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ABSTRACT 

Due to great challenges from aggressive environmental regulations, increased demand due to 

new technologies and the integration of renewable energy sources, the energy industry may 

radically change the way the power system is operated and designed. With the motivation of 

studying and planning the future power system under these new challenges, the development of 

the new tools is required.  A network equivalent that can be used in such planning tools needs to 

be generated based on an accurate power flow model and an equivalencing procedure that 

preserves the key characteristics of the original system. Considering the pervasive use of the dc 

power flow models, their accuracy is of great concern. The industry seems to be sanguine about 

the performance of dc power flow models, but recent research has shown that the performance of 

different formulations is highly variable.  

In this thesis, several dc power-flow models are analyzed theoretically and evaluated 

numerically in IEEE 118-bus system and Eastern Interconnection 62,000-bus system. As shown 

in the numerical example, the alpha-matching dc power flow model performs best in matching 

the original ac power flow solution. Also, the possibility of applying these dc models in the 

various applications has been explored and demonstrated. Furthermore, a novel hot-start optimal 

dc power-flow model based on ac power transfer distribution factors (PTDFs) is proposed, 

implemented and tested. This optimal-reactance-only dc model not only matches the original ac 

PF solution well, but also preserves the congestion pattern obtain from the OPF results of the 

original ac model.  Three improved strategies were proposed for applying the bus-aggregation 

technique to the large-scale systems, like EI and ERCOT, to improve the execution time, and 

memory requirements when building a reduced equivalent model. Speed improvements of up to 

a factor of 200 were observed. 



II 

 

 

ACKNOWLEDGEMENTS 

 

 

I would like to express my deepest appreciation and thanks to my advisors, Dr. Tylavsky, for 

his guidance, encouragement and invaluable support. I am also grateful to Dr. Hedman and Dr. 

Sankar for lending their practical insights for this research and being members of my supervisory 

committee. Gratefully acknowledged is the support for this research provided by the Consortium 

for Energy Reliability Technology Solutions (CERTS) and the Power Systems Engineering 

Research Center (PSERC).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



III 

 

 

TABLE OF CONTENTS 

  

CHAPTER 1 INTRODUCTION .................................................................................................1 

1.1 Background .....................................................................................................................1 

1.2 Literature Review ............................................................................................................2 

1.3 ORGANIZATION OF THE REPORT .............................................................................7 

CHAPTER 2 DC POWER-FLOW MODEL................................................................................9 

2.1 General dc power-flow model ..........................................................................................9 

2.2 Classical dc power-flow model ...................................................................................... 12 

2.3 Hot-start dc power-flow models ..................................................................................... 14 

2.3.1 dc power-flow model with net loss dispersal ......................................................... 15 

2.3.2 dc power-flow model with halved localized loss compensation ............................. 15 

2.3.3 α-matching dc power-flow model .......................................................................... 16 

2.4 Cold-start dc power-flow models ................................................................................... 17 

2.5 Comparison of models ................................................................................................... 18 

2.6 Summary ....................................................................................................................... 19 

CHAPTER3  EXPRIMENTAL STUDIES ON DC POWER FLOW MODELS. ....................... 21 

3.1 Impact of assumptions on classical dc model ................................................................. 22 

3.2 Numerical experiments towards the hot-start model accuracy ........................................ 28 

3.3 Numerical experiments towards the cold-start model accuracy ...................................... 32 

3.4 Numerical experiments in LMP calculation ................................................................... 33 

3.5 Effect of contingencies on accuracy ............................................................................... 35 



IV 

 

3.6 Summary ....................................................................................................................... 37 

CHAPTER 4  PTDF-BASED DC PF MODEL BASED ON AC PTDFS ................................... 40 

4.1 Introduction ................................................................................................................... 40 

4.2 PTDF calculations ......................................................................................................... 42 

4.2.1 dc PTDF calculation ............................................................................................. 42 

4.2.2 Linearized ac PTDF calculation ............................................................................ 43 

4.3 Equivalent dc PTDF calculation .................................................................................... 48 

4.4 Equivalent dc network reactance evaluation ................................................................... 52 

4.5 Numerical example ........................................................................................................ 54 

4.5.1 7-bus system under normal loaded condition ......................................................... 54 

4.5.2 7-bus system under heavily loaded condition ........................................................ 59 

4.5.3 118-bus system example ....................................................................................... 60 

4.6 Conclusion .................................................................................................................... 62 

CHAPTER 5 BUS-AGGREGATION TECHNIQUE ................................................................ 64 

5.1 Basic idea ...................................................................................................................... 64 

5.2 Problem Formulation ..................................................................................................... 64 

5.3 Numerical example ........................................................................................................ 68 

5.3.1 7-bus system ......................................................................................................... 68 

5.3.2 118-bus system under normally loaded situation ................................................... 72 

5.4 Speeding up the reactance evaluation ............................................................................. 73 

5.4.1 Sparsity techniques ............................................................................................... 74 

5.4.2 Redundancy elimination........................................................................................ 74 

5.4.3 Threshold .............................................................................................................. 75 



V 

 

5.4.4 Numerical example ............................................................................................... 76 

5.5 Conclusion .................................................................................................................... 84 

CHAPTER 6 . CONCLUSION AND FUTURE WORK ........................................................... 86 

6.1 Conclusion .................................................................................................................... 86 

6.2 Future work ................................................................................................................... 88 

REFERENCES ......................................................................................................................... 90 

APPENDIX   ............................................................................................................................ 94 

 

 



VI 

 

LIST OF TABLES 

Table                                                                                                                                           Page 

Table 3.1 Simulation results for the analysis of the impact of assumptions ................................ 27 

Table 3.2 Simulation results for the modified IEEE 118 system ................................................ 29 

Table 3.3 Simulation results for the EI system ........................................................................... 30 

Table 3.4 Simulation results for the comparison between cold-start dc model and ac model ...... 32 

Table 3.5 OPF solutions for the modified IEEE 118-bus system ................................................ 33 

Table 3.6 Summary of contingencies in the modified IEEE 118-bus system comparing to ac PF

 ................................................................................................................................................. 35 

Table 3.7 Summary of contingencies in the EI systemcomparing to ac PF model ...................... 36 

Table 4.1 7-bus system parameters and ac solutions under normally loaded condition ............... 55 

Table 4.2 Power flow and reactance results for optimal dc model and dc model with single 

multiplier under normally loaded case ....................................................................................... 57 

