky-Schacht [23]). Let 1 < s <t be fized integers. There
exists mq such that the following holds for all m > mq. If G is a balanced

bipartite graph on 2n = 2m(s + t) vertices with

24rs—1 ifm is even
(@) ’ !

n+t+s : N
R =1 dfmoas odd,

then G can be tiled with K.

They proved that this minimum degree condition was tight in all cases
except when m is odd and ¢ > 2s + 1. Note that since we are dealing with
balanced bipartite graphs, in any tiling of G[U, V] with Kj; there must be an
equal number of copies of K, with s vertices in U as copies of K,; with ¢
vertices in U. This explains why the authors [23] suppose 2n = 2m(s + t)

instead of 2n = m(s +t).
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Proposition 5.1.5 (Hladky-Schacht [23]). Let 1 < s <t be fized integers.
There exists mqg such that the following holds for all m > mqg. There exists a

balanced bipartite graph, G, on 2n = 2m(s + t) vertices with

5+s—2 ifmis even
6(G) =
ntbEs — 2 dfmois odd and t < 2s+1

such that G cannot be tiled with K.

Our objective is to give the tight minimum degree condition in the final
remaining case, when m is odd and t > 2s + 1. We will do this in two parts.
First in Section 5.2.3 we prove that when m is odd and ¢t > 2s + 1, the following

minimum degree condition is sufficient.

Theorem 5.1.6. Let 1 < s <t be fized integers with 2s +1 < t. There exists
mg such that the following holds for all odd m with m > mgy. If G is a balanced

bipartite graph on 2n = 2m(s +t) vertices with

n+ 3s

5(G) > 1

Y

then G' can be tiled with K.

Then in Section 5.3 we prove that the minimum degree condition in

Theorem 5.1.6 is tight.

Proposition 5.1.7. Let 1 < s <t be fized integers with 2s + 1 < t. There exists
mg such that the following holds for all odd m with m > mqy. There exists a

balanced bipartite graph, G, on 2n = 2m(s + t) vertices with

nt3s 3 yft s odd
5(G) = 2 5 i
nt3s _ 9

5 if t is even

such that G cannot be tiled with K.



Let m = 2k 4 1 for some k£ € N and let n = m(s + t). We note that when
t=2s+1, 23 —1=(k+1)(s+1t)— 2 and = — 1 = (k+1)(s+t) — 1. So
the value for the lower bound in Theorem 5.1.6 is smaller than the value for the
lower bound in Theorem 5.1.4 when t = 2s + 1, but since §(G) only takes integer

values the minimum degree condition in Theorem 5.1.6 is not an improvement

until ¢ > 2s + 1.
5.2 Proof of Theorem 5.1.6

For disjoint sets A, B C V(G), we define e(A, B) to be the number of edges with
one end in A and the other end in B and for v € V(G) \ A we write deg(v, A)
instead of e({v}, A). Also, d(A, B) = %2}, 6(A, B) = min{deg(v, B) : v € A}
and A(A, B) = max{deg(v, B) : v € A}. An h-star from A to B, is a copy of

K, », with the vertex of degree h, the center, in A and the vertices of degree 1,

the leaves, in B.

The following theorem appears in [51].

Theorem 5.2.1 (Zhao [51]). For every o > 0 and every positive integer r, there
exist B > 0 and positive integer my such that the following holds for all n = mr
with m > my. Given a bipartite graph G[U, V| with |U| = |V| = n, if

6(G) > (3 — B)n, then either G can be tiled with K., or there exist

Ui CU, V{CV, such that [U| = V3| = [n/2), d(U,, Vi) Sa.  (5.1)

If a balanced bipartite graph G[U, V] on 2n vertices with n divisible by r
satisfies (5.1), we say G is extremal with parameter «. In this case we set

Uy =U\U and V/ :=V \ Vj.

If we replace r with s + ¢t in Theorem 5.2.1, we see that either G' can be

tiled with K, ¢ s+ or else we are in the extremal case. If it is the case that G
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can be tiled with K,y s+, We split each copy of K,y sy into two copies of K,

to give the desired tiling. So we must only deal with the extremal case.

5.2.1 Pre-processing

Claim 5.2.2. Let 0 < a < 1, r € N and let my; € N be given by Theorem 5.2.1.
Let m > my and suppose that G[U, V| is a balanced bipartite graph on 2n = 2mr
vertices such that 0(G) = § 4+ C, where 0 < C < 3r/2. Suppose further that the
deletion of any edge of G will cause the resulting graph to have minimum degree

less than § + C. If G is extremal with parameter «, then d(Us, V{) < 5y/av.

Proof. Let v := 5y/a and suppose d(Uj, V) > . Let

X' = {u e Uy deg(u, V) < (1 - ya)3}.

V' = {v eV} :deg(v,U]) < (1 — y/a)2}. Since (U], Vy) < a™ and
e(U1,V) > |Uj|5, we have e(U], V{) > |Uj|5 — anf. Thus we can bound the

non-edges between U] and V7,

2

Vagly'| < eU; V) < ary
which gives |Y'| < \/a§. Similarly we have | X'| < \/a%. Let Uy = Uy \ X" and
V"= V/\Y'. Since d(U}, V) > v, we have

n’ n’ n?
e(U3, V) =y — 2v/a— =3Va. (5:2)

Let X" = {u € Uj : deg(u, V{") > Va§ + C + 1} and
Y"={ve V" deg(v,U)) > /a4 C + 1}. If there is an edge uv € E(X",Y"),
then deg(u), deg(y) > § + C + 1 which contradicts the edge minimality of G, so

suppose e(X”Y") = 0. Finally, by (5.2) we have
2

3Vals < (U, V') < (X" Y He(UP\X", V)+e(VINY",Uf) < 2(Vas+C),

which is a contradiction, since n is sufficiently large.
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Let 1 < s <t be integers so that 2s + 1 < ¢, and let 0 < o < 1 (setting

3
a: (W) is small enough). Let G[U, V] be a balanced bipartite graph on

2n = 2m(s + t) vertices, where m = 2k + 1 and k is a sufficiently large integer

with respect to (£

2)?. Suppose that G is extremal with parameter ($)* and

5

edge-minimal with respect to the condition 6(G) > 252 — 1. By Claim 5.2.2 we

have d(U],V3_;) < a for i = 1,2. Then for i = 1,2, we define
U ={ueU:deg(uVy_,) < a%g}, Vi={v eV :deg(v,U;_;) < a%g},
Uy=U—-U —Us, and Vy =V = V] — Vs.

As a consequence of these definitions, we have the following.

Claim 5.2.3. Fori1=1,2

() (1= )3 < [UL [V < (1+a?)3, (i) U], Vel < a*°n,

(iii) (1 — 2&1/3)3 < §(UL V), 8(Vi, U, (iv) (a/? — a2/3)g < 5(U, Vi), 6(Vo, Uy),

(v) A(U;, Va_i), A(Vs_, U;) < at/3n

Proof. A proof of (i)-(iv) can be found in [51] and was also used in [23]. So we
prove (v) here.

Let i € {1,2} and note that

2

U\ Ula*5 < e(U\ Ui, Vi) < e(UL Vi) < o= (5.3)

and
2
VA Vil < e(V\ Vi, U ) < eV, Ujy) < arr- (5.4)
Then (5.3) and (5.4) imply
U\ UL IV \ Vil < 093, (5.5)

which gives
A(Ui, Vo) < AU, Vi) + Ve \ V| < AU VE) + [V \ Vil < o!/?n and

A(Vi,Us—y) < AV, Us_) + |Us—i \ Uj_y| < A(V;, U5_) + [U\ Us| < o'/on.
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We need to define some new sets which were not specified in [51].

Definition 5.2.4. Fori:=1,2, let

Ui = {u € U; : deg(u, Vs_;) > s}, Vi = {v € Vi : deg(v, Us_;) > s},

UiZUz‘\Uz’, andﬁzw\%.

Note that the following inequalities are satisfied:

0(Uy, Vo) +6(Us, Vo) > mn+3s =2 — (Vi| +s = 1) = ([Vo| + 5 — 1) = [Vg| + 5 and
(5.6)

S(Vi,Up) +6(Va,Up) > n+3s—2— (|Uh]| +5—1) = (|Us| + s — 1) = |Up| + .
(5.7)

5.2.2  Preliminary Claims

The following useful lemma appears in [51].

Lemma 5.2.5 (Zhao [51], Fact 5.3). Let F[A, B] be a bipartite graph with
d:=0(A,B) and A := A(B,A) Then F contains fy, vertex disjoint h-stars from
A to B, and gy, vertex disjoint h-stars from B to A (the stars from A to B and

those from B to A need not be disjoint), where

(6 —h+1)|4] g>5|A|—(h—1)|B|
MA+6—h+1 "= A¥hi—h+1

Jrn =

We now prove three claims that we will need in the main proof.

Claim 5.2.6. Leti € {1,2} and {A, B} = {U;,Vs_;}. Let 0 < c < al/?n,

By C B and Ay = {v € A:deg(v,By) > s+c}. If |[Ao| > 7§ then there is a set

Sa of at least 8;:{11/3 vertex disjoint s-stars from Agy to By.
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Proof. Let S4 be a maximum set of vertex disjoint s-stars from Ag to By and let
fs = |Sa|. We apply Lemma 5.2.5 to the graph G[Ag, By|. Recall, by Claim
5.2.3, that A(B, A) < a'/3n. Then

> (c+1)| Ay >(c+1)%_ c+1

salBn+c+1 = 2sal/3n  8sal/3’

Note that since n = (2k 4+ 1)(s + t), we can write

§(G) >t —1=Fk(s+1)+2s+1L—1.

Claim 5.2.7. Leti € {1,2} and {A, B} ={U;,Vs_;}. Let |A| = k(s+t) + z and
|B| = k(s +1t)+y. Supposey > z and y > % Then there is a set Sg of y
vertex disjoint s-stars with centers Cg C B and leaves Ly C A. Furthermore if

z > 1, then there is a set Sy of z vertex disjoint s-stars from A\ La to B\ Cp.

Proof. Let 3 := 32sa!/? and recall that by the choice of a we have

1> 8> 2a'/®. We show that the desired set Sp exists by applying Lemma
5.2.5 to the graph G[A, B]. We have

§(A,B) > k(s+t)+2s+L—-1—(n—|B|)=y+s—1—1and A(B,A) <a'/?n
by Claim 5.2.3. Let g; = |Sg|, then

< (y—t+s—1)(k(s+t)+2)—(s—1)(k(s+t) +2z+y—=2)
Js = alBn4s(y—Lt+s—1)—s+1
(y—5)E(s+1t)+2) = (s = Dy —2)
aBn4s(y—L)+s2—2541

_ tyn
—(yzal /ng (since y < a2/3g and — oz2/3g < 2, by Claim 5.2.3)
t41
>y  (sincey > T anda < 1).

Thus the desired set Sp exists.

Suppose z > 1. Let ¢:= 3y if y > 1/, and let ¢:=0if y < 1/8. Let

By =B\ Cpand Ay ={v € A\ La|deg(v,By) >s+c}and A= (A\ L4)\ Ao.
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Suppose that |A] > +&. Then there exists u € C'p such that if y < 1/8,

e(/_l,CB)> (y—%+5—1—(s—1))%:( _%)%>B—n>a1/3n

deg(u, A) > >
8(u, 4) |C| Y Yy 32

and if y > 1/,
Q(A,CB)
(&)
Jly—srs—l-GH)s _ G-5-Vis_n s,
Yy y 64 "

deg(u, A) >

each contradicting Claim 5.2.3. So |A] < 7 and thus

|Ad2ﬂAj—|LM——%;zk@—%w——afmg——%;3%.vathAbeaHmMHmm

set of disjoint s-stars from Ay to By and let f; = |Sa|. By Lemma 5.2.6 we have

fo> 86+11/3 Recall that 1 <2 <y. If y > 1/8, then f; > ;=% > 2 and if

y < 1/8, then fs > 1/3 > 1 32 2 So the desired set Su exists.

Claim 5.2.8. Suppose |Up|, |Vo| > s. If |Uy] > g and |Uy| > g (see Definition
5.2.4), then there is a K,; =: K' with s vertices in Vy, [t/2] vertices in Uy and
t/2] wertices in Uy. Likewise, if |Vi| > g and Vo] > 3 then there is a

K =: K? with s vertices in Uy, [t/2] vertices in Vi and |t/2] vertices in V.

Proof. Without loss of generality we will only prove the first statement. Let

)

and recall that |U;],|Us] < (1 + a*?)2 by Claim 5.2.3. Thus we have

) 3( IUs)| )Lt/2j g 5< (1+a2/3)% >Lt/2J
= (a1/3 _ a2/3)§ _ Lt/QJ = (a1/3 _ a2/3)§

3(1 4+ a2/3) \ M2

<s ()

w) Recall that

U1 (@!/3—a?/%)n/2
Case 1. |Vp| > 6(['15/120/([ It/2]

§(Vo, Us) > (a*/® — a?/*)n/2 for i = 1,2 by Claim 5.2.3 and suppose that there is
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no K/, with [t/2] vertices in U; and ¢ vertices in Vy. We count the

[t/2]-stars from Vj to U in two ways which gives

(1 G ) <o)

contradicting the lower bound for |Vj|. Consequently there is a complete
bipartite graph K’ = K791, with [t/2] vertices in U; and ¢ vertices in V4. If
there is no K|y s with s vertices in V/(K') N'Vj and [t/2] vertices in Us, then a
similar counting argument gives
€<’_(a1/3 _ az/B)n/Q]) - S( |Us| )
[£/2] [1/2]

contradicting the definition of .

al/3_a2/3p,
Case 2. || < K(H%H)/(R 021 ) /21). By (4.2.2), we have

[t/2] t
Wl < ¢ 3(1 4 a*?) o, [ 30+
0 2(al/3 — a2/3) = 23 —a2/3) )

Let p := 6(Uy, Vp), and note that p > s by (5.6). We claim that there is a
complete bipartite graph K’ := KT;/91, with [t/2] vertices in U, and p vertices
in V. Let ¢ be the number of p-stars with centers in Ul and leaves in V4. We
have ¢ > |U;] > % and if no p-subset of Vj is in [t/2] of such stars, i.e. K’ does
not exist, we have ¢ < ([t/2] — 1) (";Ol) which contradicts the fact that |Vf] is
O(1) and n is sufficiently large (with respect to «, ¢, and consequently |Vp|).
From (5.6) we have §(Us, Vo) > |Vo| — p + s, s0 every vertex u € U, has at least s
neighbors in V(K’) N V. Repeating the argument above by counting s-stars
with centers in U, and leaves in V(K') NV, gives K" := K |¢/2). Now choose
K' C KU K" having the property that [Vo NV (K')| = s, Uy NV (K| = [t/2],
and Uy NV (KY)| = [t/2] as desired. O

5.2.3 FExtremal Case

Recall that t > 2s 41, n = (2k 4 1)(s + t) for some sufficiently large k € N, and

(G) > %35 —1=k(s+1t)+2s+ £ —1. We start with the partition given in
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Section 5.2.1 and we call Uy and V the exceptional sets. Let i € {1,2}. We will
attempt to update the partition by moving a constant number (depending only
on t) of special vertices between U; and Us, denote them by X, and special
vertices between V) and V5, denote them by Y, as well as partitioning the
exceptional sets as Uy = Uy UUZ and Vy = Vi UV, Let Uy, Us, V¥ and Vi be
the resulting sets after moving the special vertices. Our goal is to obtain two
graphs, Gy := G[U; UU, Vi UV] and Gy == [U; UUZ, Vs U VZE] so that Gy

satisfies

Uy UUy| = li(s+1t) +as+bt, |V UV =li(s+ 1)+ bs +at
and G5 satisfies

\Us UUZ| = la(s + 1) + bs +at, |V UVE| = lo(s +t) + as + bt,

for some nonnegative integers a, b, {1, 5. We tile G| as follows. We find a copies
of K., each with ¢ vertices in U}, so that each special vertex in X NU; isin a
unique copy (some copies may not contain any special vertex). Also, we find b
copies of K, each with ¢ vertices in V}* so that each special vertex in Y N Vj* is
in a unique copy (some copies may not contain any special vertex). Note that we
only move vertices which will make this step possible. Deleting these a + b
copies of K, from G gives us a balanced bipartite graph on 2/, (s + t) vertices.

As noted in [51] and [23], this graph can easily be tiled: By Claim 5.2.3 there

2/3n

are at most «o 5

exceptional vertices in U} (resp. V'), each with degree at least
(a'/3 —a?/®)2 to Vi (resp. Uy), so they may greedily be incorporated into unique
copies of Kyt 44¢. The remaining graph is still balanced, divisible by s + ¢, and

almost complete, thus can be tiled.

So if we are able to split GG into graphs (G; and G, as detailed above, we
will conclude that GG can be tiled. However, if it is not possible to carry out this

goal, then we will use an alternate method which is explained in Case 2.
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Proof of Theorem 1.6. There are two main cases.

Case 1. max{|U1|, |Us|, [V, [Va|} > k(s +t) + &L, Without loss of generality,
suppose |U;| = max{|Uy|, |Us|, |Vi|, |V2|}.

Case 1.1. [Vo, U V| > k(s +t) +s. We apply Claim 5.2.7 to G[Uy, V5]
with A = V5 and B = U; to obtain |U;| — (k(s +t) + s) vertex disjoint s-stars
with centers Cy C Uy and leaves in V5 and a set of max{0, |[Va| — (k(s+t) +s)}
vertex disjoint s-stars with centers Cy, C V5 and leaves in U;. We move the
vertices in Cy to Us and the vertices in Cy to V4. If [Vo| < k(s +t) + s, we
choose Vj C Vj so that [(Vo U Vh) \ Vi)| = k(s + t) + s otherwise we set Vj = 0.
Then G, := G[U; \ Cy, V1 U Cy U Vj] satisfies

U1 = |Cul = k(s +1) + 5, Vil + [V5| + |Cv] = k(s + 1) + 1,
and Gy := G — (G satisfies
U2 WUl + |Cul = k(s +t) + ¢, [Va| + Vo \ Vo | — |Cy | = k(s + 1) + 5.
Thus G and G5 can be tiled, which completes the tiling of G.
Case 1.2. |VoU V| < k(s +1t) + s.

This implies |V1| > k(s +t) + t. So we apply Claim 5.2.7 to G[V, Us]
with A = Uy and B = V] to obtain a set of |Vj| — k(s + t) vertex disjoint s-stars
with centers Cy C Vi and leaves in U,. Likewise we apply Claim 5.2.7 to
G[Uy, Vo] with A =V, and B = U to obtain a set of |Uy| — k(s + t) vertex
s-stars with centers Cy C U; and leaves in V,. We move the vertices in Cy to Us

and the vertices in Cy to V5. Then G, := G[U; \ Cy, Vi \ Cy] satisfies
Uil = [Cul = k(s + 1), [Vi] = |Cv| = k(s + 1)
and Gy := G — G satisfies

U2 U Uo| + [Cul = (k+1)(s + 1), [VaU Vo +[Cv| = (k+ 1)(s + 1).
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Thus G and G5 can be tiled, which completes the tiling of G.

Case 2. max{|Ui], |Us], |VA|,|V2|} < k(s +t) + 5. Note that this implies
|Uol, Vol = s.

Case 2.1. max{|U1|, |0a|, |Vi],|Va|} > % (see Definition 5.2.4). Without
loss of generality we can assume |U;| = max{|Uy|,|Us|, [Vi|, |Va|}. Set
h:=[t/(2s)]. Since |U;| > % and s > (h —1)(s 4 t), we can apply Claim
5.2.6 to G[Uy, Va] with ¢ = 0 to obtain a set of (h — 1)(s 4 t) vertex disjoint

s-stars with centers Cy; C (71 and leaves in V,. We first move the vertices in Cy

from Ul to Uy. Then since

t t t+2s—1 t 1
Z <sh< s 22 ©
2 2s — - 2s 2 2

we can choose sets Ujj C Uy with |Uj| = k(s +t) + [t/2] — |Ui| + sh — |t/2] and
Vo C Vo with |Vj| = k(s +1t) + |t/2] — |Vi| + s+ [t/2] — sh so that
Gy := G(U, UU)) \ Cy, V1 U V] satisfies

\Ur| + Uyl — |Cu| = (k— h+1)(s+t) + hs, |[Vi| +|Vy| = (K —h+1)(s+t) + ht,
and Gy := G — G satisfies
|Us| 4+ |Upg \ UY| + |Cy| = k(s +t) + ht, |[Va| + Vo \ Vi | = k(s +t) + hs.

Thus G and G5 can be tiled, which completes the tiling of G.

Case 2.2. max{|Uy], |0, |Vi|,|Va|} < 7. Thus for ¢ = 1,2, we have

>

~ ~ n
O, Vil = (1 = a®)5 —

| 3

n
4
So we may apply Claim 5.2.8 to obtain the two special copies of K,;, K' and
K?. Note that |U; \ V(KY)|, [V; \ V(K?)| < k(s +1t) for i =1,2. Let

Uy=Uy\ V(K?) and Vj =V, \ V(K'). We remove the graphs K' and K2, then

we partition the vertices U} = Uy U UF and Vy = V' UV so that
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Gy :=G(U1UU;) \ V(K"), (Vi UVY) \ V(K?)] satisfies

U] = [t/2] + |Ug| = k(s + 1), [Vi| = [t/2] + V| = k(s + 1)
and Gy = G — G — K' — K? satisfies

|Ua] = [t/2] +|UG| = k(s +1), |[Va] = [t/2] + [V5| = k(s + ).

Thus G and G5 can be tiled, so along with K and K2, this completes the tiling
of G.

5.3 Tightness

In this section we will prove Proposition 5.1.7. We will need to use the graphs

P(m,p), where m,p € N, introduced by Zhao in [51].

Lemma 5.3.1. For all p € N there exists mg such that for all m € N, m > my,
there exists a balanced bipartite graph, P(m,p), on 2m vertices, so that the

following hold:

(i) P(m,p) is p-regular

(ii) P(m,p) does not contain a copy of K s.

Proof of Proposition 5.1.7. Let G[U, V] be a balanced bipartite graph on 2n
vertices satisfying the following conditions. Let n = (2k 4+ 1)(s + t) for some
sufficiently large k£ (as determined by Lemma 5.3.1 with p = s — 1). Partition U
into U = Uy U U; U Uy and partition V into V = V5 U V; UV, where,

U1 = [Val = k(s + ) + |52, [Val = U] = K(s + 1) + [551] and

|Us| = |Vo| = s — 1. Let G[U;, Vi] be complete for i € {1,2},

GIUL, Vo] = P (k(s+1t) + |5L],s— 1) and

2
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GlUs, Vi] = P (k(s+t) + [22],s — 1). Let G[Up, V1 U V5] be complete,
G[Vo, Uy U Us] be complete and G[Uy, V| be empty. Note that

ndds 3 if ¢ is odd

5(G> _ 2 2

%35 — 2 if t is even.

Finally we reiterate the following properties of G[Uy, V3] and G[Us, V4]. For
i=1,2,

AU, Va—i) = A(V;,Us—i) = s — 1 (5.8)
and

G[UZ, ‘/;3,1] is K2,2-free. (59)

For i € {1,2} and A € {U;,V;}, let AP :=V3_; if A= U; and let
AP = U;_; if A =V;. We call AP the diagonal set of A. Let AN =V, if A = U;
and AN := U, if A =V,. We call AV the non-diagonal set of A. Finally, we let
AM = Vi if A=U; and AM := Uy if A =V;. We call AM the opposite middle set
of A.

Suppose K = K, is a subgraph of G. We say K is a crossing K if
VIK)N (U3 UuVh) £ 0 and V(K) N (U U V) # 0. Let W = {U;, Uy, V1, V2 }.

Claim 5.3.2. If K is a crossing K., then

(i) V(K') must intersect some member of W in exactly one vertex, and

(ii) there is a unique Ay € {Uo, Vo} such that V(K) N Ay # 0.
Furthermore, if |V (K) N A| =1 for some A € W, then

(iii) V(K)NAP #£0, and

(iv) either |[V(K)NAN| > 2 and V(K) N (ANP =0, or V(K)N AN =0 and

[V(K) N (AY)P] > 2.
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Proof. (i) Suppose not. Then without loss of generality, suppose that

(i)

(iii)

(iv)

|[V(K)NVi| > 2. By (5.9) we have, |V(K)NUsy| <1 and thus
V(K)NUy =10. Since K is crossing, we have V(K) NV, # () and thus
|[V(K) NV, > 2. By (5.9) we have, |V(K)NU;| <1 and thus
V(K)NU; = 0. This is a contradiction, since K = K, and

V(K)NU| < |Us) = s — 1.

Suppose first that V(K)NUy =0 = V(K) N V. By Claim 5.3.2 (i), we can
assume without loss of generality that |V (K)NU;| = 1. Then either
V(IK)NUs|=t—1or [V(K)NUy| =s—1. If |[V(K)NUs| =t—1, then
by (5.8) we must have V(K) N V; = () which implies |V (K) N V,| = s,
contradicting (5.8). If |[V(K)NUs| = s — 1, then since t > 2s + 1 we have
[V(K)NVi| > s+ 1or |V(K)N Vs > s+ 1, both of which contradict (5.8).
Thus there exists Ay € {Up, Vo} such that V(K) N Ay # 0. Finally since

G[Uy, Vo] is empty, Ay must be unique.

Suppose that V(K) N AP = . Since |Vp| = s — 1, we have V(K) N AN £ ()
and since K is crossing, we have V(K ) N (AY)P # (). Then by (5.8), we
have |[V(K)N AN |[V(K) N (AN)P| <s—1. Thus |[V(K)NU| <2s—1 and

[V(K)NV| < 2s—2, contradicting the fact that K = K,; and ¢t > 2s + 1.

We first show that it is not possible for either |V (K) N AY| =1 or
V(K)N (AM)P| = 1. If [V(K) N AY| = 1, then by (5.8) and

|Us| = |Vo| = s — 1, we have |[V(K)NU|, |V(K)NV| <2s—1,
contradicting the fact that K = K,; and t > 2s + 1. So suppose
V(K)N (AMP|=1. f V(K)NUy =0, then |V(K)NU| =2 and since
t > 3 we must have s = 2. Then by (5.8) we have |V(K)NV| <3
contradicting the fact that K = K ; and t > 2s+ 1. If V(K) N Uy # 0,

then V(K)NVy =0. So |[V(K)NU| < s+ 1 and by (5.8),
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|[V(K)N V| <2s— 2 contradicting the fact that K = K, and t > 2s + 1.

Now suppose V(K) N AN #£ () and V(K) N (AY)P = (). Thus, by the
previous paragraph we have |[V(K) N AYN|,|V(K) N (AM)P| > 2,
contradicting (5.9).

So suppose that V(K) N AN =0 = V(K) N (AY)P. Then it must be the
case that [V(K) N (AY)M| = s — 1 and consequently |V (K) N AP| =t,

contradicting (5.8).

Let A € W. We say K is crossing from A if either |V(K)N A| =1 and
V(K)NAP| > 2, 0or [V(K)NA| =1, [V(K)NAP| =1 and V(K)NAM #£ (. We
say that a crossing K, from A is Type 1 if |V(K)N(AMM]| =5 —1,

[V(K)N AY| =t —pand |[V(K) N AP| = p for some 2 < p < s — 1. We say that
a crossing K, from A is Type 2 if |V(K) N (AM)P| =t -1,

[V(K)N AM| = s —p, and |[V(K)NAP| =p for some 1 <p < s—1.

A s—1 A t—1 (AV)P
AV t—p 2<p<s—1 AP s—p 1<p<s-—1 AP
Type 1 crossing K, ; from A Type 2 crossing K, from A

Figure 5.1: Two Types

Claim 5.3.3. Every crossing K, is either Type 1 or Type 2.

Proof. (See Figure 1) Let K be a crossing K; and without loss of generality

suppose K is crossing from U;. Let p := |V (K) N V3|. By Claim 5.3.2 (iii) and

(5.8) we have 1 < p < s — 1. Suppose K is not Type 1. If V(K) N U, = (), then

|[V(K)NU| = s — 1 which implies V(K) NV, = 0 by Claim 5.3.2 (ii). Since K is

not Type 1, it must be the case that |[V(K) NV, =1and |[V(K)NVi|=t—1in
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which case K is not crossing from U;, contradicting our assumption. So we
suppose that V(K) N Uy # (). By Claim 5.3.2 (iv) we have |V (K) N Us| > 2 and
V(K)NV; =0, which implies that |V(K) N Vy| = s — p. So by Claim 5.3.2 (ii),
we have V(K)NUy =0 and thus |V(K)NU| =t —1, so K is Type 2.

Suppose for a contradiction that G can be tiled with K. Let F be a

tiling of G which minimizes the number of crossing K ,’s.

Ui t—1 U, U; t—1 Us

t—1 @ s—q

G S—q1
Vi $—p1 D1 Vs Wi t—1 s—p1 p1 Va

Figure 5.2: Two cases in the proof of Claim 5.3.4

Claim 5.3.4. For i = 1,2, if there is a crossing Ks; of Type 2 from U; or V;,

then there is no crossing K of Type 2 from Us_; or Vi_;.

Proof. Without loss of generality suppose K' is a crossing K, of Type 2 from
U;. Suppose that K? is a crossing K, of Type 2 from U, (See Figure 2). For
i€ {1,2}, let

Kl :=GU;n (V(KY)UV(K?), V(K> (Vyu V).

We have K! = K,; & K2 neither of K!, K? are crossing, and
V(KHYUV(K?) =V(K!)UV(K2?). Thus we obtain a tiling with fewer crossing

K, ,'s, contradicting the minimality of F.

Now, suppose K is a crossing K, of Type 2 from U; and K? is a
crossing K, of Type 2 from V5 (See Figure 2). Specify an element L' € F, such

that V(L') C U, UV; and [V(L') N'Vi| =t and specify an element L? € F, such
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that V(L?) C Uy UV, and |V (L?) N Us,| = t. Choose arbitrary vertices

v € V(KY) NV, and v/ € V(K?) N Uy. We now define four subgraphs of G. Let

K, :=GV(L) NV, (V(K) UV(E?")) N (U UT) \ {u'})],
Ly =GV(L) N U, (V(K*) n 1) U{v'},
K= GV(L) N U, (V(E) UV(K?) N ((VaU V) \ {v'})], and

L2 = GIV(LY) N Vi, (V(KYY N Us) U {u'}].

All of K}, K2, L!, L? are isomorphic to K, none of K}, K2 L! L? are
crossing, and
VIKHUV(KH)UV(LHUV(L?) = V(K)YUV(K?) UV(LY)YUV(L?). Thus we

obtain a tiling with fewer crossing K ,’s, contradicting the minimality of . [

For i € {1,2}, let F; be the set of all copies of K, in F which touch
U; UV;. And let U} (resp. V;*) be all the vertices in U (resp. V') which touch
elements of F;. Precisely, let F; = {K € F: V(K)N(U;UV;) # 0} for i = 1,2,

and let
U = (UkerV(K) U and V;' = (Uger,V(K)) N V.

Note that U; C U and V; C V;*. We will use the following claim to show that all

of the remaining possible configurations of crossing K,,’s lead to contradictions.

Claim 5.3.5. For alli € {1,2}, either
max{|U7], [V;'[} = k(s +1) + 2t or min{|U7[, [V;*|} = (K +1)(s +1),

Proof. Suppose that max{|U/|,|V;*|} < k(s+t)+ 2t. Then since U; C U; and

Vi C V;*, we have

k(s +1t)+s <|U|,|V]"| < k(s+t)+ 2t (5.10)
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and thus

US| — V]| <2t —s. (5.11)

By definition G[U}, V;*| can be tiled, thus there exists nonnegative integers ¢, a, b
such that |Uf| = (s +t) + as + bt and |V*| = {(s + t) + at + bs. By choosing ¢
to be maximal, we have a =0 or b= 0. If £ < k — 1, then in order to satisfy the
lower bound in (5.10) we must have a > 3 or b > 3. Since a =0 or b = 0, we
have ||U| — |V;*|| > 3t — 3s > 2t — s, which contradicts (5.11). If £ = k, then in
order to satisfy the lower bound in (5.10), we must have a > 2 or b > 2, but then
we violate the upper bound. So ¢ > k + 1 and we have

min{|U7[, [Vi*[} = (k + 1)(s +1). O

We will also use the following facts. For ¢ = 1,2, we have

t+2
]VZ-UVO|+5,\U1'UU0|+3§k(s—l—t)+%—|—2s—1<(k—l—l)(s—l—t). (5.12)

which in particular implies

ViU Vo| +¢,|U; UUs| + t < k(s +t) + 2t. (5.13)

Let i € {1,2} and let
X; ={K € F: K is crossing from U; and K is Type 2} and
Y; ={K € F: K is crossing from V; and K is Type 2}. Since
|Uo| = [Vo| = s — 1, Claim 5.3.2 (ii) implies,

0<|X;, V] <s—1. (5.14)
Case 0. There are no crossing K;'s. So |Uy| < |Uy UUp| and V)| < [V3 U V).

Then by (5.12) we have |Uf|, |V*| < (k + 1)(s + t), contradicting Claim 5.3.5.

Case 1. There is a crossing K, of Type 1. Without loss of generality, suppose

K is a crossing K, of Type 1 from U; and let p := |[V(K') N V3], Since
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U, s—1 U, U, s—1 U,

t—gq q
s—1
Vi t—p P Voo W t—p P Va
Case 1.0 Case 1.1.i
U, . s—1 U, U, . s—1 U,
q t—q t—1
s—1 S—q1 qn
Vi t—p P Voo W t—p P Va
Case 1.1.ii Case 1.2.i
U, s—1 Us
t—1
g S—q
1% t—p p Va

Case 1.2.ii

Figure 5.3: Case 1

Up \ V(K') = 0, there can be no other crossing K;,’s of Type 1 from U; or U,
and no crossing K;’s of Type 2 from V; or V5. By Claim 5.3.3, we must only

consider five subcases:

Case 1.0. K' is the only crossing K,. So |Uf| < |U; U Up| and
VI < ViUVl +p < [ViU V| + s. Then by (5.12) we have

U], V5| < (k4 1)(s +t), contradicting Claim 5.3.5.

Case 1.1.i. There is a crossing Ky, of Type 1 from V;. Let K? be a
crossing K, from V; and let ¢ := [V(K?) N Us|. Since V \ V(K?) =0, K' and
K? are the only crossing K,’s. So |Uf| < |Uy UUy| + ¢ < |U; UUp| + s and
Vi < ViUV +p < [ViUVy| +s. Then by (5.12) we have,

U], V5| < (k4 1)(s +t), contradicting Claim 5.3.5.

Case 1.1.ii. There is a crossing K, of Type 1 from V5. Let K2 be a
crossing K, from V, and let ¢ := [V/(K?) N U,|. Since V \ V(K?) =0, K' and
K? are the only crossing K;’s. So [Vi*| <[ViUVo|+p+1<|V3UVy|+ s and
|Us| < |UyUUp| +t—q<|U UUy|+t. Then by (5.12) and (5.13) we have
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V| < (k+1)(s+1t) and |Uf| < k(s +t) + 2t, contradicting Claim 5.3.5.

Case 1.2.i. 1 < |X;|. By Claim 5.3.4, since there exists a crossing K, of
Type 2 from U, there can be no crossing K,;’s of Type 2 from U,. So
|Us| < Uy UUp| + | X1+ 1 < |UyUUp| + s and
V5| < [VaU V| +t—p < |[VaU V| + t. Then by (5.12) and (5.13) we have

|Us| < (k+1)(s+1t) and |V5| < k(s + t) + 2t, contradicting Claim 5.3.5.

Case 1.2.ii. 1 < |X,|. By Claim 5.3.4, since there exists a crossing K
of Type 2 from Us, then there can be no crossing K,;’s of Type 2 from U;. So
|Us| < Uy UUp| + | Xa| < |Uy UUp| + s and |Vi*| < V4 UV +p < V3 U V| + s.
Then by (5.12) we have |U{|, |V{*| < (k+1)(s + t), contradicting Claim 5.3.5.

U1 t—1 U2 U1 t—1 U2
s —q1 q1

Vi s—p1 D1 Va Vi s—p1 p1 t—1 Vo

Figure 5.4: Case 2

Case 2. There are no crossing K,,’s of Type 1. By Claim 5.3.3, there can only
be crossing K,’s of Type 2. Without loss of generality suppose that 1 < |X;].
Then there can be no crossing K, of Type 2 from U, or V5. So

|Us| < U UUp| + | Xq| < |U2UUp| + s and |V5| < [VaU V| + Y| < [VaU V| + s.
Then by (5.12) we have |Us|, |V5| < (k+1)(s + t), contradicting Claim 5.3.5.

5.4 Conclusion

Seymour conjectured that for any positive integer r, if G is a graph on n vertices

with §(G) > ~5n, then G contains the r™* power of a Hamilton cycle

(Conjecture 2.5.1 in Chapter 2). If true, Seymour’s conjecture implies Theorem

5.1.1 (with s =7 + 1) since the 7*® power of a Hamilton cycle contains | -2 |

r+1
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vertex disjoint copies of K,;;. Define a r-ladder on 2n vertices, denoted L], to
be a balanced bipartite graph with vertex sets {u, us, ..., u,} and
{vi,v2,...,v,} such that u,v; is an edge if |i — j| <r — 1. Then L] has the
property that for all 1 <i <n —r + 1, the vertex sets {u;, u;i1,...,Uir—1} and

{vi, Vig1, ..., Viyr—1} induce the complete bipartite graph K, .

Problem 2. For all r € N, determine the the optimal value d(r) so that if G is

a balanced bipartite graph on 2n vertices with 6(G) > d(r), then L], C G.

A solution to this problem would generalize the tiling results for bipartite
graphs as Seymour’s conjecture generalizes the Hajnal-Szemerédi theorem. The
case r = 1 is implied by Hall’s theorem [22] which gives d(1) = 5. The case
r = 2 was solved by Czygrinow and Kierstead (for large n) in [13], giving
d(2) = § + 1. This problem seems like a nice setting to apply the “absorbing”
technique (instead of the regularity-blow-up method) developed by Rodl,

Rucinski, and Szemerédi [41].
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Chapter 6

TILING IN BIPARTITE GRAPHS: ASYMMETRIC MINIMUM DEGREES
This chapter is joint work with Andrzej Czygrinow.
6.1 Introduction

If G is a graph on n = sm vertices, H is a graph on s vertices and G contains m
vertex disjoint copies of H, then we say G can be tiled with H. We now state

two important tiling results which motivate the current research.

Theorem 6.1.1 (Hajnal-Szemerédi [21]). Let G be a graph on n = sm vertices.
If 0(G) > (s — 1)m, then G can be tiled with K.

Kierstead and Kostochka generalized, and in doing so slightly improved,

the result of Hajnal and Szemeredi.

Theorem 6.1.2 (Kierstead-Kostochka [26]). Let G be a graph on n = sm
vertices. If deg(z) 4+ deg(y) > 2(s — 1)m — 1, for all non-adjacent x,y € V(G)
then G can be tiled with K.

Both of these results can be shown to be best possible relative to the

respective degree condition, i.e. no smaller lower bound on the degree will suffice.

For the rest of the paper we will consider tiling in bipartite graphs. Given
a bipartite graph G[U, V] we say G is balanced if |U| = |V|. The following
theorem is a consequence of Hall’s matching theorem [22], and is an early result

on bipartite graph tiling.

Theorem 6.1.3. Let G be a balanced bipartite graph on 2n vertices. If
d(G) = 5, then G can be tiled with K ;.
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Zhao determined the best possible minimum degree condition for a

bipartite graph to be tiled with K, s when s > 2.

Theorem 6.1.4 (Zhao [51]). For each s > 2, there exists mg such that the
following holds for all m > mg. If G is a balanced bipartite graph on 2n = 2ms

vertices with

5+s—1 ifm s even

i(G) >

n+3s . .
o458 — 2 ifm s odd,

then G can be tiled with K.