Table 4.3 Comparisons of power flow results for optimal dc model and dc model with single 

multiplier under heavily loaded condition .................................................................................. 59 

Table 4.4 Comparisons of power flow results for optimal dc model and dc model with single 

multiplier under heavily loaded condition .................................................................................. 60 

Table 4.5 Comparisons of power flow results for optimal dc model and dc model with single 

multiplier under heavily loaded condition .................................................................................. 61 

Table 4.6 OPF results for optimal dc model and ac model ......................................................... 62 

Table 5.1 7->4 bus reduced equivalents for optimal dc and classical dc model(normally loaded)

 ................................................................................................................................................. 69 

Table 5.2 7->4 bus reduced model comparison of power flow errors aggregated results ............ 70 



VII 

 

Table 5.3 7->4 bus reduced equivalents for optimal dc and dc model with single multiplier 

(heavily loaded) ........................................................................................................................ 71 

Table 5.4 7->4 bus reduced model comparison of power flow errors aggregated results ............ 72 

Table 5.5 118->20 bus reduced model comparison of power flow errors aggregated results....... 73 

Table 5.6 Execution time comparisons with/without improvement strategies ............................. 77 

Table 5.7 Suceptance and power-flow comparisons for different thresholds .............................. 83 

 



VIII 

 

 

LIST OF FIGURES 

Fig. 2.1 A typical transmission line model connecting bus i and bus j ..........................................9 

Fig. 2.2 ac equivalent model of branch ...................................................................................... 11 

Fig. 2.3 dc equivalent model of branch ...................................................................................... 11 

Fig. 2.4 A general transformer model with off-nominal tap and (or) non-zero phase shift .......... 17 

Fig. 2.5 dc power-flow model approximation ............................................................................ 19 

Fig. 3.1 Numerical simulation conducted .................................................................................. 22 

Fig. 3.2 Branch MW-flows and MW-flow differences between ac and the ac PF (V=1) models 23 

Fig. 3.3 Branch MW-flows and MW-flow differences between ac and the ac PF (R=0) models . 24 

Fig. 3.4 Branch MW-flows and MW-flow difference between ac and the ac PF (R=0) models .. 25 

Fig. 3.5 Branch MW-flow differences and MW-flow between ac and classical dc model .......... 26 

Fig. 3.6 MW branch-flow errors between the ac PF and simplified ac and dc PF for the 118-bus 

system ....................................................................................................................................... 27 

Fig. 3.8 MW branch-flow errors between the ac PF and the hot-start dc PFs for the 118-bus 

system ....................................................................................................................................... 30 

Fig. 3.9 MW branch-flow errors between the classical dc model and ac model .......................... 30 

Fig. 3.10 MW branch-flow errors between the dc model with single multiplier and ac model .... 31 

Fig. 3.11 MW branch-flow errors between the dc model with halved localized loss compensation 

and ac model ............................................................................................................................. 31 

Fig. 3.12 MW branch-flow errors between the α-matching dc model and ac model ................... 31 

Fig. 3.13 Numerical simulations conducted ............................................................................... 32 

Fig. 3.14 MW branch-flow errors between the ac PF and the cold-start dc PF for the 118-bus 

system ....................................................................................................................................... 33 



IX 

 

Fig. 3.15 LMP comparisons for modified IEEE118 system ....................................................... 34 

Fig. 4.1 General process of network reduction ........................................................................... 41 

Fig. 4.2 Flowchart for dc PTDF evaluation process ................................................................... 49 

Fig. 4.3 radial lines sample system ............................................................................................ 54 

Fig. 4.4 7-bus test system under normally loaded condition ....................................................... 55 

Fig. 4.5 Percentage of power flow errors in 7-bus model ........................................................... 58 

Fig. 4.6 7-bus test system under heavily loaded condition ......................................................... 59 

Fig. 4.7 Percentage of power flow errors in 7-bus model ........................................................... 60 

Fig. 4.8 Percentage of power flow errors in 118-bus model ....................................................... 61 

Fig. 4.9 Error duration curve for 118-bus system ....................................................................... 62 

Fig. 5.1 7->4 bus reduced equivalent ......................................................................................... 68 

Fig. 5.2 Reduced model branch flow errors in percentage .......................................................... 69 

Fig. 5.3 7->4 bus reduced equivalent ......................................................................................... 70 

Fig. 5.4 Reduced model branch flow errors in percentage .......................................................... 71 

Fig. 5.6 Reduced model branch flow errors in percentage for 118-bus system ........................... 73 

Fig. 5.7  Execution time of equivalent branch evaluation based log algorithm ........................... 77 

Fig. 5.8  Speed-up factors for equivalent branch evaluation of different equivalent .................... 78 

Fig. 5.9 Dimension reduction of Λ* for different thresholds ...................................................... 79 

Fig. 5.10 Susceptance comparisons for different thresholds ....................................................... 80 

Fig. 5.11 Reactance error duration curve ................................................................................... 81 

Fig. 5.12 Average errors of power flow ..................................................................................... 81 

Fig. 5.13 Power-flow error duration curve ................................................................................. 82



X 

 

NOMENCLATURE 

ac Alternating current 

bij Susceptance of the line i-j  

Bbus Bus susceptance matrix with the dimension of N by N 

Bbranch Branch susceptance matrix with the dimension of L by N 

C Node-branch incidence matrix of the full system with dimension of L by N 

CR Node-branch incidence matrix of the reduced system with the dimension 

of LR-by-NR. 

dc Direct current 

diag(x) Diagonal matrix with the diagonal elements of x 

EI Eastern Interconnection 

ERCOT Electric Reliability Council of Texas 

gij Conductance of the line i-j 

Gbus Bus conductance matrix with the dimension of N by N 

GHG
 

Greenhouse gas 

LMP Locational marginal price 

L Number of branches in the full network 

LR Number of branches in the reduced network 

MMWG Multi-regional Modeling Working Group 

N
 

Number of non-slack buses in the full network 

NR Number of non-slack buses in the reduced network 

OPF
 

Optimal power flow 

Pi Real power injected into bus i 

PF
 

Power flow 

Pinj Bus net injection vector of full system with the dimension of N by 1 

(Pinj)R Bus net injection vector of reduced system with the dimension of NR by 1 

Pflow 
Branch power flow vector with the dimension of L by 1 

zonalinter

flow
P 

 Inter-zonal power flows with the dimension of LR by 1 

inter zonal( )flow R


P

 
Bus net injection vector of the reduced system with the dimension of NR-by-1 

PTDF Power transfer distribution factor 

Qi Reactive power injected into bus i 

rij: Resistance of the line i-j 

ti Tap ratio magnitude 

TL Transmission line 

xij Resistance of the line i-j 

x Branch reactance vector of the full system with the dimension of L-by-1 

xR Branch reactance vector of the reduced system with the dimension of LR-by-1 

vi Magnitudes of bus voltage at bus i 

δi Bus voltage angles at bus i  

τi Phase shift angle 

  The single multiplier for loss compensation in dc power flow modeling 



XI 

 

Θ Bus voltage angle vector with the dimension of N by 1 

Φ  PTDF matrix with dimension of L by N 

Φ
’
 ac PTDF matrix with dimension of L by N 

ΦR PTDF matrix of the reduced system with the dimension of LR-by-NR 

Ψ matrix representing each zone’s contribution to the inter-zonal power flows with the 

dimension of  LR-by-NR 

∏flow Matrix used to sum up the line flows with the dimension of LR by L 

∏g Sum the bus injections with the dimension of NR-by-N matrix 

Λ matrix whose null space includes xR with the dimension of LRNR-by-LR 

||∙|| Euclidean norm of a vector 

(∙)
T 

Transpose of a matrix 



1 

 

 

CHAPTER 1 . INTRODUCTION 

1.1 Background 

With growing concerns over climate change, a number of environmental policies and 

regulations regarding the energy industry have been enacted and proposed by both the federal and 

state governments. Climate change, driven by the rising greenhouse gas (GHG) levels, plays an 

important role in economics and politics [1]. As the primary GHG, CO2 contributes up to 77% of 

the greenhouse gas effect [2]-[5]. As indicated by [3], electricity is responsible for 40% of annual 

CO2 emissions, which is the largest single source of CO2 in US. Because of this, the energy 

industry is facing new challenges due to more aggressive environmental regulations [1]–[7]. 

Because of these regulations and because renewables have become more and more cost-effective, 

the electric power system is gradually shifting toward cleaner and more efficient energy sources 

[8]. That is to say, bulk connection of renewable energy resources imposes new challenges on the 

electric-power industry. Furthermore, increased demand from new technologies like electrical 

vehicles is likely to have a great effect on the electric-power industry. These factors taken 

together have the potential to radically change the way the power system is operated and 

designed. With the motivation of studying and planning the future power system under these new 

challenges, the development of the new tools is required.  

Generally, the most accurate way for power-market analysis and system-planning studies to 

be conducted is to use the full system ac power-flow model [9]. However, the on-line network 

optimization, and market calculations based on the full ac power-flow model for large systems 

leads to a serious computational burden [10] and an optimal power flow (OPF) algorithm whose 

convergence is unreliable. In order to efficiently approach these analyses, two compromises are 
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usually made. First, a small network equivalent reduces the execution time of power flow and 

OPF algorithms. 

Second, approximate power-flow models have been introduced due to the convergence 

difficulties and time-consuming iteration process of the full ac OPF. These approximate methods 

are especially helpful when it comes to analyzing the effect of a large number of contingencies. 

The biggest use of dc-type models is in linear SCOPF (security-constrained optimal power flow). 

1.2 Literature Review 

Generally, network equivalencing techniques designed to maintain the key power-system 

characteristics. The reduced model represents an “equivalent” snapshot of the system and is used 

for market-based system planning, and power-system operations [12].  

Presently, there are several types of network reduction methods. Among these, the Ward-type 

equivalents, radial equivalent independent type (REI), and variations of these two basic methods 

are the most commonly used [12]-[13]. 

 The Ward equivalent [14] was first introduced in the 1940’s by J. B. Ward and further 

discussed throughout the literature, for example [15]-[18]. The Ward reduction divides the 

original network into an internal subsystem, boundary subsystem and external subsystem. By 

eliminating the external subsystem through Gaussian elimination, the internal subsystem is kept 

intact. 

The classical Ward reduction has two versions [17], usually referring to as the Ward injection 

method and Ward admittance method. Their difference lies in the modeling of bus injections at 

each bus. The Ward injection method converts all the power injections at each bus into constant 

current injections before the reduction process and converts them back to power injections after 

the reduction process. Alternatively, the Ward admittance method models power injections as 
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shunt admittances before the reduction process. Given the possibility of yielding unrealistic 

admittances in the reduced equivalent, this method is less preferred. However, since the classical 

Ward method is unable to model the reactive power response from the external subsystem during 

contingency analysis, several modified versions of the classical Ward method were proposed in 

[16]-[20]. The extended Ward equivalent [20] attaches a fictitious PV bus to each boundary bus 

in the reduced model to provide adjustable reactive power. The reactive power provided varies 

with the deviation from the base operating point. F.F. Wu et al. [16] dealt with the problem by 

retaining all the external PV buses during the reduction process. Given its computational 

inefficiency and increased size of external subsystem, a reduced equivalent is proposed in [21] 

which aggregate the external PV buses into several groups. After the bus aggregation, each group 

is replaced by an equivalent PV bus. This reduced equivalent not only increases the 

computational efficiency of the reduced equivalent but also maintains the dynamic 

characteristics by using the Zhukov method [22]. 

For the purpose of market analysis and system planning, the Ward-type equivalent was 

further improved and a combined equivalent method was proposed [23] and [24]. During the 

process of generating such a combined equivalent, instead of modeling fractions of generators 

located at many buses, it retains all the generators in their entirety at the buses and move them to 

the nearest (means the bus directly connected by the smallest impedance branch) bus in the 

reduced model. The reduced model proposed in [23] is constructed based on the ac power-flow 

model and it aggregates all the generators from the external system to be a equivalent generator 

at the buses. By using the historical information based on the bus locations, the generator bid 

function for this equivalent generator is updated. On the other hand, the reduced model described 

in [24] is constructed based on the dc power-flow model and retains all the generators 
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individually at the buses, which preserves all the original generator bid functions of these 

generators in the reduced equivalent. Both of resulting equivalents based on [23] and [24] are 

used in system planning studies and market-based studies.  