Hladky and Schacht, and Czygrinow and DeBiasio determined the best
possible minimum degree condition for a balanced bipartite graph to be tiled

Wlth stt.

Theorem 6.1.5 (Hladky, Schacht [23]; Czygrinow, DeBiasio [11]). For each
t > s > 1, there exists mqg such that the following holds for all m > mg. If G is a
balanced bipartite graph on 2n = 2m(s + t) vertices with
5+s—1 ifmis even
i(G) > s — 1 difmois odd and t < 2s
%35—1 if m is odd and t > 2s + 1

then G' can be tiled with K.

Now we consider a more general degree condition than 6(G). Given a
bipartite graph G[U, V], let iy (G) := min{deg(u) : v € U} and
Oy (G) := min{deg(v) : v € V'}. We will write dy and dy instead of oy (G) and
0y (G) when it is clear which graph we are referring to. The following theorem is
again a consequence of Hall’s matching theorem and is more general than

Theorem 6.1.3.

Theorem 6.1.6. Let G[U, V] be a balanced bipartite graph on 2n vertices. If

Oy + 0y > n, then G can be tiled with K ;.
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Notice that when s = 2, Theorem 6.1.4 says that if G[U, V] is a balanced
bipartite graph on 2n vertices with 6(G') > % + 1, then G can be tiled with Ky 5.
Based on this, one might guess that the optimal value of dy + 6y, which implies
that G can be tiled with Ky is 6y 4+ éy > n + 2. In fact, Wang made the

following conjecture about 2-factors in bipartite graphs.

Conjecture 6.1.7 (Wang [50]). Let G[U, V] and H be balanced bipartite graphs

on 2n vertices. If oy + oy >n+2 and A(H) <2, then H C G.

Czygrinow, DeBiasio, and Kierstead [12] proved Wang’s conjecture when
oy > oy = Q(n). However, setting s = 2 in Theorems 6.1.8 and 6.1.13, which are
stated below, we obtain the result that if G[U, V] is a balanced bipartite graph
on 2n vertices with dy + dy > n+ 1 and dy > oy = Q(n), then G can be tiled

with KQ,Q .

We prove the following theorems which will generalize the results in [51]

for all s > 2.

Theorem 6.1.8. For each s > 2 and X € (0, 3), there exists mq such that the
following holds for all m > my. If G[U, V] is a balanced bipartite graph on
2n = 2ms wvertices with &y > 0y > An and 0y + oy > n + 3s — 5 then G can be

tiled with K, .

As mentioned earlier, Zhao gave examples which shows that Theorem

6.1.4 is best possible.

Proposition 6.1.9 (Zhao [51]). Let s > 2, and n = ms > 64s®. There exists a

balanced bipartite graph, G, on 2n vertices with

5+s—2 ifmis even
(G) =
n+3s . -
s — 3 if mois odd
such that G cannot be tiled with K, ;.
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Since there are examples with §(G) = %33 — 3 such that G' cannot be
tiled with K, this implies that there are examples with
du + 0y = 20(G) = n + 3s — 6 which cannot be tiled with K. This shows that
the degree condition in Theorem 6.1.8 is best possible. Notice that Theorem
6.1.4 gives a better bound on 6(G) when m is even, which might lead you to
guess that oy + dy > n + 2s — 3 suffices when m is even (based on Theorem
6.1.8). However, we show that when m is even (or odd) there are graphs with

dv(G) + 0v(G) = n + 3s — 7 that cannot be tiled with K.

Proposition 6.1.10. Let s > 2. For every j € N, there exists an integer m and
a balanced bipartite graph G[U, V| on 2n = 2ms wvertices such that
dy+dy=n+3s—T7and2sj —s—1< |0y — dy| <2sj —1, but G cannot be
tiled with K 5.

Surprisingly, we show that when &y is significantly smaller than dy, a
smaller sum of degrees will suffice to tile G with K, provided dy > oy = Q(n).

First we must give a definition which allows us to precisely state our result.

We make use of the following fact to split the positive integers into two

classes.

Fact 6.1.11. Let s be a positive integer. There exists unique p,q € N such that

s=p>+qand 0 < q<2p.

Using this fact, we define a function which classifies positive integers

depending on their value of q.
Definition 6.1.12. Let ¢ be a function from Z* to {0,1} such that

0 ifq=0 or p+1<qg<2p
c(s) =

1 if1<qg<p
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Theorem 6.1.13. Let s > 2 and A € (0,3). There exists mo such that the

following holds for all m > my. Let G be a balanced U,V -bigraph on 2n = 2ms
vertices with 6y > 6y > An, oy = kis+ s+ 1 for some 0 <r <s—1,
ko =m—ki, ki < (1= £)ks, and 0 < d < s —2[/s] +c(s) + 1. If

(1) oy +dy >n+3s—5 or

(i) ko > (s —d)ky and oy + oy > n+2s —2[/s] +d+ c(s),
then G can be tiled with K.

We also give examples to show that the degree is tight when d = 0 in the

preceding theorem.

Proposition 6.1.14. For every s > 2, there exists a balanced bipartite graph G

with ko > sk and
Su 40y =n+2s—2[/s|+c(s) -1

such that G cannot be tiled with K, ;.

Finally, when ¢y is constant, we first construct two graphs with
du + 0y > n+2s—2[y/s] +c(s) which cannot be tiled with K 5. Then we show
that there exists graphs (without constructing them) with 0y + dy much larger

than n + 3s which cannot be tiled with K ;.

Theorem 6.1.15. There exists sg,ng € N such that for all s > sg, there exists a
graph G[U, V| on n > ngy vertices with dy + dy > n + 5" such that G cannot be

tiled with K 5.
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6.2 Extremal Examples

6.2.1 Tightness when ko =~ k;

As mentioned in the introduction, Zhao determined the optimal minimum
degree condition so that G can be tiled with K, ;. If n is an odd multiple of s,
then 6(G) > § + 3—25 — 2 is best possible; however, if n is an even multiple of s,
then 6(G) > § + s — 1 is best possible. In Theorem 6.1.8 and Theorem 6.1.13 we
show that if oy > 6y = Q(n), then dy + dy > n + 3s — 5 suffices to give a tiling
of G with K, ;. We now give an example which shows that even when n is an
even multiple of s, we cannot improve the coefficient of the s term in the degree

condition.

We will need to use the graphs P(m,p), where m,p € N, introduced by
Zhao in [51].

Lemma 6.2.1. For all p € N there exists mg such that for all m € N, m > my,

there exists a balanced bipartite graph, P(m,p), on 2m vertices, so that the

following hold:

(i) P(m,p) is p-regular

(ii) P(m,p) does not contain a copy of Ky s.

First we recall Zhao’s example which shows that there exist graphs with
duy + 0y = n+ 3s — 6 such that G cannot be tiled with K ;. Let G[U, V] be a
balanced bipartite graph on 2n vertices with n = (2k + 1)s. Partition U as
Uy UU, with |Uy| = ks + 1, |Us| = ks + s — 1 and partition V as V; U V5 with
Vil = ks + s — 1, |Va| = ks + 1. Let G[Uy, V1] and G[Us, V5] be complete, let
G[Uy, Vo] >~ P(ks + 1,5 — 2) and let G[Uy, V1] ~ P(ks + s —1,2s — 4).
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/25—4 \

ks+s—1 ks+1

Figure 6.1: m is odd and 6y + 0y =n+3s —6

We now recall the argument which shows that G' cannot be tiled with
K, 5. Suppose G can be tiled with K, s and let K be such a tiling. For F' € K
and ¢ = 1,2, let X;(F):=V(F)NU;, Yi(F) :=V(F)NV; and
9(F) = (| X1(F)|, | X2(F)|, [Yi(F)|, |Ya(F)|). We say F' € K is crossing if
V(F)N (U UVy) # 0 and V(F) N (U U Vz) # (. We now claim that if F is
crossing then 0(F) = (s —1,1,5,0) or ¢(F) = (0,s,1,s — 1). It is not possible
for X1(F) # 0 and Y3(F) # 0 since G[Uy, Vo] ~ P(ks + 1,s — 2) and G[V;,Us] is
Ky o-free. Thus if X (F) # 0, then |Y1(F)| = s, | X2(F)| < 1, and
| X1(F)| > s—1. If Ya(F) # 0, then | Xo(F)| = s, [Y1(F)] <1, and
|Y2(F)| > s — 1. This shows that if F' is crossing then v(F) = (s — 1,1, s,0) or
U(F) = (0,s,1,s — 1). Finally, since we are supposing that G can be tiled, there
exists some ¢ € N and some subset K’ C K such that every F' € K’ is crossing
and Y pepe [ Xi(F)| =fls +1and ) oo [Yi(F)| = s + s — 1. Let i; be the
number of F' € K’ with ¢(F) = (s — 1,1, s,0) and let i3 be the number of F' € K’

with ¥(F') = (0,s,1,s — 1). Then we have
(i) (s—1)iy=¥¢s+1 and (ii) si;+ig=0ls+s—1

Which implies i; + 7o = s — 2. However, (ii) implies that i > s —1, a

contradiction.
Now we prove Theorem 6.1.10.

Proof. We give two examples of graphs which cannot be tiled with K ; one

when m is even, one m is odd, and both with 0y 4+ dy =n +3s — 7.
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Let 7 be a non-negative integer and let m = 2k, where k is sufficiently
large. Let U and V' be sets of vertices such that |U| = |V| = 2ks. Let U be
partitioned as U = U; U Uy and V' be partitioned as V = V; U V, with
Ui|=(k—j)s+ 1, |Us|=(k+7)s—1,|Vi|=(k—j+1)s — 1 and
|Va| = (k4 j —1)s + 1. Let G[U;, Vi] be complete for i = 1,2. Let G[Uy, V3] be
the graph obtained from G[U;, V5] ~ P((k + j)s — s+ 1,s — 2) by deleting
(27 — 1)s vertices from U] while maintaining 6(V5, U;) > s — 3 (note that when
s =2,0(Va,U;) =0). Let G[Us, V] be the graph obtained from
GUs, V]| ~ P((k+j)s —1,(2j + 1)s — 5) by deleting (2j — 1)s vertices from V/

while maintaining §(Us, V1) > (25 + 1)s — 6. We have

bv=((k—-j)s+s—1+s—2=(k—7+2)s—3,

Sy =(k+j)s—1+s=-3=((k—-j)s+1+2j+1)s—5=(k+j+1)s—4,

and thus 0y + 0y =2ks+3s—T7=n+3s—T.

(k—j)s+1 (k+75)s—1 (k—j)s+1 (k+j)s+s—1
5—a a(2j+1)s— 6 s — (2 +2)s—6
(25 + 1)s -5 -3 (27 +2)s -5 -3
(k—j)s+s—1 (k+7)s—(s—1) (k—j)s+s—1 (k+7)s+1
Case: m even Case: m odd

Figure 6.2: 0y + 0y =n+3s—7

Let 7 be a non-negative integer and let m = 2k + 1, where k is sufficiently
large. Let U and V' be sets of vertices such that |U| = |V| = (2k + 1)s. Let U be
partitioned as U = U; U Uy and V' be partitioned as V = V; U V5 with
Uil =(k—j)s+ 1, |Us|=(k+j)s+s—1,|Vi|] =(k—j)s+s—1and
|Va| = (k + j)s + 1. Let G[U;, V;] be complete for i = 1,2. Let G[Uy, V5] be the
graph obtained from G[U], Vo] ~ P((k+ j)s + 1, s — 2) by deleting 2js vertices
from U] while maintaining 6(Va,U;) > s — 3 (note that when s = 2,

d(Va,Uy) = 0). Let G[Us, V1] be the graph obtained from
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GlUy, V] ~ P((k+j)s+s—1,(2j +2)s — 5) by deleting 2js vertices from V/

while maintaining §(Us, V1) > (25 + 2)s — 6. We have

ov=(Fk—-7s+s—1+s—2=(k—j+2)s—3,

dy=(k+))s+s—1+s-3=(k—j)s+1+(2j+2)s—5b=(k+j+2)s—4,
and thus 0y + 6y = (2k+1)s+3s—T7T=n+3s—T.

The same analysis given before the start of this proof shows that each of

these graphs cannot be tiled with K.

6.2.2 Tightness when kg > ky

Now we prove Theorem 6.1.14.

kis+y kos —y

kis+s—1 kos —s+1

Figure 6.3: oy + 0y =n+2s—xz —y —1

Proof. Let G = (U UU,, V3 U Va; E) be a bipartite graph with |Uy| = k1s + v,
|Us| = kas —y, V1| = kis + s — 1, |Va| = kas — s + 1 such that G[Uy, V1],
G[Us, V3], and G[V;, Us] are complete. Furthermore suppose |Va| > (s — z)|Uy],
every vertex in U; has s — x neighbors in V5, and for all u,u’ € Uy,

(N(u) N N(u")) N Vo = (. Thus we have 0 < §(Va,U;) < A(Vo,U;) < 1 with
§(Vo,Uy) = A(Va,Uy) = 1 only when |V3] = (s — x)|U;| and thus

bu+dy >kis+s—1+s—ax+hks—y=n+2s—(r+y)—1 (6.1)

Every copy of K, which touches both U; and U, U V5 must have one

vertex from U, s — 1 vertices from Us, at most s — x vertices from V5, and at
102



least x vertices from V;. So if xy > s, then G cannot be tiled. So in order to
maximize dy + dy we minimize x + y subject to the condition that xy > s. The
result is that x = y = [{/s], unless 1 < ¢ < p in which case x = [/s] — 1,

y = [v/s] suffices. Thus (6.1) gives 0y + oy = n+ 2s —2[4/s| — 1 in general and

duy+ oy =n+2s—2[/s] when 1 <q<p.

6.3 Non-extremal Case

In order to prove Theorem 6.1.8 and Theorem 6.1.13 we will first prove the

following Theorem.

Theorem 6.3.1. For every a > 0 and every positive integer s, there exist 3 > 0
and positive integer my such that the following holds for all n = ms with

m > my. Given a bipartite graph G[U, V] with |U| = |V| = n, if

du + 0y > (1 =20)n, dy > oy > an and §y = k1s + s+ r for some

0<r <s—1with ky + ks = m, then either G can be tiled with K, s, or

there exist U] C U, Vo CV, such that |Uj| = kys, |V4| = kes, d(U7,V3) < a.
(6.2)

If G is a graph for which (6.2) holds, then we say G satisfies the extremal

condition with parameter a.

6.3.1 Proof of Theorem 6.5.1

Here we prove Theorem 6.3.1. We show that if G is not in the extremal case, we
obtain a tiling with K ,; otherwise G is in the extremal case which we deal with

in Section 6.4. The proof is adopted from Zhao [51].
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Proof. Let €, d, and (3 be positive real numbers such that
eKdKL K

and suppose n is large. Let G[U, V] be a bipartite graph with |U| = |V| = n,

du + 0y > (1 — fB)n, and oy > oy > an. We also have dy = ks + s + r for some
0 <r<s—1and we set ko :=m — k. Let 71,72 be positive real numbers such
that dy > (v — B)n, oy > (72 — B)n and 4 + 2 = 1. Note that v, > v > «.
We apply Lemma 3.0.10 to G with parameters ¢ and d. We obtain a partition of
U into Uy, Uy, ...,U; and V into Vg, V4, ..., V; such that |U;| = |V;| = ¢ < en for
all 7 € [t] and |Uy| = |Vo| < en. In the graph G’ from Lemma 3.0.10, we have
(Ui, V;), is e-regular with density either 0 or exceeding d for all ¢, j € [t]. We also
have degq(u) > (71 — B)n — (e + d)n for u € U and

dege (v) > (2 — B)n — (e +d)n for v € V.

We now consider the reduced graph of G'. Let G, be a bipartite graph
with parts U := {Uy,...,U;} and V := {V;, ..., V;} such that U; is adjacent to
V;, denoted U; ~ Vj, if and only if (U;,V;) is an e-regular pair with density
exceeding d. A standard calculation gives the following degree condition in the

reduced graph, 0, > (71 — 20)t and d§y > (79 — 20)t.

Claim 6.3.2. If G, contains two subsets X CU and Y C 'V such that
| X| > (71— 30)t, |Y| > (72 — 30)t and there are no edges between X and Y,
then (6.2) holds in G.

Proof. Without loss of generality, assume that | X| = (v, — 33)t and

Y| = (72 — 30)t. Let U’ = Up,exU; and V' = Uy, ¢y V;. We have
(1 —48)n < (m =3Bt = | X|¢ = |U'| < (m —38)n

and

(v2 —4B)n < (v =3 = [Y |t = [V'| < (v2 — 30)n.
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Since there is no edge between X and Y we have eq(U’, V') = 0. Consequently
eq(U",\ V') <eq (U, V') +d|U'||V'| + 2en|U’| < dk;iskss. By adding at most
45k s vertices to U’ and 48ksys vertices to V/, we obtain two subsets of size kis
and kys respectively, with at most dkiskos + 40k skos + 40k1skas < akyskss
edges, and thus (6.2) holds in G. O

For the rest of this proof, we suppose that (6.2) does not hold in G.

Claim 6.3.3. G, contains a perfect matching.

Proof. Let M be a maximum matching of G,.. After relabeling indices if
necessary, we may assume that M = {U;V; : ¢ € [k],k < t}. If M is not perfect,
let x € U and y € V be vertices which are unsaturated by M. Then the
neighborhood N(z) is a subset of V(M), otherwise we can enlarge M by adding
an edge xz for any z € N(z) \ V(M). We have N(y) C V(M) for the same
reason. Now let [ ={i:V; € N(z)} and J ={j : U; € N(y)}. If I N J # 0; that
is, there exists ¢ such xV; and yU; are both edges, then we can obtain a larger
matching by replacing U;V; in M by xV; and yU;. Otherwise, assume that
INJ=0. Since |I| > (71 — 208)t and |J| > (72 — 28)t and (6.2) does not hold in
G, then by the contrapositive of Claim 6.3.2 there exists an edge between

{U; :i €I} and {V;:j € J}. This implies that there exist ¢ # j such that zV;,
U;V;, and yU; are edges. Replacing U;V;, U;V; in M by 2V;, U;V; and yU;, we

obtain a larger matching, contradicting the maximality of M.

By Claim 6.3.3 we assume that U; ~ V; for all i € [t]. If each e-regular
pair (U;, V;) is also super-regular and s divides ¢, then the Blow-up Lemma
(Lemma 3.0.11) guarantees that G'[U;, Vi] can be tiled with Kj s (since Ky, can
be tiled with Kj ). If we also know that Uy = V; = 0, then we obtain a
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K s-tiling of G. Otherwise we do the following steps (details of these steps are
given next). Step 1: For each i > 1, we move vertices from U; to Uy and from V;
to Vp so that each remaining vertex in (U;, V;) has at least (d — 2¢)¢ neighbors.
Step 2: We eliminate U, and 1 by removing copies of K, each of which
contains at most one vertex of Uy U V. Step 3: We make sure that for each
i>1,|U;| = |V;| > (1 —d)¢ and |U;| is divisible by s. Finally we apply the
Blow-up Lemma to each (U;, V;) (which is still super-regular) to finish the proof.
Note that we always refer to the clusters as U;, V;, 7 > 0 even though they may

gain or lose vertices during the process.

Step 1. For each i > 1, we remove all u € U; such that
deg(u,V;) < (d —€)¢ and all v € V; such that deg(v, U;) < (d — €)¢. Fact 3.0.6
(with & = 1) guarantees that the number of removed vertices is at most e/. We
then remove more vertices from either U; or V; to make sure U; and V; still have
the same number of vertices. All removed vertices are added to Uy and V. As a

result, we have |Up| = |Vp| < 2en.

Step 2. This step implies that a vertex in Uy, V can be viewed as a
vertex in U; or V; for some i > 1. For a vertex x € V(G) and a cluster C, we say
x is adjacent to C, denoted z ~ C if deg,(x,C) > dl. We claim that at present,
each vertex in U is adjacent to at least (y1 — 203)t clusters. If this is not true for

some u € U, then we obtain a contradiction
(71— B)n < degy(u) < (y1 — 20)tl + dlt + 2en < (1 — 33/2)n.