Another commonly used external equivalent is the REI-type equivalent. The REI equivalent 

was first proposed by P. Dimo [25] and expanded by W. Tinney [26]. The REI equivalent 

aggregates one or more sets of external loads and generators at a few fictitious REI PQ and PV 

buses. The criteria for defining the sets of buses can be selected based on load and generation 

conformity, geographic location, electrical distance, ownership groupings, etc.  

However, there are many limitations in the REI equivalent and its variants. The major 

concern about the REI equivalent is the voltage magnitude of fictitious REI buses. To overcome 

this problem, many improved REI equivalents were proposed and promising results were 

observed by comparing it against other type of equivalents [27]-[29].  Also, since the REI 

equivalent is constructed to match the tie-line flow based on the base-case operating point, the 

accuracy will worsen as the operating condition deviates further from the base case. Also, since 

in the REI equivalencing method the external system is represented by one or more fictitious REI 

buses, the number of equivalent REI buses and different bus-aggregation criteria for replacing 

the external system have great influence in the accuracy of the REI equivalent. Furthermore, 

because of its operating-point dependency, the REI equivalents may yield significant errors when 

contingency analysis is conducted toward the internal power system. Reference [30] proposed a 

solution to this problem based on the sensitivity analysis for the power flows on the branches of 

the internal power system due to the changes of the bus power injections of external power 

system. Furthermore, due to the extra introduction of the REI nodes and their interconnection 
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with the boundary buses, the REI network seems less computational efficient by comparison to 

the Ward equivalent.  

Recently, several new network reduction techniques were proposed for system planning and 

market analysis [30]-[34]. The methods discussed in [31]-[33] were based on the classical dc 

power-flow model and bus aggregation using a similarity metric based on power transfer 

distribution factor (PTDF).  The basic idea of these reduction methods was to generate 

approximate equivalent dc-network PTDF matrices while preserving, as closely as possible, the 

same line flows as in the full (original) system. However, simulation results have shown that 

inter-zonal power flows obtained from the reduced equivalents generated by these three methods 

are different from the original system, even for the base case. Furthermore, with these 

approaches, there is no present way of determining flow limits on the inter-zonal equivalent lines 

generated. Since congestion is a key factor in OPF and system planning studies and since 

congestion may only be identified for lines that have limits, without appropriate line-flow limits 

for the aggregated equivalent lines, the accuracy of this approach is limited.  (It needs to be 

stated that all network equivalencing techniques generate equivalent lines with no line limits and, 

consequently, this limitation is ubiquitous.) A solution to the line limit problem for the bus 

aggregation technique was proposed in [34]. In this method, buses are aggregated based on the 

congestion profile of the original network and the congested lines in the original system are 

preserved in the equivalent as are the lines parallel to the aggregated lines connecting zones. 

Along with the reduction method described in [32], the equivalent generates reasonably accurate 

LMPs and preserves the congestion pattern of the full model in the limited number of OPF studies 

conducted [32].   
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Typically when one thinks of network equivalents, one thinks of network reduction; however 

one often used equivalencing approach is to create a dc approximation of an ac network. The dc 

power flow has found favor in real-time market-based applications because of its robustness and 

speed [35], [36]. There has been a recent upsurge in the use of the dc power flow for electricity-

market applications, such as auctions associated with transmission rights, real-time security-

constrained dispatch, and day-ahead security-constrained unit commitment. Considering the 

pervasive use of the dc power-flow models, the accuracy and feasibility of dc power-flow 

models is of great concern. Since LMPs are predicted based on congestion profile, if the dc 

model does not estimate the line flows accurately, the financial consequences can be substantial.  

However, the industry seems to be sanguine about the performance of dc power-flow models. A 

flurry of research aimed at improving and estimating the accuracy of dc power-flow formulations 

has occurred [36]-[42]. While some authors have shown impressive accuracy with dc power-flow 

formulations, others are not so sanguine about the dc power-flow’s accuracy [42].  

The number of dc power-flow formulations available is legion. Several of the more accepted 

dc power-flow models are described in [35], [39], [42]-[45]. The different formulations are 

characterized by different definitions of active power injections, loss estimation and branch 

admittances [42], [44]-[45].  

One taxonomy for classifying dc power flow formulations starts by breaking the models into 

two categories: non-incremental models and incremental models. For non-incremental models, 

hot-start models and cold-start models are two major types. They are mostly used for the pre-

contingency state in security-constrained applications. Hot-start models are constructed when a 

solved ac power-flow solution is available, while cold-start models are built when an ac solution 

is unavailable. Hot-start models, which have the same MW losses as the ac solution, are often 
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used to inform operation decisions and in short-term studies, e.g., real-time security constrained 

economic dispatch (SCED) [42], [47]. Cold-start models are often used in long-term planning 

studies, e.g., dc-model-based security constrained unit commitment [48].  

The incremental model is used to compute changes from a base-case ac/dc power-flow 

solution [42]. Sparse models and sensitivity factor models are two major types of incremental 

models. The sparse model is used for the applications where a solved ac/dc base case is 

available.  For the sensitivity factor model, sensitivity factors are generated from the sparse dc 

network. These models are used to calculate various quantities, including the PTDF (power 

transfer distribution factor), OTDF (outage transfer distribution factor) and LODF (line outage 

distribution factor). PTDF and OTDF are usually used for internal calculations for transmission 

loading relief (TLR). LODF factors are used for fast contingency screening, which are only 

updated when the network topology changes.   

Another way for classifying dc power-flow formulations is to break the models into state-

dependent and state-independent dc power-flow formulation [36], [42] and [44]. The state-

dependent dc power-flow models take into consideration the system losses and bus voltage values 

at an initial solution state. The state-independent dc power-flow models assume a lossless 

network, one-per-unit voltage values, and small voltage angle differences [44]-[49]. 

1.3 Organization of the Report 

In this report, the major content is partitioned into 5 additional chapters. 

Chapter 2 analyzes different dc power flow formulations constructed based on different 

assumptions in detail. 

Chapter 3 conducts numerical examples to test the feasibility and accuracy of the different dc 

models on the 10-bus system, IEEE 118-bus system and EI 62,000-bus system. 
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Chapter 4 proposes a new hot-start optimal dc power-flow model based on ac power transfer 

distribution factors and numerical examples are shown to demonstrate the process.  