Likewise, each vertex in V' is adjacent to at least (yo — 2(3)t clusters. Assign an
arbitrary order to the vertices in Uy. For each u € Uy, we pick some V; adjacent
to u. The selection of V; is arbitrary, but no V; is selected more than % times.

Such V; exists even for the last vertex of Uy because |Uy| < 2en < (1 — 25)15%.

For each u € Uy and its corresponding V;, we remove a copy of K, s containing u,
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s vertices in V;, and s — 1 vertices in U;. Such a copy of K, can always be
found even if w is the last vertex in Uy because (U;, V;) is e-regular and

deg(u, Vi) > dl > el + &5 thus Fact 3.0.6 (with k = s — 1) allows us to choose
s — 1 vertices from U; and s vertices from N(u)NV; to complete the copy of K ;.
As a result, U; now has one more vertex than V;, so one may view this process as
moving u to U;. We repeat this process for all v € Vj as well. By the end of this
step, we have Uy =V = (), and each U;, V;, ¢ > 1 contains at least £ — el — d(/3
vertices (for example, U; may have lost % vertices because of Uy and dl/6

vertices because of Vy). As a result, we have §(G[U;, V;]) > (% — 2€)¢ for all

i > 1. Note that the sizes of U; and V; may currently be different.

Step 3. We want to show that for any i # j, there is a path
UV, Uy ...V, U, V;U; (resp. V;U;, Vi, ... U;, Vi, U;V;) for some 0 < a < 2. If such
a path exists, then for each i, 1 < b < a+ 1 (assume that i = iy and j = i,41),

we may remove a copy of K, containing one vertex from U, s vertices from

bo19
Vi,, and s — 1 vertices from U;,. This removal reduces the size of U; by one,
increases the size of U; by one but does not change the sizes of other clusters (all
modulo s). We may therefore adjust the sizes of U; and V; (for ¢ > 1) such that
|U;| = |Vi| and |U;| is divisible by s. To do this we will need at most 2¢ paths: (i)
Let r := L%J mod s. (ii) Pair up the current biggest set U; and current smallest
set U; and move vertices from U; to U; until one of the sets has exactly [%J -
elements. (iii) Repeat this process until all but one set in I has exactly L%J —-r

elements (there will be one set, say U, with as many as (¢ — 1)* extra vertices)

(iv) Do the same for the clusters in V.

Now we show how to find this path from U; to Us,. First, if Uy ~ V5, then
UiVoUsy is a path. Let I = {i: Uy ~ V;} and J = {i : U; ~ Va}. If there exists
1€ INJ, then we find a path U, V;U;V,U,. Otherwise I N J = (). Since both

[I| > (y1 — 20)t and |J| > (79 — 2(3)t, Claim 6.3.2 guarantees that there exists
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t € I and j € J such that U; ~ V;. We thus have a path U, V;U;V;U;V,U,. Note
that in this step we require that a cluster is contained in at most % paths. This
restriction has little impact on the arguments above: we have |I| > (y; — 30)t

and |J| > (72 — 303)t instead, still satisfying the conditions of Claim 6.3.2.

Now Uy =V =0, and for all i > 1, |U;| = |V4| is divisible by s. Let K be

the union of all vertices in existing copies of K, and note that,
U\ K| =|Vi\K| > — el —2dl/3,

which implies §(G[U;, V;]) > (¢ — 2€)¢ > 44 for i > 1. Thus Fact 3.0.7 implies
that each pair (U;, V;) is (2¢, ¢)-super-regular. Applying the Blow-up Lemma to
each (U;,V;), we find the desired K ,-tiling.

6.4 Extremal Case

Given s > 2 and A € (0,1), let @ > 0 be sufficiently small. Let G[U, V] be a
balanced bipartite graph on 2n = 2ms vertices for sufficiently large n. Without
loss of generality suppose dy > 0y and note that oy > An. Suppose G is edge
minimal with respect to the condition d; + dy > n + ¢, and that G satisfies the
extremal condition with parameter . Let k; be defined by 0y = kys + s+,

where 0 <r <s—1 and let kys = n — k;s.

The proof will split into cases depending on whether k; < (1 — 2—15)1@ or
ki > (1— 2—15)k2 When & > (1 — %S)kg, we have 0 + dy > n + 3s — 5. Since
0y = k1s+ s+, we have oy > kos + 2s — 5 — r. Since G is edge minimal we
have 6y = kos+ 2s — 5 — r, and since dy > 0y, we have ko > kq. If 0y = oy, then

we have

(5(G)>n+38_5 5+s—2 ifmiseven
-2 853 if s odd,
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which is solved in [51]. So we may suppose that dy > d0p.
Claim 6.4.1. If ky = kq, then r < % and consequently
Oy = kos+2s—5—r>kys+s. If ko =k + 1, thenr < s — 3 and consequently

5V:]{?25+25—5—T2k’25+5—2.

Proof. Both statements are implied the following inequality:

kos +2s —5—r =90y >0y =kis+s+r. O

When k; < (1 — 5 )ks, we will show in Theorem 6.1.13 that a smaller
degree suffices to tile G’ with K, ;. So Theorem 6.1.13 provides the second half of

the proof of Theorem 6.1.8.

6.4.1 Pre-processing

Let Uy =U\ U] and V{/ =V \ VJ. Let

Uy ={z €U :deg(z,Vy) <aPkis}, Vo= {z eV :deg(z,U]) < akys},
Uy = {x € U :deg(z,V]) < aPkis v deg(x,Vy) > (1 — a'/?)kys},
Vi={z eV :deg(z,U})) < aPkys Vv deg(x,U}) > (1 —a'/?)k;s},

UOIU\(UlLJUQ), andV():V\(ViUVg)

Claim 6.4.2. (i) ks — o®3kys < |Uy|, V1| < k1s + a?Pkys
(ii) kos — a?Bls < |Us|, Vo] < kos + a?Pkys
(iii) |Uol, Vol < @*n
(iv) 6(Up, Vi) > aPkys — a?/Pkys, (U, Vo) > a'Bkys — Pk s
(v) d(Vo,Un) > alBkys — a?/Pkys, (Vo,Us) > aBlys — a3k, s

(vi) 0(G[Us, Vi]) > kis — o' Pkis — a®Pks_is > (1 — 2a'/3)k;s
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(vii) A(Uy, Vi) < 2a'3kys, A(Vy, Uy) < 2a3kys

Proof. We have
a1/3kls|U{ \U1| <e(U\ Uy, Vi) <e(U;,Vy) < akiskss
which gives |U! \ U;| < a®3kys and thus |Uy| > kis — a?/kys.
Also
a!Phys| Vi \ Vol < e(Vy \ Va,Uy) < e(Vy, Uy) < akiskas
which gives [V \ Va| < a??k;s and thus |Va| > kys — o?/3k;s.

Since e(U{, V3) < akiskys, we have e(Us, Vy) > koskas — akyskas and

e(U],V{) > kiskis — akyskys. Thus
o' Pkys|UY \ Us| < &(U3, V3) < akyskss
which gives |US \ Us| < a?/3kys and thus |Uy| > kys — o®/3k;s.
Also
o Bkys|V/ \ V1| <e(U;,V)) < akyskss
which gives [V/ \ Vi| < a*?kys and thus |Vi| > kis — o?/3kys.

Putting these results together we have |Up|, |Vo| < a?/?n,

(U], V1| < ks + a®3kys, and Uy, [Va| < ks + a?/3kss.

By the definition of Uy, Us, V1, V5 and the lower bounds on their sizes, we
have 6(Up, Vi) > a'3kis — a®Pkys, §(Uy, Vo) > o'3kys — Pk,
§(Vo,Uy) > a'Phys — a?Pkys, and 6(Vy, Uy) > a/3kys — o?/3kys. By the
definition of U, V5 and the upper bounds on their sizes we have

A(UL, Vo) < 203k s and A(Va, Uy) < 20 3kys.
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6.4.2 Idea of the Proof

We start with the partition given in Section 6.4.1 and we call Uy and Vj the
exceptional sets. Let i € {1,2}. We will attempt to update the partition by
moving a constant number (depending only on s) of special vertices between U,
and Us, denote them by X, and special vertices between V; and V5, denote them
by Y, as well as partitioning the exceptional sets as Uy = U U UZ and

Vo =V UVE. Let Uy, Us, Vi and V5 be the resulting sets after moving the
special vertices. Suppose u is a special vertex in the set Uy. The degree of u in
V" may be small, but v will have a set of at least s neighbors in V}* which are
disjoint from the neighbors of any other special vertex in U;. Furthermore, these
neighbors of w in V}* will have huge degree in U;, so it will be easy to

incorporate each special vertex into a unique copy of K .

Our goal is to obtain two graphs, Gy := G[U; U U3, Vi U V'] and

Gy = [Us UUE, Vs U V] so that Gy satisfies
U7 VU | = lis, ViUV | = lis

and (5 satisfies

\Us UUG| = las, |V UVE| = fas,

for some positive integers (1, f5. We tile GGy as follows. We incorporate all of the
special vertices into copies of K ,. We now deal with the exceptional vertices:
Claim 6.4.2 gives |Up|, |Vol < o?/3n and 6(Uy, V;), §(Vo, Us) > sa®*n, so they
may greedily be incorporated into unique copies of K, ;. Then we are left with

two balanced “almost complete” graphs, which can be easily tiled.

So throughout the proof, if we can make, say |U; U U}| and |V;* U V|

equal and divisible by s, we simply state that “we are done.”
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6.4.3 Preliminary Lemma’s

In this section we give some lemmas which will be used in the proof of Theorems
6.1.8 and 6.1.13. Recall that in each of those theorems we suppose

kos > kis > An.

Lemma 6.4.3 (Zhao [51], Fact 5.3). Let F' be an A, B-bigraph with 6 := 6(A, B)
and A := A(B,A) Then F contains f), vertex disjoint h-stars from A to B, and
gn vertex disjoint h-stars from B to A (the stars from A to B and those from B

to A need not be disjoint), where

(0 —h+1)A] S 0|A| — (h—1)|B|

> .
fh_hA+5—h+1’ = "ANFh—h+1

Lemma 6.4.4. Let G[A, B] be a bipartite graph with |B| = {s + b for some
positive integers £ and b. Let 0 < x < s—1 and let v be a small constant such

that o!® <y < 5., Ifb < > and
(i) 6(B,A) > s —z, A(A, B) < 2a'3kys, and | B| > aV/5|A]

then there are at least b vertex disjoint (s — x)-stars from B to A.

Suppose kys + a*3kys > |A|,|B| > kis — a*3kys. If
(i) 0(A,B)>s—1+band ky > (1 — 5 )ks,
then there are at least b vertex disjoint s-stars from B to A. If b < % and

(iii) 0(A, B) > s, ki > (1 — L)ko, and A(B, A) < 2a'3ksys or

(iv) 0(A, B) > d, |A| > “22|B|, and A(B, A) < 2a"3k,s,

then there are at least b vertex disjoint s-stars from B to A. Furthermore, if

b> % and
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1/3
) jtl ) 2
(v) 6(A, B) >b/4 and A(B, A) < 2a'3kys or

(vi) 6(B,A) > b/4 and A(A, B) < 2a'3kys,
then there are at least b vertex disjoint s-stars from B to A.

Proof. (i) Suppose b < %, §(B,A) > s —x, A(A, B) < 2a'3kys, and
|B| > a'/%|A|. Let Sp be the maximum set of vertex disjoint (s — x)-stars

from B to A and let f;_, = |Sg|. By Lemma 6.4.3, we have

B UM S
s—x)aBlys+1 ~ 3sal/d = v —

fsfm > 2(

(it) Suppose 6(A,B) > s—1+band ky > (1 — 5 )ks. Let Sy be a maximum
set of vertex disjoint s-stars with centers C' C B and leaves L C A.

Suppose |C| < b— 1. Then

s(IAl = [L]) < (s =1+ b= [C)(|A] = |L]) < e(B\C, A\ L)

< (s—=D(Bl-|C]),

which implies
s(k1s — a*3kys) < (s — 1)(kas + a*3kys) + s|L| — (s — 1)|C].
Thus sk; < (s — 3)k2, contradicting the fact that ky > (1 — 5= )ko.

(i11) Suppose b < %, 6(A,B) > s, k1 > (1 — L)k, and A(B, A) < 2a/3kys. Let
S4 be the maximum set of vertex disjoint s-stars from A to B and let

gs = |Sa|. By Lemma 6.4.3, we have

s|A|l — (s —1)|B] S s(k1s — a?Pkys) — (s — 1)(kgs + a?/3kys)
201 /3kys + 52 —s+1 — 3al/3kys

gs >

Where the third inequality holds since skis > (s — 1)kos.
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(iv) Suppose b < %, 6(A,B) >d, |A| > S_;/2|B|, and A(B, A) < 2a'/3kys. Let
Sp be the maximum set of vertex disjoint s-stars from B to A and let

gs = |Sp|. By Lemma 6.4.3, we have

d|A| — (s — 1)|B]| - |B|/2 - A - 1
20 3kys +sd — s+ 1 — 3al/3kys — 6al/3 T v

gs > >b

(v) Suppose b > =, §(A, B) > b/4 and A(B, A) < 20 /3kys. Let Sp be the
maximum set of vertex disjoint s-stars from B to A and let g, = |Sg|. By
Lemma 6.4.3, we have

A= (-DIB _ by/A-—(s—1)

s f >b
Is = 201 3kys + 52 —s+1 ~ 3al/3

(vi) Suppose b > =, 4(B, A) > b/4 and A(A, B) < 20/3kys. Let Sp be the
maximum set of vertex disjoint s-stars from B to A and let fs = |Sg|. By
Lemma 6.4.3, we have

(5 —s+1)B| . (5 —s+1)A

>
25 Plkys + 2 —s+1 ~ 3al/3

fs 2

Lemma 6.4.5. Let G[A, B] be a bipartite graph with |A| = {15+ a and

|B| = las + b such that 1 < b < s— 1. Suppose further that

kos + a?Pkys > |Al, |B| > kis — a?Pkys and A(A, B), A(B, A) < 2a'/3kys. If
(i) a>1and 6(A,B)+d§(B,A) >2s—3+a+b or
(i) a=0 and §(A,B) +6(B,A) > 2s —2+D,

then there is a set Sy of a vertex disjoint s-stars from A to B and a set Sg of b

vertex disjoint s-stars from B to A such that the stars in Sa are disjoint from

the stars in Sp.
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Proof. Let v be a real number such that o'/? < v < 2%;

Case 1 a > % Suppose first §(B, A) > %(23 — 3+ a+b). In this case we apply
Lemma 6.4.4(vi) to get a set of b vertex disjoint s-stars with centers C' C B and
leaves L C A. Then since §(B, A\ L) > $(2s — 3+ a+b) — bs > ¢ we apply
Lemma 6.4.4(v) to get a set of a vertex disjoint s-stars from A\ L to B\ C.
Now suppose (A4, B) > 1(2s — 3+ a +b). As before, we apply Lemma 6.4.4(v)
to get a set of b vertex disjoint s-stars with centers C' C B and leaves L C A.
Then since 6(A, B\ C) > 1(2s =3+ a+b) — b > % we apply Lemma 6.4.4(vi) to

get a set of a vertex disjoint s-stars from A\ L to B\ C.

Case 2 1 < a < =. Suppose first that 6(B, A) > s — 1 + a. We apply Lemma

1
5
6.4.4(ii) to get a set of a vertex disjoint s-stars with centers C' C A and leaves

L C B. We still have 6(B\ N(C),A\C) > s—1+a and

|B\ N(C)| > |B| — 20‘;/3 kys > o'/ A, thus we can apply Lemma 6.4.4(i) to get
a set of b vertex disjoint s-stars from B\ N(C) to A\ C. Now suppose

d(A, B) > s+ b. We apply Lemma 6.4.4(ii) to get a set of b vertex disjoint
s-stars with centers C' C B and leaves L C A. We still have
J(A\L,B\C)>s+0b—b=sso we apply Lemma 6.4.4(i) to get a vertex

disjoint s-stars from A\ L to B\ C.

Case 3 a =0. We have §(A,B) + 0(B,A) > 2s —2+b > 2s — 1 and thus
d(A,B) > sor d(B,A) > s. In either case we can apply Lemma 6.4.4(i) or (iii)

to get a set of b vertex disjoint s-stars from B to A.

Lemma 6.4.6. Suppose |Uy| > s. Let V| C Vi and Vi C Vy such that
S(VI,Up) +0(V5,Up) > |Uo| + 5. If [V]| > § and |V3| > g, then for any
0<0b<s, there is a K, s =: K with s vertices in Uy, b vertices in V; and s — b

vertices in V.
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For a proof see Chapter 5 Claim 5.2.8.

6.4.4 ko> ky: Proof of Theorem 6.1.13

In this section we prove Theorem 6.1.13, which at the same time proves
Theorem 6.1.8 when & < (1 — 2—18)k2 Let G be a graph which satisfies the
extremal condition and for which k; < (1 — %)kz Recall the bounds from Claim
6.4.2, specifically ks — a??kqys < Uy, |Vi] < kys + a?/3kys,

kys — a?Pkys < |Usl, [Va| < kas + a*3kys, and |Up|, |Vo| < a**n. The fact that

0y + oy > n implies

1 1
(5(‘/1, UQ) > (SV — ’Uo U U1’ > (kg — ki — 2&2/3]{1)5 > (2—8k2 — 2@2/3k1)8 > 4—Sk28.
(6.3)

First we prove Theorem 6.1.13.

Proof. Note that s — 2 [\/s] + ¢(s) + 1 > 0 with equality if and only if s = 2, so
d is defined for all s > 2. Let a'/® < v < 5-. Let ¢; be maximal so that

|Ui| > s and |Vo U V4| > l1s. Let y := |Uy| — €15 and z := |V U Vi| — £1s. We
note that n +3s —5 > n+ 2s — 2 [/s| + d + ¢(s) with equality if and only if

s = 2. So for this proof we will assume 6y + dy > n+2s — 2 [y/s] +d + ¢(s)

with one exception that we point out.

Claim 6.4.7. If there exists { such that |Vo U Vi| > ls and |Uy| < Us, then G can

be tiled with K.

Proof. Suppose there exists such an ¢. By the choice of /1, we can assume

|Ur| < (64 +1)s and Vo U V| > (€1 + 1)s. By (6.3) we have

d(W,Us) > 4_13st > 2sa?/n and thus we can greedily choose a set of z — s
vertex disjoint s-stars from V; to Us with centers Cy and leaves L. Let

Vi :=Vi\ Cy and U} := U \ Ly, since §(V/,U}) > g-kos we may apply Lemma
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6.4.3 to the graph induced by U) and V] to get a set of s — y vertex disjoint
s-stars from Uy to V. We move the centers of the stars giving

Ui+ (s —y) = (1 +1)s = |V U V)| — (2 — s) and we are done. O

If 2 > s, then by the maximality of ¢; we have y < s and thus we can
apply Claim 6.4.7 to finish. If y = 0, then we can also apply Claim 6.4.7 to
finish. So for the rest of the proof, suppose that 0 < 2z <s—1and 1 <y. Our
goal is to show that there exists a set Sy of vertex disjoint (s — z)-stars from U
to V5 such that |Vo U Vi| — x|Sy| > |Ur| — |Su| = ¢1s and a set 7y of vertex
disjoint s-stars from V; to Us so that |V U Vi| — z|Sy| — |Zv| = {15 for some
0<xz<s—1.Since oy + o0y > n+2s—2[/s| +d+ c(s), we have

§(U, Vo) +6(Va, Ur) = n+2s — 2 [V/s] +d +c(s) — [Vo UVA| — [Ug U Us

>2s—2[Vs]|+d+c(s)+y—z (6.4)

Case 1 |Uy| — |Vo U V4| > 0.
Case 1.1 y > % We have
§(Uy, Vo) +6(Va, Ur) > 25 — 2 [V/s] +d+c(s) +y — 2
>y+s—2[Vs]+d+c(s)+1

and thus there are two cases. Either (U1, V2) > 3(y+ s — 2 [y/s] +d+c(s) + 1)
and we apply Lemma 6.4.4(vi) to get y vertex disjoint s-stars from U; to V5 or
6(Vo,U1) > 3(y+ 5 —2[y/s] +d+c(s) + 1) and we apply Lemma 6.4.4(v) to get
y vertex disjoint s-stars from U; to V5. We move the centers from U; to Us to

make |U;| = ¢1s. Then we move vertices from V5 U V] to V5 to make

Vo U V| = Oy,
Case 1.2 y < %

Case 1.2.1. §(Uy, V,) > s. Apply Lemma 6.4.4(i) with 2 = 0 to get y

vertex disjoint s-stars from U; to V5.
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Case 1.2.2. (U, V) < s—1. By (6.4) we have §(V,,U;) >
2s—2[/s|+d+c(s)+y—z—(s—1)=s—2[\/s]+d+c(s)+1+y—2z>d+1.
Since ks > (s — d)ki and thus |Va| > (s — 1 — d)|U;] > %\Ull, we can apply

Lemma 6.4.4(iv) to get y vertex disjoint s-stars from U; to Vs.