Chapter 5 presents the bus aggregation method based on the PTDFs and the methods of 

speeding up the reactance evaluation process for large-scale power system.  The ERCOT system 

is used as the test system to verify the speeding-up process.    
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CHAPTER 2 . DC POWER-FLOW MODEL 

Considering the pervasive use of the dc models, it is of interest to examine the influence of 

different assumptions so that better dc model can be developed. In this chapter, starting from a 

typical ac branch model, a general dc model is introduced. Then, detailed analysis toward the 

assumptions made for the dc model is conducted. Based on the analysis of general dc power-flow 

model and the assumptions involved in the dc model, three hot-start dc models with different loss 

compensation approaches and one cold-start dc models are discussed in detail. 

2.1 General dc power-flow model 

The dc-network-modeling process starts from the ac power-flow equations. For a 

transmission line spanning bus i and bus j, which is shown in Fig. 2.1, the net active power 

injection at bus i and bus j are defined as pi and pj.  

i iv  j jv 

ip jp1
ij ij ij

ij ij

y g jb
r jx

  


ij ij ijz r jx 

 
Fig. 2.1 A typical transmission line model connecting bus i and bus j 

Variables pi and pj are defined by: 

    

   )sin(cos

Re

2

*

jiijjijijiiij

jjiiijijiii

bvvvvvg

vvjbgvp









 
(2.1) 

 

  )sin()cos(2

jiijjijijijijj bvvvvvgp    (2.2) 
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   where: 

         rij: the resistance of branch i-j 

         xij: the resistance of branch i-j 

  zij: the impedance of branch i-j 

         gij: the conductance of branch i-j 

         bij: the susceptance of branch i-j 

  yij: the admittance of branch i-j 

         vi: the per unit magnitude of bus voltage at bus i  

         vj: the per unit magnitude of bus voltage at bus j 

         δi: the bus voltage angle at bus i 

         δj: the bus voltage angle at bus j 

It is easy to show that the difference of the terms of (2.1) and (2.2) represent the line MW 

losses. Let us designate  

  
  jiijjijj

jijiiiji

vvvgl

vvvgl









cos

cos

2

2

 
(2.3) 

 

where the branch series loss is li+lj. 

The second terms in (2.1) and (2.2) are the identical, which is: 

)sin( jiijjiij bvvp    (2.4) 

    Then (2.1) and (2.2) can be rewritten as: 

ijii plp   (2.5) 

ijjj plp   (2.6) 
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Based on (2.4) - (2.6), an ac equivalent model of branch can be modeled as following: 

i iv  j jv 

ip jp

)sin( jiijjiij bvvp  

il jl
 

Fig. 2.2 ac equivalent model of branch 

Since the dc power-flow formulations are linearly approximating (2.4) - (2.6), a bilateral dc 

equivalent branch model can be written as: 

ijijij hp   (2.7) 

ijii pp   (2.8) 

ijjj pp    (2.9) 

Therefore, a general dc equivalent model can be modeled as: 

i i
v  j j

v 

i
p j

p

i


j


 
jiijij

hp  

 
Fig. 2.3 dc equivalent model of branch 

In Fig. 2.3, hij is defined as the dc equivalent branch admittance and αi and αj are defined as 

fixed injections. In this model, the sum of αi and αj can be used to approximate the branch loss at 

some chosen operating point. It is obvious that different definitions of active power injections 

(selections of αi and αj), loss estimation (sum of αi and αj) and branch admittance hij will affect 

the accuracy and feasibility of dc power-flow models’ results. It seems that the selections of αi, αj 

and hij are quite arbitrary. For the classical dc model, it is traditional to select αi=0, αj=0 and 
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h=1/xij. While it is tempting to equate the  in the dc model with the l in the ac model. We will 

see that, depending on how we model the series component in the dc model, to get an exact 

match between the ac and dc models will require some flexibility. Also, it is tempting to equate b 

from the ac model with hij of the dc model (and this is one assumption that can be made) 

however the assignments of  and hij are arbitrary, with a relationship between them that, if 

obeyed, allows the dc solution to exactly match the ac solution for any arbitrary base case. 

Furthermore, by selecting these values in one particular way, the dc model performs better than 

in selecting them another way. 

    Depending on the application of the dc model and the type of base case, for the “best” 

linear fit of the dc to the ac model over a practical operating range, hij, αi and αi need to be 

evaluated at a “suitable” point [42]. Using the definitions above, Fig. 2.2 and Fig. 2.3, different 

dc power-flow models are discussed in the following section.  

    Based on (2.7) - (2.9) , the dc power flow equation in matrix form is written as: 

θHP   (2.10) 

where  

P: the vector of nodal power injections; 

Θ is the vector of nodal phase angles; 

H:  the nodal susceptance matrix; 

After solving the bus voltage angels by (2.10), the branch flows are obtained by (2.8) and 

(2.9). 

2.2 Classical dc power-flow model 

         The classical dc model assumes a lossless network, one-per-unit bus voltage values, and 

small voltage angle differences. In order to obtain the classical dc power-flow model, a number 
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of assumptions are made. After a sequence of approximations, the classical dc power-flow model 

could be derived step by step from the sending end MW flow on the line which is shown as (2.1). 

    First, by assuming that the resistances on the line are ignored, then sending end MW flow 

pi on the line could be written as: 

ijjijii xvvp )sin(    (2.11) 

  Second, if all voltage magnitudes are identical to one per unit, then pi can be written as: 

ijjii xp )sin(    (2.12) 

   Third, if small voltage angle differences are assumed, then pi can be written as: 

ijjii xp )(    (2.13) 

According to the general dc power-flow model shown in Fig. 2.3, in this model, αi and αj are 

set to be zero. Traditionally, h is selected as 1/xij. After solving the (2.10) for the bus angels, the 

branch flows can be given by (2.8) and (2.9). Since the classical dc model is only a function of 

the network topology and branch reactances, the classical dc model is state-independent. 

It seems that these assumptions may lead to huge errors into the dc model. It would be 

interesting to figure out the true impact of these approximations and where the errors in the 

derivation occure.   

For the assumption of a lossless network, the errors introduced for a large-scale system may 

yield MW flows that significantly deviate from the actual MW flow due to lack of MW losses in 

the model, especially the branches located in the reference (slack) bus’s neighborhood where 

system losses may be supplied.  

For the assumption of one-per-unit voltage value, high voltages (like 1.1 p.u.) can be 

observed at the places where large reactive power resources are engaged. If the voltage 

magnitudes of both ends of the branch are 1.1, then the absolute error for this one-per-unit 
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approximation reaches 0.21 p.u., whose error in percentage is 21%. When such voltages occur in 

a large-scale power system, deviation of flows can lead to even larger and larger errors. For 

example, the voltage magnitudes of the typical NERC-MMWG models are in the range 0.75 to 

1.4 per-unit. These extraordinary errors occur because of MVA base changes between two 

sections of the model. The errors introduced by the voltage magnitudes of this system are 

correspondingly large. 

For the assumption of small voltage angle differences, large angle differences may be found 

on some long transmission lines in a large-scale system. If the angle difference δ is at 45 degrees 

(rare, but this has been seen in the MMWG—EI model under contingency conditions,) the 

difference between sinδ and δ in percentage is about 11.1%.  

These different assumptions have been analyzed and evaluated for accuracy acceptably 

assuming high X/R ratios and small voltage deviations from one per unit [39]. Clearly, the 

assumptions made will affect the accuracy of dc power-flow models’ results.      

2.3 Hot-start dc power-flow models 

Hot-start dc models are constructed when a solved ac power-flow solution is available. By 

constructing the hot-start dc power-flow model based on the known ac power-flow solution, they 

can be made to model the same MW losses as the ac base-case power-flow solution.  Since the 

base-case ac power-flow solution is known, the series and shunt MW losses and ZIP loads are 

evaluated from the base point ac solution and modeled as constant P in the dc model. Hot-start dc 

models are often used in short-term operation and studies, e.g., real-time security constrained 

economic dispatch (SCED) [42], [47]. 
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2.3.1 dc power-flow model with net loss dispersal 

For this dispersed-loss dc power-flow model, the network-modeling assumptions are the 

same as those for the classical dc model. In order to take into account the MW losses, a single 

multiplier λ is applied to each load. By scaling up the entire loads in the system, the losses are 

distributed throughout the entire model. This single multiplier λ is defined as the ratio of the total 

generation to total load for the base case, shown as:  





L

G

P

P
  (2.14) 

Where 

  GP and  LP are the total generation and total load in the system, respectively. 

Since the MW losses of the system are obtained from the base-case solution, the total MW 

losses of this model are same as the base-case power-flow solution. Considering its state-

dependent feature, clearly there are pros and cons to selecting the losses using a base case that 

may or may not be close to the conditions of interest.  

2.3.2 dc power-flow model with halved localized loss compensation 

Instead of scaling the loads globally to compensate for the MW losses, this dc power-flow 

model disperses the MW losses locally to each branch. Since the MW loss of each branch is 

known from the solved ac base, the most convenient way of loss modeling is to take 50% each of 

the initial branch loss as equivalent injections at the sending and receiving end of this branch. 

As defined in the general dc power-flow model shown in Fig. 2.3, αi and αj are defined as two 

equivalent injections, whose sum can be used to represent the MW losses over the branch i-j. 

This additional injection vector, lossP , is added to the original bus injection vector P in (2.10). 

Then the bus angels can be solved for and branch flows can be calculated using (2.8) and (2.9). 
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2.3.3 α-matching dc power-flow model 

When operating in a real-time environment where the present state of the system is known 

relatively accurately, the α-matching power-flow dc model is constructed by first specifying the 

branch parameter hij. Second, αi and αi components are assigned so that the real power flows at 

the end of each line (including losses) exactly match [42].  A more detailed description of this 

follows.  

 Modeling of transmission line 

     In tems of the general dc power-flow model, hij can be defined by matching the pij in (2.4) 

and (2.7).  

The active power at the sending end and the receiving end are  

 000

jiijii hp    (2.15) 

 000

jiijjj hp    (2.16) 

The superscript 0 is used to indicate the base-case operating point. 

After matching pi and solving (2.15) and (2.8) , αi can be obtained. Similarly, αi can be 

obtained by matching pj in (2.9) and (2.16).  hij, αi and αj equations are summarized as follows: 

)()sin( 000000

jijiijjiij bvvh    (2.17) 

  000020 cos jijiiiji vvvg  
 

(2.18) 

  000020 cos jijijijj vvvg  
 

(2.19) 

where:  

0

iv : the magnitude of bus voltage at bus i at the base case 

0

jv : the magnitude of bus voltage at bus j at the base case 

0

i : the bus voltage angle at bus i at the base case 

0

j : the bus voltage angle at bus j at the base case 
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 Modeling of transformer/phase shifter 

Considering the off-nominal transformer tap in the dc model, transformer/phase shifter is 

formulated differently from the transmission line. Generally, transformers/phase shifter is 

modeled as a standard Π transmission line model in series with an ideal phase shifting 

transformer. For the transformer, let the quantity iit  , a complex number, represent the tap ratio 

magnitude, ti, and phase shift angle, τi, respectively. As shown in Fig.2.4 A general transformer 

model with off-nominal tap and (or) non-zero phase shift, it is located at the “from” end of the branch. 

:1
i i

t 
i i

v  j j
v 

1
ij ij ij

ij ij

y g jb
r x

  


i
p

 

Fig.2.4 A general transformer model with off-nominal tap and (or) non-zero phase shift 

    The active power at the sending bus i: 

      

     ijiijjiijiijiiiij

jjiiiiijijiiiii

tbvvtvvtvg

vtvjbgtvp

)sin(cos

Re

2

*









 (2.20) 

    Therefore, based on a solved ac base-point solution, the branch admittance, αi and αj 

components for a transformer are derived as: 

)()sin( 00000000

jiiijiijjiij tbvvh    (2.21) 

    000000200 cos ijiijiiiiji tvvtvg    (2.22) 

    00000020 cos ijiijijijj tvvvg    (2.23) 

2.4 Cold-start dc power-flow models 

 Cold-start dc power-flow models are built when an initial solved ac power flow solution is 

unavailable. Due to the absence of a reliable base case, the construction of cold-start dc power-

flow models is more difficult than the hot-start dc model. Sometimes a power-flow solution of a 
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simplified ac power flow problem is used for the dc power flow modeling. Cold-start models are 

often used in long-term planning studies, e.g., dc-model-based security constrained unit 

commitment [48].  

2.4.1 Fixed-voltage ac power flow solution 

Sometimes, due to the lack of good voltage/VAr data from a solved case, a fixed-voltage ac 

power-flow solution can be used for the dc power flow modeling for loss estimation.  Starting 

with a power flow traditional ac power flow model, all buses are set to be PV buses with no VAr 

limits. That is to say, the magnitudes of all the buses and taps of transformers are fixed at one-per-

unit values. Obviously, in this case, the VAr flows of this ac solution are very poor 

approximations. Further, if the loss estimation is based on fixed-voltage ac power flow solution, 

the following may also not be approximated well: MW flows, net losses and loss distributions. 