Case 2. |U;| — |[Vo U V4| < 0. In this case we have y < z. Rearranging

(6.4) gives
S(Ur, Vo) +6(Va,Uh) > 25 — 2 [\/s| +d+c(s) — (z — y). (6.5)
Also since k; < Sk%d, we have
5(Vi,Uz) > 6y — [Ug U UL | > (ko — ki — 20*ky)s > (1 — %Oj/g)l@s

s—d—1—2a2/3|U|
= (s—d)(14a23) 7
s—d—1—al/3
>
- s—d

2] (6.6)

If 6y + oy > n+ 3s — 5, then (6.5) gives 6(Uy, Va) + 0(Va,Uy) > 2s — 3
since z — y < s — 2. Thus we have §(V5,U;) > s—1or §(Up, Va) > s—1. In
either case we can get y vertex disjoint (s — 1)-stars from U; to V, by Lemma
6.4.4(iii) or Lemma 6.4.4(i) with = = 1. For each (s — 1)-star we choose a vertex
from V; and (s — 1)-vertices in Us, which is possible by (6.6) and z > y. So for

the rest of the proof we assume oy + oy > n + 2s — 2 [\/s] +d + c(s).
Case 2.1. z —y <s—2[/s] +c(s)+ 1.

Case 2.1.1. §(Uy, V2) > s — 1. We can get y vertex disjoint (s — 1)-stars
from U; to V4 by Lemma 6.4.4(i) with = 1. For each (s — 1)-star we choose a

vertex from V; and (s — 1)-vertices in Us, which is possible by (6.6) and z > y.

Case 2.1.2. §(Uy, V,) < s —2. So (6.5) and the condition of Case 2.2.1.

gives

§(Va,Ur) > 25 —2[/s| +d+c(s) — (s —2[Vs] +c(s)+1) — (s —2) =d+ 1.
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We can get y vertex disjoint s-stars from U; to Vo by Lemma 6.4.4(iv) as in Case

1.2.2.

Case 2.2. z —y>s—2[\/s| +c(s)+2 If§(U;, Vo) >s—1or
§(Va,Uy) > d + 1, then we would be done as in the previous two cases. So

suppose §(Uy, Vo) < s —2 and 0(V,,U;) < d . By (6.5), we have

s=2>s—x=0U, Vo) >2s—2[/s| +d+c(s) — (z—y) — 6(Va,Uy) (6.7)

>s—2[Vs|+e(s)+2>d+1

forsome2<z<s—d—1.

Let Sy be a set of y vertex disjoint (s — z)-stars from U to Va, which
exists by Lemma 6.4.4(i). For each (s — z)-star in Sy we will choose s — 1
vertices from U, and x vertices from V) to complete a copy of K, . Let u; be the
center of a star in Sy and let v}, v?, ... v¥ be a set of z vertices in N(u;) N V.

By (6.6), we have | N (v}, 02, ..., v%) N Uy| > (1 - <1++d/>) |Us|. Let

va,v3, ..., v5 % be a set of s — x vertices in V5. By Claim 6.4.2, we have

IN(vd,v2,..., 05 ") N Us| > (1 — (s — 2)at/?)|Uy|. Thus

) z(1+ al/?)

|N(v%,v%,...,vf,v%,vg,...,vg_x)ﬂU2|2( —

- (5= 0)al”) Uy

> a|Us|

and we can choose x vertices from V; and s — 1 vertices from U, to turn each

s — x star into a copy of K.

Finally we must be sure that |Vo U Vi| — 2y > s, i.e. z > xy. There are

two cases.

Case 2.2.1. 1 < ¢ < p and consequently ¢(s) = 1. By (6.7) and
d(Va,Uy) < d, we get

r+y<z—(s—2[Vs]+1) (6.8)
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and thus

zy <

z—(s—2[/s]+1) 2<z
() s

The first inequality is by (6.8) and the arithmetic mean-geometric mean
inequality. To verify the second inequality, let F'(z) = z — <w> 2 and
note s — 2 [y/s] +3 < z < s — 1. Using calculus, we see that F' achieves a
maximum at s — 2 [y/s] + 3, F' is decreasing on the interval

[s—=2[\/s]+3,s—1land F(s—1)=s—1—([\/s]| = 1) =p*+q—1—p* > 0.

Case 2.2.2. g=0or p+ 1 < ¢ < 2p and consequently c(s) = 0. By (6.7)
and 0(Va, Uy) < d, we get,

vy <z—(s—2[Vs]). (6.9)

If z=s—1, then (6.9) gives x +y < 2[y/s] — 1. Since 2 [/s] — 1 is odd, we have

xyﬁ(ﬂ\z/a)(2(\/52]_2>=N§W(Wﬂ—1)§s—1=z

where the last inequality holds by the assumption of this case. So we may

assume z < s — 2. So we have

oy < (Z—(S —22 [\/51))2 <

The first inequality holds by (6.9) and the arithmetic mean-geometric mean
inequality. To verify the second inequality, let F'(z) = z — <M) : and
note s — 2 [v/s] +2 < z < s — 2. Using calculus, we see that F achieves a
maximum at s — 2 [1/s] +2, F is decreasing on the interval [s — 2 [/s] +2, s — 2]
and F(s —2)=s—2—([y/s] —1)?. When ¢ =0 we have p > 2, and thus
F(s=2)=s—-2—([/s]-1)?*=p*—-2—(p*—2p+1)=2p—3>1. When

gq>p+1,wehave F(s —2)=s—2—([/s]|—1)2=p*+q—-2—-p*=q—2>0.

[l
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6.4.5 ko = kyi: Proof of Theorem 6.1.8

In this section we prove Theorem 6.1.8 when k; > (1 — 55 )ko. Recall that
k1 < ko. We first give a proof when s = 2 since this is often a special case in the
general argument. Also, the case s = 2 may be of independent interest

considering Conjecture 6.1.7.

We start with a graph which satisfies the extremal condition after
pre-processing. For i = 1,2, let UM = {u € U; : deg(u, Vs_;) > o'/3n} and
VM =y € V;:deg(v,Us_;) > a'/3n}. We call these vertices movable. Note that

UM = =VM by Claim 6.4.2.

s=2

Let v be a real number such that o'/? < v < % We assume that n = 2m and

dy > Oy, thus dy > § + 1. As a result
Vo, 0" € VIN(v) N N(')| > 2 (6.10)

Furthermore, since dy > 7 + 1, and since there is some vertex u € U with
deg(u,V) < 3,

Ju* € U such that deg(u*,V) > g + 2. (6.11)

Case 1. Uy U UM = () or |Us| is even. There are two cases: (i) [Vo U V;| > |Uy| or
(ii) |Va| > |Ug U Us]. TIf (i) is the case there exists some ¢; € N, X C Uy U UM,
and Y C Vo U VM such that |U; U X| = 615, [(Vo UVL) \ Y| > {15 and

[(VoU V) \ Y| —|UyUX]| is as small as possible. If [(VoUV)\Y|—|U;UX]| =0,
then we are done. Otherwise there are no movable vertices left in (Vo U Vi) \ Y.
If (ii) is the case, then there exists some £ € N and X C Uy U UM with | X| < 1
such that [(Uy U Us) \ X| = las, [Va| > lys and |Va| — [(Ug U Us) \ X| is as small

as possible.
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Notice that in either case, we are either done or there are no movable
vertices left in (Vo U V1) \ 'Y or V. Because of this symmetry we can suppose
without loss of generality that that (i) is the case. We reset Uy := U; U X |
Up = (UoUUMN\ X, Uy :i=Upy \ UM, Vi :=V;\ Y, and V := Vo UY. Let
Uy =m —{. Let a :=|V;| — 1s. If a = 0, then we are done, so suppose a > 1.

Note that there are no movable vertices in V; or Us. We have

Case 1.1. a > % We know that |Uy| < 1, otherwise we could make a
smaller by moving 2 vertices from Uy to U; while maintaining the fact that |Uj]|
is even. Either 6(Vy,Us) > 6(V1, Uy UUs) —1 > “+ — 1 and we apply Lemma
6.4.4(vi) to get a vertex disjoint 2-stars from V; to Us or else
6(Up U Uy, Vi) > 241 and we apply Lemma 6.4.4(v) to get a vertex disjoint

2-stars from Vj to Us. We move the centers from V; to V5 to make |V;| = ¢ys.

Case 1.2. a < % If §(Up U Uy, Vi) > 2, then we apply Lemma 6.4.4(iii)
to get a set of a vertex disjoint 2-stars from V; to U;. So suppose

d(Up U Us,, Vi) <1 and thus

5(‘/1, UO U Ug) Z a. (613)

Case 1.2.1. a > 3. We know that |Uy| < 1, otherwise we could make a
smaller by moving 2 vertices from Uy to U; while maintaining the fact that |Uj]|
is even. Since a > 3, we have §(Vi,Us) > 6(V1,UyUU;) — 1 > 2 by (6.13), and
thus we can apply Lemma 6.4.4(i) to get a set of a vertex disjoint 2-stars from

Vi to Us. So we only need to deal with the case a < 2.

Case 1.2.2. a = 2. If Uy = (), then we can use (6.13) and apply Lemma
6.4.4(i) to get a set of a vertex disjoint 2-stars from V; to Us. So suppose

Uy = {uo}. If there is a vertex u € Uy with deg(u, V;) = 0, then by (6.12) we
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have §(V1, Uy U Us) > 3 and we are done since §(Vy,Us) > §(V1,UgUU;) — 1 > 2.
So suppose §(Ug U Us) > 1. If there is a vertex u € Us with deg(u, V;) > 2, then
we can move ug and u to Uy, thus for all u € Us, deg(u, V;) = 1. Now suppose
there is a vertex vy € Vj with deg(vy,Us) > 2 and let uq, uy € N(v) NUs. Let

v] € N(ug) N (Vi \ {v1}). Since A(Us, V7) < 1, there exists some

u € (U \ {ug,ub}) N N(v)). Thus we can move v; and v}. So for all v € V,

deg(v,Uy) = 1. This implies that fos — 1 = |Uy| = |V1| = €15 + 2, a contradiction.

Case 1.2.3. a = 1. If Uy # 0, then let uy € Uy. Let
ugvy € E(Vi, (Up U Us) \ {uo}), which exists be (6.12). Let vo € N(ug) N V5. By
(6.10), v; and vy have a common neighbor ' different than wu,. If v’ € Uy U Uy,
then we are done by simply moving vy, so we have v’ € U; which completes a

Ky5. Now we move ug to U; to finish.

Finally, suppose Uy = (). If there exists a vertex v € V; such that
deg(v,Us) > 2, then we can move v and be done. So suppose A(V;,Us) < 1.
Furthermore if there was a vertex v € V; such that deg(v, Us) = 0, then (6.12)
would imply §(Us, V1) > 2 contradicting the fact that A(V;, Us) < 1. So every
vertex in V; has exactly one neighbor in Uy and (6.12) implies §(Us, V1) > 1.
Since |Us| is even and |V;] is odd, we must have |V;| # |Us|. If |Us| > |Vi|, then
d(Us, V1) > 1 would imply that there was a vertex in V; with two neighbors in
Us, so suppose |V1| > |Us|. This implies that there exists some ug € Uy such that
deg(ug, V1) > 2. Let ugvy € E(V1,Us \ {uo}), which exists be (6.12). Let
ve € N(uz) NV, By (6.10), vy and ve have a common neighbor «' different than
ug. If v’ € Uy, then we are done by simply moving vy, so we have v’ € U; which

completes a K35. Now we move vy to U; to finish.

Case 2. Uy UUM = and |U,| is odd. Now there are no movable vertices in U;
or Us. So choose (1,05 such that |Uy| = {15 + 1, |Uy| = los — 1. If it is not the

case that [Vo U Vi| > l1s+ 2 or |Vo U Vy| > lys, then Vo = 0, |Vi| = b1s + 1,
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|Va| = lys — 1, and VM = (). Without loss of generality, suppose
VoUVi| > ¢1s+ 1. Let b:= [V; U V| — |Uy.

Case 2.1. b= 0. Note that since b =0, Uy = Vy = UM = VM = {) for
1 = 1,2. We first show that if there is a vertex u; € U; such that
deg(u;, V3_;) > 2, then we would be done. Without loss of generality, suppose
there exists u; € U; such that deg(uy, Vo) > 2. Let v,v" € N(uy) N Va. Since
d(V1,Uz) 4+ 6(Uy, V1) > 1, there is an edge vyus € E(V;,Us). Let
vg € Vo N N(ug) \ {v,v'}. By (6.10) we know that v; and v, have a common
neighbor w, which is different than uy. If uy € U;, then we have a copy of Ky -
with one vertex in each of Uy, Uy, V1, V5 and we are done, so suppose ug € Us.
Then we choose v’ € (N(v) N N(v')) N (Usz \ {uo}). Thus we can move u and v;

to finish. So we may suppose that
AUy, Vo), AUy, V1) < 1. (6.14)

By (6.11), there is a vertex u* € U such that deg(u*,V) > § 4 2. Without loss of
generality, suppose u* € U;. Then by (6.14) we have |U;| = |[Vi| > § + 1, which
in turn implies that |Us| = [V3| < § — 1. However, now we have 6(V3, Uy) > 2,

and thus there exists u € U; such that deg(u, V2) > 2, contradicting (6.14).
Case 2.2. b > 1. Suppose first that |V} \ VM| > £15 + 3. Let
V) = Vi \ VM| — (415 + 2). We have
SVINVM U) + 06Uy, i\VM) >4+ 1— (€15 + 1+ lys —2 b)) = b +2.
So we apply Lemma 6.4.5(i) with A =V, \ V)M and B = U, to get a set of b}
vertex disjoint s stars from V; \ VM to U, and one s-star from U, to Vi \ VM.
So we may suppose |V} \ VM| < f1s+ 2. Reset Vi :=V; \ VM and

Vo := Vo U VM, then partition Vy = V! U V2 so that |V, U V| = l1s + 2 and
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Vo U VE| = lps — 2. We have
SVIUVY, Ug) +8(Ug, VIUVY) >+ 1— (b1s+1+Lls—2)=2.  (6.15)

We first observe that if §(V; U V!, Uy) > 2, then there will be a vertex uy € Uy
such that deg(ug, V1) > 2 in which case we would be done, so suppose not. This

implies that |U;| > 7.

First assume that |V{!| < 1. By (6.15), one of §(Us, V3 U V) > 2 or
(Vi UV, Up) > 1 must hold. Since |V; U V| > |Us], in either case there is a
vertex u € Uy such that deg(u, V; UVy') > 2, in which case we are done since

Vol <1

So suppose |Vj'| > 2. Now if §(Vo U V2, Uy) > 2, then there will be a
vertex u; € U; such that deg(uy, V3) > 2 in which case we would be done, since
we can also move two vertices from V2, so suppose not. This implies that
|Us| > % and since |U;| > %, we have |U;| = |Uz| = 5. So let v, € V, with
deg(ve,U1) =1 and let vy € N(uy) NV;4. By (6.10), v; and vy have a common
neighbor in U, (since deg(ve, Uy) = 1) which completes a K35. We finish by

moving one additional vertex from V' to V.

s>3

The following proof has many cases, so we provide an outline for reference.
1. V| <ksand [VpuWV| <kis+r

2. 30 >k, Y C VM and V] C Vj such that [(V \ Y)U V]| = f;s.
2.1. |Vi| < ks

2.1.1.  |VoUVi| > kis+s

2.1.2. VoUWV <kis+s

2.2. ’Vvl’ > ks
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2.2.1.  |Vi\ VM| < ks

2.2.1.1. Uy UUs| > kys

2.2.1.2.  |UyUUs| < ks

2.2.1.2.1.  [VoUVi| > ks +s

2.2.1.2.1.1.  |[UyUU| > ks +s

2.2.1.2.1.2.  |[UyUUy| < kys+s

2.2.1.2.2.  [VoUVi| < ks +s

2.2.2.  |[ViI\ VM| > ks

2.2.2.1. 3¢y, Y C VM such that [V} \ Y| = {5
2.2.2.1.1.  |[UyUU,| < lys (i.e. |Up] > £y8)
2.2.2.1.2. Uy UUs| > los

2.2.2.2. 3¢y, FV§ C Vg such that [Vy U V| = €y
2.2.2.2.1.  |UyUUs| < los

2.2.2.2.2.  |UyUUy| > lys

3.  For some /1 > k; we have (15 < [V} \ VM| < ViU V| < s+ s
3.1.  |Uy \UM| > lys

3.2.  |Uy\UM| < lys

3.2.1. |[UgUUy| >lis+s

3.2.1.1.  |Uy] < s

3.2.1.2.  |Uy] > s

3.2.1.21. >k
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3.2.1.2.2. =k

3.2.2. ls<|UyUUi| < lis+s

3.2.2.1.  |U1] < lis

3.2.2.2.  |U] > s

3.2.2.2.1.  For some i € {1,2} we have 6(V;,Us_;) > s or §(Us_;,V;) > s
3.2.2.2.2.  For all i € {1,2} we have §(V;,Us_;) < s and §(Us_;, V;) < s

Recall the following definitions. For ¢ = 1,2,
UM = {u € U; : deg(u, Vz_;) > a/*n} and VM = {v € V; : deg(v, Us_;) > a'/3n}.
Also recall UM = 0 = VM by Claim 6.4.2.

Case 1 |Vi| < kys and |Vo U V| < ks + r. Let by := V3| — kas and note that

by > —r. We have
(U, Vo) > kis+s+1— (kis—by) > s+1r+by > s. (6.16)

Claim 6.4.8. If |Vo U Vi| > kys, then there exists Vj C Vi such that
ViU (Vo \Vy)| = kis. If Vo U VA| < kys, then there exists a set of vertex disjoint

s-stars with centers C' C Vy and leaves in Uy such that |Vo U V1| + |C| = kys.

Proof. 1f |[Vo U Vi| > kys, we just choose V§ C Vj such that [Vy U (Vo \ Vi)| = kis.
Otherwise by > 0 and thus by (6.16) and A(Va, U;) < 2a'/3kys, we can apply
Lemma 6.4.4(ii) to get a set of by vertex disjoint s-stars from V5 to U; with

centers C'. So we have |Vo UV, UC| = kys. [

Let ay := |Us| — kas. We have two cases.

Suppose as > 0. Claim 6.4.1 gives

d(V1,Uz) > kos +2s —5 —r — (kis — ag) > s+ as. So by Lemma 6.4.4(ii) there

127



are ay vertex disjoint s-stars from U to V; with centers Cpy. So we can make

|Uy UU; U Cy| = ks and apply Claim 6.4.8 to finish.

Suppose ay < 0. Then |Uy U Uy| > kys. If |Uy| < kys, then there exists
Ul C Uy such that |Uy U (Uy \ Uj)| = k1s and we apply Claim 6.4.8 to finish.

Otherwise |U;| > kis and let aq := |Uy| — k1s > 0. If by > 0, then we have
5(U17 ‘/2) + 5(‘/27 Ul) Z 35 —9 + ay + 627

and we use Lemma 6.4.5(1) to get a set of a; vertex disjoint s-stars from U; to V5
with centers Cyy and a set of by vertex disjoint s-stars from V5 to U; with centers
Cy. Thus |U; \ Cy| = ks and |Vy U Vy U Cy| = kys. Finally suppose by < 0, i.e.
|Vo U V| > kys. If there exists a set of a; vertex disjoint s-stars from U; to Vs,

then we can apply Claim 6.4.8 to finish. We show that such a set exists. We have
S(Vo,Uy) > kos+2s—5—1r—(kes —a1) =2s—5—r+a, > s—4+a. (6.17)

If a; < 3, we use (6.16) and Lemma 6.4.4(i) with = 0 to get a set of a; vertex
disjoint s-stars from U; to V5 with centers Cp. Otherwise a; > 4 and we use
(6.17) and Lemma 6.4.4(iii) or (v) to get a set of a; vertex disjoint s-stars from

U; to V5 with centers Cy.

Case 2. There exists (1 > ki, Y C VIM and Vj C V; such that

|(Vi\Y)U V| = ¥¢ys. Let {4 > ky be minimal.

Case 2.1. |Vj| < kys. By Case 1 we have [VoUVi| > kys+ 7. This implies
that there exists Vj C V; such that |V3 U V| = kys and [(Vo U Vo) \ V| = kes. We
now try to make |U;| = kys or |Us| = kos. Reset Uy := U, \ UM and
Uy := Uy UUM. Let a; := |Uy| — k15 and ay := |Us| — (kys — s). We have

O(Vo,Uy) > kos+2s—5—r—(kas —ay) =2s =5 —r+ay (6.18)

and

V1, Up) > kos+2s—5—r— (kis+s—ag) = (kg —k1)s+s—5—r+ay. (6.19)
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If |Uy| > kos ie. ag > s, then by (6.19) and Claim 6.4.1 we have

d(Vi,Us) > s — 1+ (ag — s) and thus Lemma 6.4.4(ii) gives as — s vertex disjoint
s-stars from U, to V} with centers Cyy such that |Us \ Cy| = kgs. Otherwise we
have |Uy U Uy| > kys. If |Uy| < kys, then we choose Uj C Uy such that

|Uy U (Uy \ U])| = k1s. So suppose |Uy| > kys, i.e. a1 > 0.

Case 2.1.1. |VZUVi| > kys+s. If [UyUUy| > kis + s, then we are done:
either a; < s and we just choose U} C Uy and Vj C V; such that
ViU (Vo \Vy)| = k1s+ s and |U; U (Uy \ U})| = k1s + s or else a; > s and thus
(6.18) gives 0(V,Uy) > 25 —4+ (a1 —s) > s — 1 + (a1 — s) and thus Lemma
6.4.4(ii) allows us to find a; — s vertex disjoint s-stars from U; to V5. So suppose

|Uo U Uy| < k1s+ s and thus as > 0.

ko = k1. By Claim 6.4.1, r < % which implies 6(Va,Uy) > s — 1+ ay by

(6.18). So there are ay vertex disjoint s-stars from U to V3 by Lemma 6.4.4(ii).

ky = k1 +1. By Claim 6.4.1, r < s — 3 which implies §(V5,U;) > s —2+a;
by (6.18). If a3 > 2 or r < s — 4, then there are a; vertex disjoint s-stars from
U; to Vo by Lemma 6.4.4(iii), so suppose a; = 1 and r = s — 3. Furthermore we
have 0(V1,Uz) > s — 2+ ag by (6.19). If as > 2, then there are as vertex disjoint
s-stars from U, to V; by Lemma 6.4.4(iii), so suppose as = 1. Note that we
would be done unless A(Up, V3) < s—1and A(Uy, V) < s—1. Let
dy := ks — |Vi| and let dy := kos — |V5|. Note that |Vo| = dy +dy > s. Let
U, = {u € Uy : deg(u, V1) < ks — d; — 4} and suppose that U, # (). So we have

5(U1,VE))+6(U2,‘/0) > 2(k18+8+7’)—(kls—d1—4+5—1>—(kgS—d2+S—1) > |‘/0|—|—8

This implies that we can find a K, with one vertex in U;, s — 1 vertices in U,
and s vertices in V5. So we may suppose that U, = 0. Note that
(U, Vi) > kys —dy — 3 = |V — 3. Since §(V3,Us) > s — 1, there exists a set of

3s — 2 vertex disjoint (s — 1)-stars from U, to V; with centers Cpy. Let
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vy € N(Cy) N Va. Since §(Va,Uy) > s — 1, we can let Ly € N(vg) N U; such that
|Ly| = s — 1. Since §(Uy, V1) > |Vi| — 3, the leaves of at least one of the

(s — 1)-stars from U, to V; forms a K ;41 with Ly. This allows us to move a
vertex uy € Us to Uy and vy to V4. This makes |Us \ {us}| = kos — s, and we

choose Vj C Vj such that |Vj U Vo \ {va}| = kos — s.

ko > ki + 2. In this case, we see from (6.19) that
d(V1,Uz) > 2s — 4+ as > s — 1 4 as. So there are ay vertex disjoint s-stars from
U, to Vi by Lemma 6.4.4(ii). Then we choose Vj C V; such that

ViU (Vo \ V)| = ks +s.

Case 2.1.2. |VyUVi| < ks +s. Let by := |Va| — (kas — s) and note that

b2>0.

ko = k1. Then r < 558 which implies §(V5,U;) > s — 1 + a; by (6.18). So

by Lemma 6.4.4(ii) there are a; vertex disjoint s-stars from U; to V5.

ky = k1 + 1. Then r < s — 3 which implies 6(V3,U;) > s — 2 + a; by
(6.18). If a; > 2, then there are a; vertex disjoint s-stars from U; to V3, so
suppose a; = 1. We have |V,| = kos — s + by = kys + by. If by > 2, then
|Va| > |U;| which together with 6(V5, Uy) > s — 1 implies that there is a vertex in
U, with at least s neighbors in V5, in which case we are done. So suppose b; = 1
and thus |V, = |Uy|. So if there is a vertex in V3 with s neighbors in Uy, then
there is a vertex in U; with s neighbors in V5, so suppose not. Together with
d(Va,Uy) > s — 1, this implies that G[Uy, V3] is (s — 1)-regular. So we have
d(Va,UgUUs) > kas +2s —5 —r — (s —1) > kas — 1 = |Uy U Us| which implies
that G[V,, Uy U Us] is complete, and thus we can choose a vertex u; € U and a
vertex vy € N(up) N Vj. Since deg(uy, Vo) = s — 1 and
deg(v,UgUUsy) > kos+2s —5—1r — (ks +1) > 2s — 3 > s we can move u; and

v;. Then we replace v; with a vertex from V as Vj # (0.
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ko > k1 + 2.

Claim 6.4.9. If |Uy U Uy| > kis + s and |Uy| < kys + s, then there exists
Ui C Uy such that [(UyUU) \ Ul = kis +s. If |[Up U Uy| < kys+ s, then there
exists a set of vertex disjoint s-stars with centers C' C Uy and leaves in Vi such

that |Uy UUL| + |C| = k1s + s.

Proof. Suppose first that |[Uy U U;| > k1s + s and |Uy| < kys+s. Let Uj C Uy so
that [(Uy U Uy) \ Uj| = k1s + s. Now suppose |Uy U Uy| < kys + s and let

as = |Us| — (ks — s). Since kg > ki + 2, (6.19) gives

0(V1,Us) > 2s —4+ay > s — 1+ ay and thus by Lemma 6.4.4(ii) there is a set of
as vertex disjoint s-stars with centers C' C U, and leaves in V; such that

|UOUU2|+’C|:I{'1$—|—S ]

We have
(U, Vo) > kis+s+1— (kis+ s —by) =1+ bs. (6.20)

If r > s — by, then 6(Uy, V,) > s and we apply Lemma 6.4.4(iii) to get a set of by
vertex disjoint s-stars from V5 to U;. So suppose r < s — 1 — by. By (6.18) we

have

5(‘/2,[]1) 25—4+G1+b2. (621)

We would be done unless 2 < a; + by < 3. Note also that we have

5(‘/1, UOUU2) > k25+28—5—7"—<k13+a1) > (kg—k1)8+8—4+b2—a1 > 35—4—1—62—@1.
(6.22)

First suppose by = 2 and a; = 1. By (6.21) we have §(V5,U;) > s — 1, and
since |V3| > |U| there exists some u € U such that deg(u, V5) > s. Thus we can

move one vertex from Uj.
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Now suppose by = 1. If there is a vertex vy € V5 such that
deg(vq, Uy) > s, then |(Vo U Vi) U{wve}| = k1s + s and we apply Claim 6.4.9 to

finish. So suppose A(V5,Up) < s — 1.

If a1 = 2, we have
d(Vo,UgUUy) > kas+2s =5 —1r — (s — 1) > kas — 2 = |Uy U Us| which implies
that G[V,, Uy U Us] is complete. Since §(Va,Uy) > s — 1 and |Va| > |Uy|, there is
a vertex u; € Uy such that deg(uq, V5) > s and since §(V5,Uy) > s — 1 and
A(Uy, V) < 203k s, there is another vertex u) € Uy such that
deg(uf, V3) > s — 1 and the neighborhoods of u; and u} in V3 are disjoint. Let
vy € N(uy) NVi; by (6.22) deg(vy, Uy U Us) > s — 1 and thus since G[Va, Uy U Uy]

is complete we can move uy, u} to make |U;| = kys.

If a; = 1, we have
S(Vo,UgUUy) > kos+2s =5 —1—(s—1) > kas —2 = |Uy U U] — 1. Since
d(Vo,Uy) > s — 2 and |V3| > |Uy|, there is a vertex u; € U; such that
deg(uy, Vo) > s — 1. Let vy € Vi N N(uy); by (6.22) we have
deg(v1,Ug U Us) > 3s —4 > 2s — 1. Since 0(Va, Uy UUsy) > |Upg U Us| — 1,
Ky 151 CG[N(uy) NV, N(vy) N (UyUUs)]. Thus we can move u;.

Case 2.2 |Vi| > kys.
Case 2.2.1. |V} \ VM| < kys. Let Y C VM such that [V} \ Y| = k;s.

Case 2.2.1.1. |Uy U Us| > kgs. If |Us| < kos, then there exists Uj C U,
such that |U; UUf| = ks = |[V1 \ Y] and we are done. If not, then we have
|Us| > kas. So let ag := |Us| — kgs. We have
d(V1,Up) > kos+2s—5—1r—(kis—ag) = (ks —k1)s+2s—5—r+ay > s—1+ay
by Claim 6.4.1, and thus we can apply Lemma 6.4.4(ii) to get a set of ay vertex
disjoint s-stars from U, to V;. Since |(Vo U V2) UY| = kys, we are done.

Case 2.2.1.2. |UyU U, < kys. Set a; := |Uy| — k1s and note that a; > 1.
132



We have

d(Vo,Uy) > kas +2s =5 —r — (kas —ay) =25 — 5 —r + ay. (6.23)

Case 2.2.1.2.1. |V U V| > kys + s.

Case 2.2.1.2.1.1. |UyUU;| > k1s + s. If a; < s, we can choose U} C U
and Y C VM UV so that (U UU) \Uj| = |[(VoUV)\Y'| = ks +s. If ay > s,
then (6.23) implies 6(V5,U;) > 25 —4 4 (a1 —s) > s — 1+ (a1 — s) and thus we
can apply Lemma 6.4.4(ii) to get a; — s vertex disjoint s-stars from U to V5.

Now let Y/ C VM UV so that |Up| — (a1 — s) = (Vo U VL) \ Y| = kys + s.

Case 2.2.1.2.1.2. |UyUU;| < k1s+s. Let ag = |Us| — (kas — s). We have

S(Vi,U) > kas+2s—5—r—(kis+s—ag) = (ko —k1)s+s—5—r+ag. (6.24)

If ks = kq, then r < 555, By (6.23) we have

§(Vo,Uy) > 382_4 +a; > s— 14 a;. So by Lemma 6.4.4(ii), we can move a;

vertices from U; so that |Uy| —a; = ks = [V \ Y.

If ko = k1 + 1, then r < s — 3. By (6.24) and (6.23) we have
d(V1,Uz) > s — 24 ag and §(Vo,Uy) > s — 24 a;. We would be done if either
§(V1,Us) > s or 6(Va,Up) > s, because |Vo U Vi| > ks + s and [Vy \ VM| < kys.
So we may suppose a; = ag = 1 and r = s — 3. We have |Vj| > |Uy],
§(Vi,Usy) > s — 1, and at least one vertex v; € V¥ such that deg(vy, Us) > o'/3n.
Thus there is a vertex us € U, such that deg(ug, Vi) > s. So we have
|(Uo U Us) U{ug}| = kis+ s and |V U V| > kys + s with [V \ VM| < kys so we

are done.

Finally, suppose that ks > k1 + 2. We have
V1, Up) > (ke —k1)s+s—5—r+ay >2s—4+ay > s— 1+ ay since s > 3.

Thus we can find ay vertex disjoint s-stars from Us to Vi by Lemma 6.4.4(ii) and
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we have |(UyUU;)| +ag = k1s+s. Since |[VoU Vi| > kis+ s and |V \ VM| < ks

we are done.

Case 2.2.1.2.2. [V UVi| < k1s+s. Set by := |Va| — (kas — s) and

bl = |‘/1| — ]{318. Note that 1 S bl,bg S s— 1.

If ky = ki, then r < *5°% by Claim 6.4.1. So by (6.23) we have

o(Vo,Uy) > 352_4 +a; > s— 1+ ay. By Lemma 6.4.4(ii), we can move a; vertices

from U; so that |U| —a; = kis = |V \ Y.

If ko = k1 + 1, then r < s — 3 and by (6.23) we have
0(Vo,Uy) > s — 2+ ay. (6.25)

If ay >2orr <s—4, then (6.25) gives 6(V,U;) > s — 2+ a; > s in which case
we can apply Lemma 6.4.4(iii) to get a set of a; vertex disjoint s-stars from Uy
to V5. So suppose a; = 1 and r = s — 3. We have

(U, Vo) > kis+s+r— (kis+s—by) =r+by >s—3+by. If by > 3, then we
have 0(Uy, V2) > s and thus we can move a single vertex from U; to make

|Ur| —ay = k1s = |V1 \ Y. So suppose 1 < by < 2. By (6.25), we have

d(Vo,Uy) > s — 1. If by = 2, then |V5| = k1s + 2 > kys + 1 = |U;| and since
§(Va,Uy) > s — 1 there exists u € Uy such that deg(u, V2) > s. So we move u to
Uy and |Up \ {u}| = k1s = |[V1 \ Y|. So we may suppose that by = 1. Since
d(Va,Uy) > s — 1, if there was a vertex v € V5 such that deg(v,U;) > s, then
there exists u € Uy such that deg(u,V3) > s in which case we would be done. So
we can suppose A(Uy, V3), A(Va,Uy) < s — 1. Then since §(V,,U;) > s — 1 by
(6.25), we have that G[Uy, V4] is (s — 1)-regular. So we have

d(Vo,UgUUy) > kos+2s—5—1—(s—1) > kes — 1 = |Uy U Us| and thus
G[Va, Uy U Uy is complete. Since |V;| = ks + 1 and |V; \ VM| < kys, there exists
some v; € V; with deg(vy, Us) > a/?n. Let u; € Uy N N(vy). Since

deg(uy, Vo) = s — 1 and G[Va, Uy U Us] is complete there is a copy of K which
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contains u; and v;. Thus |Uy \ {u1}| = kis = [V \ Y.
Finally, suppose ko > k1 4+ 2. We first prove the following claim.

Claim 6.4.10. If Uy U Uy| > k1s+ s and |Uy| < kys + s, then there exists
Uy C Uy such that |(Uyg U Uy) \ Ul = kis +s. If Uy U Uy | < kys + s, then there
exists a set of vertex disjoint s-stars with centers C' C Uy and leaves in Vi such

that ’UO U U1| + ‘C’ = k:ls + s.

Proof. Suppose first that |[Uy U U;| > k1s+ s and |Uy| < ks +s. Let U] C Uy so
that [(Uy U Uy) \ Uj| = k1s 4+ s. Now suppose |Uy U Uy| < kys + s and let

ag = |Us| — (k2s — s). Equation (6.24) holds in this case. Since ko > ki + 2,
(6.24) gives 0(V1,Us) > 2s —4 4+ ag > s — 1 + ay and thus by Lemma 6.4.4(ii)
there is a set of ay vertex disjoint s-stars with centers C' C U, and leaves in V;

such that |Uy U Us| + ay = kys + s. O

We have
(U, Vo) > kis+s+r— (kis+s—bg) =1+ bs. (6.26)

If r > s — by, then §(Uy, V5) > s and we can apply Lemma 6.4.4(iii) to get a set
of a; vertex disjoint s-stars from U; to V5 giving |Up| — a1 = kys = [V \ Y. So

suppose 1 < s — 1 — by. By (6.23) we have

(5(‘/2,(]1) Zs—4+a1+b2. (627)
If 6(V5,U;) > s, we would be done by moving a; vertices from Uj, so suppose
2 S a; + bg S 3.

If by =2 and a; = 1, then 6(V5,U;) > s — 1 and since |V,| > |Uy|, there is
a vertex u € Uy with deg(u, V2) > s, which we can move
|U1’ — ] = ]i]18 = |‘/1 \Y|
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If ay =2 and by = 1, then 0(V5,U;) > s — 1 by (6.27). If r < s — 3, then
(6.23) would give 0(V5,U;y) > s in which case we would be done by moving two
vertices from Uy, so suppose r = s — 2. If there is a vertex vy € V5 with
deg(vq, Up) > s, we can move vy so that |(Vo U Va) U{va}| = k1s + s and apply
Claim 6.4.10 to finish. So suppose A(Va,U;) < s — 1. So for all v € V5,
deg(v,UyUUs) > kas +2s —5—1r — (s — 1) = kos — 2 = |Uy U Us|, which implies
G[Va, Uy U Uy is complete. Since |V,| > |Uy| and §(Va, Uy) > s — 1, there is a
vertex uy € Uy with deg(uq, Vo) > s. Let L be a subset of N(uy) NV; of size s.
Let v; € VM and note that §(U;, V3) > s — 1 by (6.26) and the fact that
r=s—2. Since A(Va,U;) < s — 1 there must be a vertex u} € U; N N(vy) such
that deg(u), Vo \ L) > s — 1. Then since G[V,, Uy U Us] is complete, u; and v; are

contained in a copy of K. Thus |U; \ {w, v} =kis = Vi \ Y]

Now in the final case we have a; = 1 = by. If there were a vertex v, € V5
such that deg(vy, Uy) > s, then (Vo U V) U {ve}| = k1s + s and we apply Claim
6.4.10 to finish. So suppose A(V5,U;) < s — 1. Since r < s — 2, we have
S(Vo,UgUUy) > kas+2s—5—1r—(s—1) > kos —2 = |UyUU,| — 1. Also
d(V1,UgUUs) > kos+2s—5—1r—(kis+1) > (ka—k1)s+s—4>3s—4 > 2s—2.
Since 6(V2,Uy) > s — 2 and |Va| > |Uy], there exists u; € Uy with
deg(uy, Vo) > s — 1. Let v; € N(uy) NV4. Since vy has 2s — 2 neighbors in
Up U Uy and 0(Va, Uy U Us) > |Uy U Us| — 1 there is a copy of K s which contains
u; and vy with s — 1 vertices in Uy U Uy and s — 1 vertices in V,. If v; € VlM,
then |Uy \ {u1}| = kis = [Vi \ Y|. If v; ¢ V™, then let Y’ C Y with
Y[ =1Y[ =1 and thus [U; \ {u1} = ks = [(Vi \ {or}) \ Y],

Case 2.2.2. |V} \ VM| > ks.
Case 2.2.2.1. 3¢y, 3Y C VM such that |V} \ Y| = £1s. Choose £,

minimal and note that ¢; > ki by Case 2.2.2. Let ¢y :=m — /4.
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Case 2.2.2.1.1. |Uy U U,| < l3s. Let ay := |Uy| — ¢1s. We have
d(Vo,Uy) > kas+2s—5—1r— (las —ay) = (kg —la2)s+2s—b—r+a; >
2s —4+ay; > s —1+4 ay, and thus we can find a set of a; vertex disjoint s-stars

from U; to V4. This gives |Uy| —ay = l1s = |V1 \ Y.