2.5 Comparison of models 

In Fig. 2.5, the relationship between the bus angle differences δij and the real power injection 

pi at bus i are shown. This is the solid line in the figure. The variables pi
0
 and δij

0
 represent the 

power injected at the sending end bus i and the bus-voltage-angle difference between the ends of 

the line at the base-case operating point, respectively. Line 1 indicates the behavior of the 

classical dc model. Due to the assumptions made in this model, it is not surprising these models 

are far from the exact ac power-flow model. Line 2 indicates the dispersed-loss dc power-flow 

model. Note that the behavior of the pi v.s. δij model with dispersed loss compensation should not 

intersect the origin, which indicates the loss compensation by escalating loads to model losses. 

However, it is not clear how to allocate the MW losses compensation to each branch attached to 

this bus. In this model, the losses are distributed throughout the system and this will lead to 

better performance than the classical model, as shown in the numerical experiments presented in 
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a subsequent chapter. Line 3 indicates the localized-loss dc power-flow model. Since the MW 

losses are calculated and compensated locally for each branch, the “halved localized-loss dc 

power-flow model” may perform better than the global loss compensation. Compared to the 

previous three lines, line 4 represents the α-matching dc power-flow model, which passes 

through the base-case operating point directly. As long as the changes to the operating point are 

within a limited range, the α-matching dc model is expected to perform the best among the three 

dc power-flow models, even though the α-matching model is state-dependent. However, how 

large this limited range might be is unclear. 

ij

0

ip

0

ij

ip

L1:  Classical dc model 
L2:  Dispersed-loss dc model
L3:  Halved localized-loss dc model
L4:  ɑ-matching dc model 

0
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Fig. 2.5 dc power-flow model approximation 

2.6 Summary 

In this chapter, several dc power-flow models are discussed in detail. 

The state-independent dc power-flow models assume a lossless network, one-per-unit voltage 

values, and small voltage angle differences. As mentioned before, this model is only a function of 

the network topology and branch reactance which indicates a state-independent dc model. In 
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order to estimate the true impact of these approximations and how errors accumulate during the 

deriving process, the assumptions had been analyzed and evaluated in section 2.2. 

The state-dependent dc power-flow models are constructed based on an initial ac solution.  

Based on a reliable base-case solution, the lack of MW losses in the dc solution can be reasonably 

compensated for by increasing the dc load by the amount of ac MW losses. In terms of different 

loss compensation method, global loss compensation, halved localized loss compensation and 

base-point matching can be constructed. For the global loss compensation method, by scaling up 

all the loads in the system, the dispersed dc models compensate the MW losses globally. For the 

halved localized loss compensation method, by taking 50% each of the initial branch loss as 

equivalent injections at both sides of the branch, a localized-loss dc model can be constructed. 

For base-point matching, by specifying the branch admittance h and solving the matching values 

αi, αj, the α-matching dc model can be constructed and match the base-case perfectly. However, 

the absence of an initial ac power flow solution makes the construction of dc power-flow more 

complicated. Usually, a fixed-voltage ac solution is used to construct cold-start dc power flow 

models.  Based on the per-unit voltage ac solution, a dispersed-loss dc power-flow model can be 

constructed. 

Clearly, the assumptions made will affect the accuracy of dc power-flow models’ results. If 

anything, investigations into the accuracy of any formulation have shown that such analysis is not 

amenable to theoretical efforts, but must be assessed empirically, assessment that is system and 

case dependent. 
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CHAPTER 3 . EXPRIMENTAL STUDIES ON DC POWER FLOW MODELS 

Given the limits of theory and applied mathematics in formulation-acceptability analysis, this 

chapter conducts numerical experiments to show the impact of the assumptions on the 

accumulation of errors. Also, this chapter experimentally examines the accuracy of dc power-

flow models discussed in CHAPTER 2 . Errors introduced by these dc power-flow models in the 

power-flow results and LMP calculations are quantified and compared. The simulations reported 

upon here use MATLAB, MATPOWER and PowerWorld for modified 118-bus IEEE system and 

the 62,000-bus Eastern Interconnection (EI) system. In order to conduct an OPF study on the 

IEEE 118-bus system, the IEEE 118 bus system with branch limits added, as found on the 

PowerWorld web site, was used.  

In addition, contingency analysis is performed to evaluate the change in accuracy of these 

models for operating conditions that deviate from the base case.  

In these test-case studies, automatic generation control (AGC), LTC transformer control, 

phase-shifter control and switched-shunt control have been disabled. Two metrics were chosen to 

measure the accuracy of the dc model. The first is the absolute value of the difference between 

the dc and ac branch flows (MW) normalized by the MVA limit of each respective line. The 

second metric involves a comparison of the congestion pattern and the differences of average 

LMPs between the dc and ac OPF solutions.  
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3.1 Impact of assumptions on classical dc model 

The classical dc model assumes a lossless network, one-per-unit voltage values, and small 

voltage angle differences. In this chapter, in order to quantify the impact of these assumptions, 

three simplified ac power-flow models are introduced: 

1) Model 1: ac power-flow formulation with one-per-unit bus voltage magnitude at each bus; 

2) Model 2 : ac power-flow formulation with no resistance (R=0); 

3) Model 3: ac power-flow formulation with fixed bus voltage (V=1) and no resistance 

(R=0). 

Numerical experiments are conducted on the modified IEEE 118-bus system. For each of the 

three simplified ac power flow formulations, the power flow problem is solved and the results 

compared with the original ac PF solution. Fig. 3.1.summerizes the numerical experiments 

conducted.   

ac PF 

 ac PF (V=1)

 ac PF  (R=0)

ac PF  (V=1 and R=0)

classical dc PF

 
Fig. 3.1 Numerical simulation conducted 

For the IEEE 118-bus system, the simulation results showing the comparison of the branch 

MW-flows between the full ac PF model and the simplified ac PF models are presented below: 



23 

 

A) ac PF vs. ac PF (V=1) 

In this part, the branch MW-flows comparison between the full ac PF and the ac PF (V=1) is 

shown in Fig. 3.2. The upper part of the figures shows the actual branch-MW flows of these two 

models while the lower part shows the difference (errors) in the branch MW-flow by using the 

full ac PF solution. 