Case 2.2.2.1.2. |Uy U Us| > lys. If |Us| < lys, then there exists U C Uy

such that |U; UU]| = t1s = |V1 \ Y. Otherwise |Us| > las. Set ag := |Us| — las.

We have |V} \ Y| = {15 and since ¢; > k; and ¢; is minimal, we have

[VMA\ Y] <s. Set by == |V; \ VM| — ({15 — s). We have
SWVI\Y,Us)+6(Up, i\ Y) >n+3s—5— ({15 —ag+ las) =3s —5+ay (6.28)
and

S(VI\VM, Uy)+0(Us, VI\VM) > n+35—5—({15—as+la5+5—b)) = 25—5+b; +as.
(6.29)

If 5(V1 \ Y,Usz) > s, then there are ay vertex disjoint s-stars from U, to V by

Lemma 6.4.4(iii) and we are done. Otherwise by (6.28) we have

S(Ug, Vi \Y) > 25 —4d +ay > 5. If §(Us, Vi \ VM) > s, then since

AV \ VM, Uy) < o'/3n we can apply Lemma 6.4.4(iii) to get a set of ay vertex

disjoint s-stars from U, to V;. Likewise if 6(V; \ VM, U,) > s. These two facts,

together with (6.29) imply 2 < ay + by < 3. If as = 1, then since

0(Us, V1\Y) > 25— 3 > s and we only need to move one vertex, we are done. So

we only need to deal with the case when ay = 2, b; = 1, and

S(Uy, i \VM) =5 —1=6(V, \ VM, Us). Since b; = 1 we have [VM\ Y] =5s— 1.

If there exists a vertex uy € U, such that deg(ug, Vi \ VM) > s, then since

(U, V1 \Y) > s, we either have another vertex disjoint s-star and we are done,

or every vertex in U must have a neighbor in N(uy) N (Vi \ V;¥). However this

implies that some vertex in v' € N(uy) N (V7 \ V{¥) has deg(v', Us) > a'/*n

contradicting the fact that vertices in V; \ V¥ are not movable. So we have
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AUy, Vi \ VM) <s—1. Since §(U, V1 \Y) > 25 — 4+ ay = 25 — 2,

AUy, i\ VM) <s—1and |[VM\Y|=s—1, every vertex in U, is adjacent to
every vertex in V™ \ Y. Since §(V; \ V¥, U,) = s — 1, we can choose

vy € Vi \ VM and ug, uhy € N(v1) NUs. Thus {v;} U (VM \Y) and {ug, uh} form a

K5 and thus we can move ug, uy from Us, giving |[Uy U U | +2 =15 = |V \ Y.

Case 2.2.2.2. 3¢y, 3V C Vj such that |Vy U V;| = £1s. Choose ¢; to be
minimal and note that since we are in Case 2.2.2. but not Case 2.2.2.1. we have
Vi \ VM| > £1s — s and thus

0y >k + 1. (6.30)

Set lo :=m — ¢;. Since [V} \ VM| > €15 — s, we reset V; :=V; \ VM|

Vo = Vo U VM and set by := |Vi| — (f15 — s).

Case 2.2.2.2.1. |Uy U Us| < lys. Set aq := |Uy| — ¢15. Then we have
d(Vo,Uy) > kas+2s —5—r—(las—ay) = (ks —la)s+2s—5—r+a; >

2s —4+a; > s — 1+ ay, and thus we are done by Lemma 6.4.4(ii).

Case 2.2.2.2.2. |Uy U Us| > lys. If |Us| < lys, then there exists Uj € Uy
such that |U; UU]| = t1s = |V1 UY|. Otherwise |Us| > ls. Set ay := |Us| — €as.
Note that if £ > £;, then f3s > § and consequently
(W1, Us) > W — (l1s —ay) > % +as > s — 1+ ay. Then by Lemma
6.4.4(ii) we can move ay vertices from U, and we are done. So for the rest of this

case we may suppose that

0 <t —1. (6.31)
Since |Us| = l3s + as, we have
d(V1,U)+0(Us, Vi) > n+3s—5—({1s—ag+los+s—by) = 2s—5+as+0b;. (6.32)

If §(V1,Usz) > s or §(Us, Vi) > s, then we can apply Lemma 6.4.4(i) or (iii) to get

a set of ay vertex disjoint s-stars from U, to Vi, giving
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|Ui| + ag = ¢1s = |V U Vi|. So suppose for the rest of the case that
5(Vi,Us) < s —1 and 6(Us, V;) < s — 1. (6.33)

Thus (6.32) and (6.33) imply 2 < as + by < 3. Furthermore, if
d(V1,Us) 4+ 6(Uy, V1) = 2s — 2, then we have §(V;,Us) = s — 1 and
5(U2, ‘/1) =s—1.

Claim 6.4.11. If |Uy| < lys — s, then there ezists U) C Uy such that
U1 U U = tys —s. If |Uy| > l1s — s+ 1, then there exists a set of vertex disjoint
s-stars with centers C' C Uy and leaves in Vo such that |Uy \ C| = {15 — s or else

5(‘/1,(]2) Z 8—2+(12.

Proof. First suppose |U;| < {15 — s. Since |Us| = los + as < los + 2 < l35 + s,
there exists Uy C Uy such that |[Uj U U;| = 15 — s. Now suppose

|Ui| > l1s — s+ 1 and set ay := |Uy| — (€15 — s). If €1 > Ky + 2, then

d(Vo,Uy) > kas+2s—5—1r—(las+s—ay) = (ko —la)+s—5—r+a

>2s—4+a;>s—1+a. (6.34)

Thus we may apply Lemma 6.4.4(ii) to get a set of a; vertex disjoint s-stars
from U; to V4 giving |Uy| — a; = €15 — s. So suppose {1 < kj + 1, which implies
¢y = k1 + 1 by (6.30). Consequently ¢5 = ks — 1. By (6.31), we have

ko —1=10; <ty —1=kFky. By (6.34), we have §(V5,U;) > 2s —5 —r+a;. If
ko = k1, then r < % and thus §(V5,U;) > s — 1+ ay. So suppose ky = ky + 1,
which implies r < s — 3 by Claim 6.4.1. If r < s — 4, then (6.34) gives
d(Vo,Uy) > s — 1+ ay. So suppose r = s — 3. If a; > 2, we have §(V,,Up) > s.

Otherwise a; = 1 and 6(Vi,Us) > kos +2s —5—1r — ({18 —az) > s —2+ay. O

as =1, by = 2. In this case, |V1| > |Us| by (6.31) and since
d(V1,Uz) > s — 1, there is a vertex us € U, such that deg(u, V1) > s and we are

done.
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as = 2, by = 1. If there is a vertex v € V} with deg(v,U,) > s, then we
apply Claim 6.4.11 to either finish or get §(V1,Us) > s — 2 + ay. However, if
d(V1,Uz) > s — 2 + ag, then the fact that ay = 2, contradicts (6.33). So suppose
A(V1,Uy) < s —1. Since 6(Uy, V1) < s — 1, there exists u € U, such that for all

v € V] we have
n+3s—5 <deg(v)+deg(u) <lis+s—1+s—1+ls—2+s—1=n+3s—05,

thus G[Vi, Uy U Uy] is complete. Let vy, v, € V. Let ug € N(vy) N Us and choose
a set of s — 1 vertices L C N(ug) N V;. Since A(Vy,Us) < s — 1, there exists
ufy € N(vy) N Uy such that deg(ub, Vi \ L) > s—1. Let L' be a set of s — 1 vertices

in N(uy) N (Vi \ L). Since G[Vy, Uy U Uy] is complete we can move uy and .

as =1, by = 1. If there is a vertex v; € V; with deg(vy,Us) > s, then we
apply Claim 6.4.11 to either finish or get 6(Vi,Us) > s — 2 + ay. Since ay = 1, we
have §(V1,Uy) > s — 1. Since |Vi| > |Us|, §(V1,Uz) > s — 1, and deg(vy, Us) > s,
there exists a vertex uy € Uy such that deg(ug, V1) > s and we are done. So we
may suppose A(Vy,Uy), A(Us, V1) < s — 1. This implies that
§(Uz, Vo U Vo) > Vo U Vol — 1 and §(V3,Ug U Uy) > |Uy U U;| — 1. Since
d(V1,Usz) 4+ 6(Usy, V1) > 2s — 3, we can choose us € U, such that
deg(ug, V1) > s — 1. Let vy € Vo N N(usg), which exists since |Vy| > s — 1 and
(U, Vo U V) > |Vo U Va| — 1. We have deg(vg, Uy) > 2s — 2 and thus
G[N(u2) NV, N(vg) N Uy contains a copy of Ks_1 1. This allows us to move

one vertex from Us as needed.

Case 3 For some ¢, > ki, we have {15 < [V} \ VM| < [Vo U V| < f1s+ s. Set
by = Vi \ VM| —£15s > 0 and by := |V,| — (f35 — s). Reset V; := 1V} \ VM and
‘/OZVE)U‘GM Set€2:m—€1.

Case 3.1 |Uy \ UM| > lys. Let ay := |Uy \ UM | — lys. Reset Uy := U, \ UM and
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Uy := Uy UUM. We have
5(‘/1, UQ) + (5(U2, ‘/1) Z 3s—5 + ag + b1 Z 258 — 2 + ag + bl. (635)
Note that as > 0, by > 0, so we are done by Lemma 6.4.5.

Case 3.2 |Uy \ U] < lys. Reset Uy := Uy \ U and Uy := Uy U U, We have
|U1 U U0| > £18.

Case 3.2.1. |U0 U U1| Z €18 + s.

Case 3.2.1.1. First suppose that |U;| < £;s. Let
Vi={veV;:deg(v,Us_;) > s}. If [Vi| > % or V5| > %, then we cither get a set
of by vertex disjoint s-stars from V; to Us or a set of by vertex disjoint s-stars
from Va to U; by Lemma 6.4.4(i). Since |U;| < f1s and f1s + s < |Uy U Uy| we
can choose a set U} C Uy such that |(Uy U U;) \ Uf| = ¢1s or we can choose a set
Ul C Uy such that |(Uy U Uy) \ Uj| = €15+ s. For i =1,2, let
Vi = {v e V;\'V; : deg(v, Uy UUy) < |Uy| + s — 2}. We have

S(Vi,Uo) +0(Va,Up) >n+3s —4— (|Ur| + s =2+ |Us| +5—2) = |Up| + 5
(6.36)

If [Vi| > g and Vo > %, then by (6.36) and Lemma 6.4.6 we can find a
K, s with by vertices in V; and s — by vertices in V5. Then we choose U] C U
such that [Vi| — by = f15 = |(Uy U Uy) \ U}|. Otherwise we have |V;] < g or
Vo < . Suppose that V1| < 2. First note that for all v € V1 \ (V1 U Vi),
deg(v,Uy) = s — 1. Since |V; \ (V, UWV})| > %, we can apply Lemma 6.4.4(i) to
get a set of by vertex disjoint (s — 1)-stars from V; \ (Vi UV;) to Us. Let

U1, U2, ..., 0, be the centers and L(v;) be the leaf sets for each star.

If [V3| > %, then for every star we have |N(L(v;)) N Vo| > 16 and for all

o € N(L(v;)) N Vy we have

n+3s—4 < deg(v;) +deg(v) < |Uy|+s—1+deg(v;, Up) + |Ua| + s — 2+ deg(v, Up),
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which implies deg(v;, Up) + deg(v, Uy) > |Us| + s — 1. So for each v;, we can find
a K,_1, 1 with s — 1 vertices in N(v;) N Uy and s — 1 vertices in N(L(v;)) N Va.
Since we only need to move at most s — 1 vertices from Vi, we can always choose

a unique vertex from Uy for each center in V; to complete the copy of K .

If V| < 2, then [V;\ (V;UV;)| > 2 for i = 1,2. Set V/ := Vi \ (V;UV;) for
i =1,2. We know that min{b;,s — b;} < J and since s > 3,

min{by,s — b1} < s — 2. Without loss of generality, suppose b; < s — b;. Since
[V{| > %, we start by taking a set of by vertex disjoint (s — 1)-stars from VY to

Us,. Let vy, vg,...,vp, be the centers and L(v;) be the leaf sets for each star. For

every star we have |[N(L(v;)) N V3| > {¢ and for all v' € N(L(v;)) NV we have
n+3s—4 < deg(v;)+deg(v') < |Up|+s—1+deg(vi, Up) + |Us| +s—1+deg(v', Uy),

which implies deg(v;, Up) + deg(v', Uy) > |Up| + s — 2. So for each v;, we can find
a Ky o4 1 with s — 2 vertices in Uy N N(v;) and s — 1 vertices in N(L(v;)) N V3.
Since we only need to move at most s — 2 vertices from Vi, we can always choose

a unique vertex from Uy for each center in V; to complete the copy of K ;.

Case 3.2.1.2. |Uy| > ;5. Let a; := |Uy| — £1s. In this case we have

d(Vo,Uy) > kas+2s =5 —r— (s —ay) = (ks — la)s +2s — 5 —r+a;. (6.37)

Case 3.2.1.2.1. ¢; > ky. Then ¢y < ky and (6.37) gives

d(Va,Uy) > s — 1+ a; and we are done by moving vertices to ;.
Case 3.2.1.2.2. ¢; = k; and so ¥y = k».

Suppose ky = ki. Then r < % and we have §(V,,U;) > s — 1+ ay so we

are done by moving vertices to V;.

Suppose ks = ki1 + 1. This implies » < s — 3. Now we have

d(Vo,Uy) > s —2+4ay. If 6(Va,Up) > s, then we would be done by moving
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vertices to V;. So suppose a; = 1 and r = s — 3. Recall by = |V5| — (kas — s). We
have 0(Uy,Va) > k1s+ s+ 1 — (k1s+ s — by) = s — 3+ b, so we would be done

by moving vertices to Vi unless 1 < by < 2. Furthermore, we have

(U, Vi) > kys+s+r—(kis+s—b)=s—3+h (6.38)

Suppose by = 2. Since a; = 1 and ky = ky + 1 we have |V4| > |U;|. Since
d(Va,Uy) > s — 1, there exists a vertex u; € Uy such that deg(uq, Vo) > s. If
by > 3, then (6.38) implies §(Us, V) > s and thus we can move by vertices from
V1 by Lemma 6.4.4(iii). Otherwise let Vj = {v € V4 : deg(v,U;) < s —1}. If
(Vo \ V3| > 2sa/3kys, then since A(Uy, Va) < 2at/?kys there would be two vertex
disjoint s-stars from V3 \ V3 to U;. So suppose |V;| > 7. Note that for all v € V5,
deg(v,UpUUsz) > kos+2s—5—1— (s —1) =kas — 1 = |Uy U Uy, so
G[V4, Uy U Us] is complete. If by = 1, then since §(Vi, Uy U Us) > 25 — 3 > s we
can move a vertex from Vi, giving |U; \ {u1}| = k1s = |V1| — 1. So suppose
by = 2. If there is a vertex v; € V; such that deg(vy, Uy U Us) > 2s, then we
would be done since 6(V;, Uy U Us,) > 2s — 3 > s and G[V;, Uy U Uy is complete
so we can move two vertices from Vi. So suppose A(V;, Uy U Uy) < 25 — 1. Then
Vi, Uy) > kes+2s—5—1r—(2s—1) =kos —s—1=kys — 1 =|U;| — 2. Since
by = 2, we have §(Uy, V1) > s — 1 by (6.38). Thus there are two vertex disjoint
s-stars from U, to V; with leaf sets L; and Ly. Let Uy := Uy N (N(L1) N N(Ls))
and note that since 6(Vi,Uy) > |Uy| — 2, we have |Uy| > |Uy| — 4s. Now since
§(VJ,Up) > s —1and A(Uy, Va) < 2a'/3kys, there exist two vertex disjoint
(s — 1)-stars from Vj to Uy. Since G[Uy, Ly U Ly] and G[V4, Uy U Us] are
complete, we can move two vertices from V5 to V; and U, to U;. We finish by
moving s — 3 vertices from Uy to U; and s — 4 vertices from Vj to Vi, giving

Uil +2+s—3=ks+s=|Vi|+2+s—4.

Suppose by = 1. If there exists a vertex vy € V5 such that deg(ve, Uy) > s,
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then we would be done by moving vy to V4. So suppose A(Vs, Us) < s — 1 and
thus §(Vo,Up U Usy) > kas +2s —5 —r — (s —1) = kas — 1 = |Uy U Uy|. Let

v € V5 and let L be the set of leaves in U of an (s — 1)-star with center vy. Let
V] = N(L) NV} and note that [V/| > |V;| — 2sa'/?k;s. Since

SV, UpUUsg) > kas+2s—5—r — (ks +1) =2s — 3 > s, there exists a vertex
us € Uy U Uy such that deg(u, V/) > s — 1. Since G|[Va, Uy U Us] is complete, we
can move vy and us. We finish by moving s — 2 vertices from Uy to U; and

s — 1 — by vertices from V; to V; giving

Ui|+14+s—2=ks+s=|Vi|+1+s—1—b.

Finally, suppose ks > k1 + 2. Here we have
(U, Vo) > kis+s+r—(kis+s—by) =r+by. If r > 5 — by, then §(Uy, V5) > s
and we would be done by moving vertices from V5 to Vi, so suppose

r <s—1—by. Then we have
d(Vo,Uy) > kas+2s—5—1r — (kes —ay) > s — 4+ ay + bs. (6.39)

We would have 6(V,,U;) > s and be done unless 2 < a; + by < 3.

Suppose a; = 2, by = 1. If r < s — 3, then §(V5,Uy) > s by (6.39), so
suppose 7 = s — 2. We have §(Uy, V3),0(V,U;) > s — 1 and
d(V1,UgUUsy) > kos+2s —5—1 — (ks +2) > 3s — 5. If there was a vertex
ve € V4 such that deg(ve, Up) > s, then we would be done by moving vy to V. So
suppose A(Va,U;) < s — 1 and thus
d(Vo,UgUUs) > kos+2s—5—1r—(s—1) =kos —2 =|UyUU,|. Let vy € V5 and
let L := N(vg) NU;. Every vertex in N(L)NV; =: V/ has at least 3s — 5 > s
neighbors in Uy U Us, so there exists a vertex us € Uy U Uy such that
deg(ug, V]) > 3s —5 > s — 1. Then since G[Va, Uy U Uy is complete, we have a
copy of K, which allows us to move vo. We finish by moving s — 3 vertices from

Uy to Uy and s — 1 — by vertices from V{ to V] giving
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Ui|+14+s—3=kis+s=|Vi|+1+s—1—b.

Suppose a3 =1, by = 2. If r < s — 4, then §(V5,U;y) > s by (6.39), so
suppose 7 = s — 3. We have §(Uy, V3),0(V2,U;) > s — 1 and
d(V1,UgUUy) > kos+2s—5—1r — (ks + 1) > 3s — 3. Let
Vi ={v e Vy:deg(v,Uy) <s— 1} If [Vo \ VJ| > 25a'/?kys, then since
A(Uy, Va) < 203kys there would be two vertex disjoint s-stars from V5 \ VJ to
U1, so suppose not. Then |V;| > %. Note that G[V;, Uy U Us] is complete. Since
|Va| > |Uy| and §(V,,Uy) > s — 1, there exists a vertex u; € Uy such that
deg(uy, V2) > s. Now we must move by vertices from V;. If say g vertices in Vj
have at least s neighbors in Uy, then we can find a K, ; with s vertices in Uy, by
vertices in V; and s — by vertices in V5 by Lemma 6.36 and the fact that
G[Vy, Uy U Uy is complete. Otherwise we have § vertices with at most s — 1
neighbors in Uy and consequently at least 3s —3 — (s — 1) > s neighbors in Us.

Either way there exists b; vertex disjoint s-stars from V; to Us.

Suppose a; = 1 = by. If there is a vertex in V5 with s neighbors in Uy,
then we would be done, so suppose not. Since by = 1, we have r < s — 2. If
r=s—2, then §(Up,V3) > s—1. If r < s — 3, then §(V5,U;) > s — 1. So either
way there is a vertex vy € V5 such that deg(vy, Uy) = s — 1. Let L := N(vg) NUj.
We have §(Vo, UgUUs) > kos +2s—5—1r—(s—1) > kos —2 = Uy U Uy | — 1.
Since 6(V1, Uy UUsy) > 3s — 4, every vertex in N(L)NV; =: V/ has at least 3s — 5
neighbors in N(vy) N (Uy U Us). So there exists a vertex ug € N(vy) N (Up U Us)
with at least 3s —5 > s — 1 neighbors in V{. This gives us a copy of K, , which

allows us to move vy.
Case 3.2.2. 618 < |U0 U U1| < Els + s.

Case 3.2.2.1. |U;| < #1s. Thus there exists U] C Uy such that

|(Uo U Uy) \ U)| = t1s. So we try to make |Vi| = {15 or |V5| = l3s. Recall
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ly=m —{y and by = |Vj| — {1s. Let ay := |Us| — (fos — s). We have
d(Vi,Uz)+6(Us, Vi) > n+3s—5—(l1s+s—as+Llas—by) = 2s—5+as+by. (6.40)

If 6(Vi,Us) > s or §(Us, V1) > s, then we would be able to find by vertex disjoint
s-stars from V) to Uy by Lemma 6.4.4(i) or (iii) and we are done. So suppose
d(V1,Uz) <s—1and 6(Us, Vi) <s—1,thus 2 <as+ b <3. If

d(Vi,Us) + 6(Us, Vi) = 2s — 2, then we have 6(V;,Us) = s — 1 and

d(Us, V1) = s — 1. Furthermore, we have

(5(U()UU1,‘/0U‘/2>—f—(s(%u‘/g,UoUUl)Zn+38—5—(€18+b1+£28—8+a2)

=4s—5— a9 — bl. (641)

Let Uj :={u € Uy : deg(u, V7)) < s —1}.

Suppose ay = 2, by = 1. If there is a vertex v; € Vi with deg(vy, Us) > s,
then we are done by moving vy to Vs. If e(Us, Vi) > (s — 1)|V4], then there exists
a vertex vy € V; such that deg(vy, Us) > s, so suppose not. If
Uy \ US| > 3a2/3kys, then since |Vi| — |Us| < 2a%kys we have
e(Usy, V1) > (s — 1)|V4], so suppose not. Then |Uj| > |Us| — 3a*/3kys. For all

v € Vi and u € Ul we have
n+3s—5 < deg(v)+deg(u) < l1s+s—1+s—1+lys—2+s5—1 =n+3s—5, (6.42)

thus G[Vi, Uy U Uy] is complete and G[U}, Vi U V4] is complete. Since
5(US, Vi) > s — 1, there exists a vertex vy € Vi, such that deg(vy,Uj) = s — 1.
Let uy € Uy and note that deg(ug, V2) > s. Since G[V1, Uy U Uy] is complete we

can move vy from Vi along with wuyg.

Suppose as = 1,b; = 2. First suppose that there exists v; € V; with at
least s neighbors in Us. Let L C N(vy) N U, with |L| = s. In this case we can

apply the argument of the previous paragraph to the sets V; \ v; and Uy \ L. So
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suppose that A(Vy,Uy) < s — 1 and |Us| > |Us| — 2a*/%kys. Equation (6.42)
holds which implies that G[V}, Uy U U] is complete and G[US, Vo U V5] is
complete. Every vertex in Uj has s — 1 neighbors in Vj, so there are two vertex
disjoint (s — 1)-stars from V; to Uj with centers vy and v]. Since G[V;, Uy U Uj]
is complete and |Up| > s — 1 > 2, there exist ug, uy € Up. Since

deg(ug, V2), deg(uy, V2) > 2s, we can move vy and v} by taking ug and uf. Then

let Uy C Uy so that |Uy| + |Uj| = t1s = |Vi| — 2.

Suppose as = 1,b; = 1. If there is a vertex v; € V; such that
deg(vy, Uy) > s, then we can move vy to V5 and be done, so suppose
A(V1,Uy) < s — 1. First suppose that A(Uy, V1) < s—1. For all v € V; and
u € Uy we have
n+3s—5<deg(u)+deg(v) <lis+s—1+s—14+bs—1+s—1=n+3s—4.
Thus 6(Vi, Uy UU;y) > |UgUU;| — 1 and 6(Usp, Vo U Va) > [V U Va| — 1. Let
vy € Vi such that deg(vy,Us) = s — 1, which exists since 6(V3,Us) > s — 1 or
(U, Vi) > s —1. Let L := N(v1) N Uy and Vj := N(L) N Va; note that
|Vy| > |Va| — s since 0(Us, Vo U Vo) > |V U Va| — 1. Finally let ug € Uy N N(vy),
which exists since 0(Vy, Uy U U;) > |Uy U U;| — 1 and |Uy| > s — 1. Since
deg(ug, Vy) > s, we can move v; along with uy. So we may suppose that there
exists some us € Us such that deg(us, V1) > s. Let
Vy i={v € Vp:deg(v,Uy) < s—1}. If say [Vo \ V5| > ¢, then since

AUy, Vy) < 20 3kys we could move by vertices from Vs and we would be done.

So we may suppose that |V;| > %. Note that we have
6(V1,Ug)+deg(Vy, Ug) > n+3s—4—(|Ur|4+s—1+|Us|+s—1) = |Up|+s—2. (6.43)

Let v; € V; such that deg(vy,Us) = s — 1 and let L := N(v1) N Us. Let
Vy := V/ N N(L) and note that |V5| > g Forall v € V, we have
deg (9, N(v1) NUp) > s — 2 by (6.43). Since |Va| > [N (vy) N Up|, there exists

ug € N(v1) N Uy such that deg(uy, ‘72) > s — 1. This completes a copy of K g
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which allows us to move vy.

Case 3.2.2.2. |U;| > l1s. Let ay := |Uy| — £15. Recall {5 =m — /1,
by = |Vi| — lys, ag = |Us| — (las — s), and by := |V5| — (f2s — s). We have

5(‘/1, U2)+5(U2, Vi) Z n+3s—5—(€15+5—a2)—(fgs—bl) = 28—5+&2+b1 (644)
and

5(‘/2, U1)+(5(U1, ‘/2) > n+38—5—(€25—a1)—(€1s+5—b2) = 23—5+a1+b2 (645)

Case 3.2.2.2.1. For some ¢ € {1,2} we have §(V;,Us_1) > s or
d(Us—;, V;) > s. Without loss of generality (all cases are similar, but not exactly
the same), suppose 6(Va, Uy) > s. This implies by Lemma 6.4.4(iii) that there is
a set of a; vertex disjoint s-stars from U; to V5 and a set of by vertex disjoint
s-stars from V5, to U;. So if we can move aq vertices from U, or by vertices from
Vi, then we say that we are done. If §(Vy,Us) > s or 6(Us, V) > s, then we can
apply Lemma 6.4.4(i) or (iii) and we are done, so suppose not. This implies
2 < ay+ by <3 by (6.44). Furthermore, if ay + b; = 3, then
d(V1,Uz) 4+ 6(Up, V1) > 28 — 2 and we may suppose 6(V1,U;) = s — 1 and
(U, Vi) =s—1. Let Uj :=={u € Uy : deg(u, V1) < s — 1} and
Vi ={v eV :deg(v,Us) <s—1}.

Since 2 < as + by < 3, either as = 1 or by = 1. Without loss of generality
suppose ao = 1 and thus 1 < b; < 2. If there is a vertex uy € Us such that
deg(ug, V1) > s, then we can move uy and we are done, so suppose
A(Uy, V1) < s—1. For all u € Uy and v € V/ we have
n+3s—5<deg(u)+deg(v) <ls+s—1+s—1+ls—b+s—1<n+3s—4
and thus §(Us, Vo U Va) > Vo U V| — 1 and §(V/, Uy U Uy) > |Ug U Up| — 1. If
by = 1, then we may suppose A(V},U;) < s —1 or else we are done. In this case

Vi =VWi. If by = 2, then 6(V,Uy) > s — 1. If there are two vertex disjoint s-stars
148



from V; to Us,, then we are done since b; < 2. This implies that

[V{| > |Vi] — 2sa'/3kys. So in either case there exists a vertex uy € U, such that
deg(ug, V) = s — 1. Since 6(Va,Uy) > s, there is a set of s vertex disjoint s-stars
from N(ug) N Vs to Uy. Finally since 6(Vy, Uy U Uy) > |Uy U Uy| — 1, the leaf set

of one of the s-stars from V5 to U; will form a K,_; .1 with s — 1 vertices in

N(ug) NV/ and s — 1 vertices in U;. Then we move by — 1 more vertices from V5.

Case 3.2.2.2.2. For all i € {1,2} we have 6(V;,Us_;) < s—1 and
d(Us—;,V;) < s—1. So by (6.44) and (6.45), we may suppose 2 < a; + by < 3 and

2 < ay+ b <3. We have

d(Va,Uy) > kos+2s—5—r—(lys—ay) = (ko—ls)s+2s—5—r—+ay > (ka—{3)s+s—4+a;.

(6.46)
If ¢4 > kq, then ky > {5 and §(V5,Uy) > s by (6.46). So suppose ¢; = ki and thus
Uy = k9. We also have

S(Vi,Us) > kos+2s—5—r—(kis+s—ag) = (ko —k1)s+s—5—r+ag. (6.47)

If ky > ky + 2, then §(V3,Us) > s by (6.47). So suppose ko < ky + 1. If kg = ky,
then r < #5 by Claim 6.4.1 and thus (6.46) gives

0(Vo,Uy) > 25 —5— % + a; > s. So suppose ky = k1 + 1 which implies

r <s—3by Claim 6.4.1. If r < s — 4, then (6.46) implies

0(Vo,Uy) > s —1+a; > s. So suppose r = s — 3. Finally if either a; > 2 or

as > 2, then (6.46) or (6.47) implies 6(V3,Us) > s or 6(Va,Uy) > s. So suppose
a; = 1= ay and thus 6(V1,Uz) = s —1=§(Va,Uy). Fori=1,2, let

V! :={veV;:deg(v,Us_;) < s—1}. Forallv eV,

deg(v,UpUU;) > kas+2s —5—1r— (s —1) = kes — 1 = |Uy U U], thus

G[V/!, Uy U U;] is complete.

First suppose by = 2 = by. Since |Vi| > |Us| and |Va| > |Uy|, there are

vertices u; € Uy and ug € Us such that deg(uq, Vo) > s and deg(us, V1) > s. If
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Vi \ V| > 2sa'/3kys for some 4, then we would be done by moving two vertices
from V; \ V/ and moving w; from U; for some i = 1,2. So we may assume that
(V| > |Vi| — sa'/3n for = 1,2. Since §(V/,Us) > s — 1 and |V{| > |V4| — sa'/3n,
there exists uy € U, such that deg(us, V{) > s — 2 and there exists u; € U; such
that deg(uy, Vy) > 2. Now since G[V/, Uy U U;]| and G[V;, Uy U Us] are complete,
we have a copy of K, with s — 2 vertices in V], 2 vertices in V, s — 2 vertices in
Uy, 1 vertex in U; and 1 vertex in U;. Then we move the remaining s — 4

vertices from Vj to V;

Now suppose b; = 2 and bs_; = 1 for some 2. Without loss of generality,
suppose by = 1 and by = 2. Since |V;| > |U;], there is a vertex u; € U; such that
deg(uy, V2) > s. So we would be done unless A(V,U;) < s —1 and thus V/ = V.
Let ug, uhy € Uy be the centers of two vertex disjoint (s — 1)-stars from U, to V;.
Then since §(Va, Uy) > s — 1 we can choose two vertex disjoint (s — 1)-stars from

(N (ug) N N(uy)) N Va to Uy. Then since G[Vy, Uy U Uy is complete we are done.

Finally suppose b; = 1 = by. If there exists vy € V5 (without loss of
generality) such that deg(v,U;) > s, then there is a vertex u; € U; such that
deg(uy, V3) > s. So we would be done unless A(V;,Us) < s — 1 and
A(Uy, V1) < s —1. Thus G[Vi, Uy U U] is complete. Let uq,uy € Uy be the
centers of two vertex disjoint (s — 1)-stars from U, to Vi. Then since
d(Va,Uy) > s — 1 we can choose two vertex disjoint (s — 1)-stars from
N(ug) N N(ub) NV to Uy. Then since G[Vi, Uy U U] is complete we are done.
Otherwise A(V;,Us_;) < s—1 for i = 1,2 in which case G[V;, Uy U U;] is complete
for i = 1,2. Let uy; € Uy such that deg(uq, V2) > s — 1 and let vyuy € E(V3, Us).
Since G[V1, Uy U U;| and G[V,, Uy U Us| are complete, we have a copy of K, s with
s — 1 vertices in V5, 1 vertex in V;, s — 2 vertices in Uy, 1 vertex in Uy, and 1

vertex in Us. Then we move the remaining s — 2 vertices from Vj to V5.
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6.5 Examples when ¢y is small

6.5.1 A probabilistic example

We prove Theorem 6.1.15. We ignore floors and ceilings since they are not vital

to our calculations.

Proof. Given a positive integer s, let ¢ := s¥/3, d := 2¢, a := s°, and

SC+1
4 -

b:=

a =

Let s be large enough so that s2¢*° < (30)° ) < 3. Let A, B be

d s(c-Ds

sets such that |A| = a and |B| = b. Consider the random bipartite graph by
adding the pair from A x B with probability p := 3?d (all choices made
independently). Then for u € A, E(deg(u)) = pb = 3s° and for v € B,
E(deg(v)) = pa = 3ds°~'. The probability that there exists u € A with
deg(u) < 2s¢ or v € B with deg(v) < 2ds®~! is less than 1/2 by a standard
application of Chernoff’s bound. In addition, the probability that there exists

K, with d vertices in A is at most

a b ds dis ds __ cds(c—‘rl)s (Bd)ds o SCd (Bd)d ’
<d> (S)p <a% p=s ds gds - gld—(c+1))s d

d S
S 8252/3 ( (3d) > <

gle—1)s

Consequently there exists a graph H on AU B such that

o deg(u) > 25 for every u € A, deg(v) > 2ds°~! for v € B and

e [ has no Ky with d vertices in A.

Let G be obtained from H by adding a set A" of n — a vertices to A and a
set B' of n — b vertices to B with n large as usual. We add all edges between A’

and B U B’. The sum of degrees in G is at least 2s° + (n — s¢) = n + s°.

Suppose that G can be tiled with K. Since G[A, B'] is empty, any copy

of K, s touching A must have s vertices in B. Also, any copy touching A must
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have at most d — 1 vertices from A, since H has no Ky with d vertices in A. So
the number of copies touching A is at least -%5. However, this implies that

s7%5 < |B| = ja, a contradiction. —

6.5.2 Concrete examples

We do not provide a general class of counterexamples in this section, however we
provide two specific cases of graphs with éy = O(1) and

du + 0y > n+2s—2[/s] + c(s) which cannot be tiled with K.

Let s = 5. First note that n + 2s — 2 [y/s] + ¢(s) = n + 5. We will show
that there exists a graph with dy + dy = n + 5 which cannot be tiled with K 5.
Let G[U, V] be a balanced bipartite graph with the following properties. Let
|U| = |V| = 5m =: n. Partition U as U = U; U Uy where |U;| =3, |Us| =n —3
and V as V =V, UV, where |Vi| =4 and |V3| = n — 4. Let G[U;, V;] be complete
for i = 1,2. Let G[Vi, Us] be complete. Finally suppose U; = {a, b, c} and let
N(a) NVy = {ay,aq,a3,a4}, N(b) NV = {by, by, b3, by}, and
N(c)NVy ={cy, e, c3,c4} where ag = by, by = 1, ¢4 = ay, and as, ag, b, bz, c2, c3
are distinct (see Figure 6.5.2). Note that 0y = 8, dy = n — 3 and thus
du+0y =n+5=n+2s—2[/s] + c(s). Suppose G can be tiled with Kj 5.
Since |N(a, b, c)| = 4, it is not the case that a,b, ¢ all belong to one copy. So
either a, b, and ¢ are in distinct copies, or say b and ¢ belong to the same copy.
First suppose that a, b, and ¢ are in distinct copies and let A, B and C' be copies
of K55 such that a € A, b€ B, and c € C. Let a := |V(A) NV,
B :=|V(B)N V|, and v := |V(C) N Vi|. Since |V1| =4, we have o + 4+ v < 4.
Also since |[(N(a) UN(b)UN(c)) N Va| =9, we have 5 —a+5—-F+5—-7<9
which implies 6 < a + [ + 7, a contradiction. So suppose that b and ¢ belong to
the same copy. But since |N(b,c) NV;| = 1, we have |[N(b,c¢) N'V;| = 4. But since

|N(a) N Va| =4, it is not possible for a to belong to a disjoint copy of K 5.
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a b ¢ n—3
U, —e—o Us
N(a,b) N(b,c) N(c.a)
Vi GS @ o v
n—4

Figure 6.4: s =5

Let s = 10. First note that n+ 2s — 2 [/s] + ¢(s) = n+ 13. We will show
that there exists a graph with dy + §y = n + 15 which cannot be tiled with
Kip10. Let G[U, V| be a balanced bipartite graph with the following properties.
Let |U| = |V| = 10m =: n. Partition U as U = U; U Uy where |U;| = 4,
|Us| =n—4and V as V =V, UV, where |Vi] =9 and |Va| =n —9. Let G[U;, Vi
be complete for i = 1,2. Let G[V;, Us] be complete. Finally suppose
Uy ={a,b,c,d} and let N(a)NVy = {aq,...,a10}, N(b)N Vo = {by,..., b1},
N(e)NVy={c1,...,c10}, and N(d) = {ds,...,d1p} where
{a7,a8,a9,@10} = {bl,bz, b:s,b4}, {57,58, b9:b10} = {01702,C3>C4},

{c7,¢8,¢9,c10} = {d1,da,ds3,ds}, {d7,ds,dg,d1o} = {a1,as,as,as} and

as, ag, bs, bg, ¢5, ¢, ds, dg are distinct (see Figure 6.5.2). Note that 6y = 19,

dy =n —4 and thus oy + 0y =n+ 15 =n+2s — 2 [/s] + ¢(s). Suppose G can
be tiled with K¢ 1¢. Since |[N(z,y,2)| =9, for any z,y, z € {a,b,c,d} it is not
the case that any three of a, b, ¢, d all belong to one copy. A similar analysis as
given in the s = 5 case will lead to a contradiction here.

a b ¢ d n—4
U &—eo—eo—o U,y

Vi T @ee @S @een@ees 1)

Figure 6.5: s =10
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6.6 Conclusion

In Theorem 6.1.8 and Theorem 6.1.13 we show that if 6(G) is Q(n), then

0y + oy > n + 3s — b suffices to tile G with K ;. The only example we have
which shows n + 3s — 5 is best possible has the property that 6y = dyy. When
Oy > 0y we have examples which show that we can’t do better than n 4+ 3s — 7.

This raises the question of whether n + 3s — 6 suffices when oy > dp.

In Theorem 6.1.15, we show that there exist balanced bipartite graphs on
2n vertices with 0y + 0y > n + s°""* which cannot be tiled with K,s. An
interesting problem would be to determine the largest possible value of 6y + dy
such that G[U, V| cannot be tiled with K. We note that if G[U, V] is a graph
with §y + dy > (1 4 €)n, then §y > en and thus we can apply Theorem 6.1.8 or

Theorem 6.1.13 to obtain a tiling of G.

Finally, while we don’t address the case of tiling with K, here, we point
out that it is easy to prove an analog of Theorem 6.1.13 for K;. In fact, even if
we only assume 0y + 0y > n, we can tile G with K, ,: the proof of Theorem
6.1.13 is easy when there exists ¢ such that |U;| < ¢s and |Vo U V| > s by Claim
6.4.7, so we just remove copies of K, from G[Uy, Vi], each with ¢ vertices in Uy,

until the desired property holds and then we can finish the tiling as we do here.
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