 
Fig. 3.2 Branch MW-flows and MW-flow differences between ac and the ac PF (V=1) models 

As shown in Fig. 3.2, the largest error in the branch PFs is about 14.8 MW. The average error 

is calculated to be 1.2 MW based on ((3.1)),    

N

PfPf

Difference

N

i

simplifiedac

i

ac

i

Avg






 1

_

 

(3.1) 

where 
ac

iPf and
_ac simplified

iPf represent the PF on the i
th

 branch based on the ac PF and simplified 

ac PF models, respectively; N is the total number of branches examined. 

The maximum branch MW-flow error, for any branch, in percentage is 4.2% calculated as 

following:  
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%100



i

dc

i

ac

i

i
MVA

PfPf
Difference  (3.2) 

where MVAi is the MVA rating of line i.  

    Based on (3.2), the average value of the flow error in percentage is 0.4%.  

B) ac PF vs. ac PF (R=0) 

In this part, the branch MW-flows comparison between the full ac PF and the ac PF (R=0) 

is shown in Fig. 3.3. The maximum error of the branch MW-flows is 60.3 MW, and the 

average error is calculated to be 3.4MW. The maximum percentage errors in the branch MW-

flow is found to be 15.7%. The average percentage error is calculated to be 0.94%. 

 
Fig. 3.3 Branch MW-flows and MW-flow differences between ac and the ac PF (R=0) models 

By looking at the simulation results and Fig. 3.3, it is shown that the branches with the large 

errors are in the neighborhood of slack bus. Recall the discussion about the lossless network in 

section 2.2, these results verified that the huge errors of the MW flows over the branches exist in 

the slack bus’s vicinity.  
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C) ac PF vs. ac PF (V=1 and R=0) 

In this part, the branch MW-flows comparison between the full ac PF and the ac PF (V=1 

and R=0) is shown in Fig. 3.4. In this case, the maximum error in the branch MW-flows is 

59.5MW, and the average error is calculated to be 3.4 MW.  The maximum percentage errors 

in the branch MW-flow is found to be 15.4%. The average percentage error is calculated to 

be 0.98%. 

 
Fig. 3.4 Branch MW-flows and MW-flow difference between ac and the ac PF (R=0) models 

As we discussed in section 2.2, the only difference between this model and the classical dc 

model is the difference between sinδ and δ.  

D) ac PF vs. classical dc model 

   In this part, the branch MW-flows comparison between the full ac PF and the classical dc 

model is shown in Fig. 3.4. As expected, the performance of classical dc model and ac model 

(R=0 and V=1) are very similar. The maximum error in the branch MW-flows is 59.5MW, and 
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the average error is calculated to be 3.5 MW.  The maximum percentage errors in the branch 

MW-flow is found to be 15.4%. The average percentage error is calculated to be 0.98%.  

 
Fig. 3.5 Branch MW-flow differences and MW-flow between ac and classical dc model 

Toward this end, four models constructed on different assumptions used for classical dc 

model were examined, namely ac model with flat voltage profile, the ac model with no resistance, 

ac model with no resistance and flat voltage profile and classical dc PF model. These four 

models were tested on the IEEE 118-bus system, respectively. In this test, the PF solutions from 

the five PF models were compared to the ac PF solutions for each of the aforementioned systems. 

Fig. 3.6 shows the branch MW-flows errors between each of the four PF models and the ac 

model for the 118-bus test system. The test results are summarized into Table 3.1 and Fig. 3.6. 
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Table 3.1 Simulation results for the analysis of the impact of assumptions 

 ac model 

with V=1 

ac model 

with R=0 

ac model 

with R=0 & V=1 

Classical dc 

model 

Max difference(MW) 14.8 60.3 59.5 59.5 

Average difference (MW) 1.5 3.4 3.4 3.5 

Max difference (%) 4.2% 15.7% 15.4% 15.4% 

Average difference (%) 0.4% 0.94% 0.98% 0.98% 

In Fig. 3.6, the upper part of the figure shows the difference in the branch MW-flow by using 

the ac PF solution, while the lower part shows the difference in percentage in the branch MW-

flow. 

 
Fig. 3.6 MW branch-flow errors between the ac PF and simplified ac and dc PF for the 118-bus 

system 

According to Table 3.1 and Fig. 3.6, the simulation results verified the theoretical analysis in 

Chapter 2.2. The ac solution with the fixed-voltage did not deviate from the full ac solution far. 

The actual errors tend to be much lower than would be expected. The voltage magnitudes of the 
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IEEE 118-bus system model are in the range 0.94 to 1.05 per-unit. The maximum error that can 

be introduced is about 10.4% under the base case while the actual maximum error is about 4.2%. 

For the ac model without resistance, the MW errors are due to the lossless network. It seems 

that the branch resistance has a larger impact than the bus voltage on the accuracy of branch 

MW-flows. Obviously, the dc model with loss compensation would perform much better than 

the classical dc model. 

3.2 Numerical experiments towards the hot-start model accuracy 

As discussed in chapter 2.3, hot-start dc models are constructed based on a well-solved ac 

power-flow solution. In this section, a dc power-flow formulation with net loss dispersal, dc 

power-flow with halved localized loss compensation and alpha-matching dc power-flow model 

discussed in the previous chapter are constructed on a base-case ac solution. The performances 

of these three dc models in the power-flow calculation and LMP calculation are evaluated on the 

modified 118-bus system. Due to the limit of the calculation capacity and memory, for EI 

(Eastern Interconnection) 62,000-bus system, only the power flow comparisons are conducted.  

 summarizes the numerical experiments conducted.   

 Branch power-flow comparison 

The detailed simulation results for the modified IEEE 118 bus system are summarized in 

Table 3.2 and Fig. 3.7. Clearly, these three dc models perform much better than the classical dc 

model. It is obvious that loss compensation is essential in the dc case. By scaling loads at each 

bus in terms of a single multiplier to compensate the MW losses in the system, the maximum 

difference of the dispersed-loss dc model is about 14.8 MW. As expected, the localized-loss dc 

model has a better performance than the dispersed-loss dc model under the base case by 

compensating the MW losses locally. As shown in Table 3.2, the maximum MW difference of 
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the localized-loss dc model is around 13.2 MW, while the maximum error for α-matching is 

essentially 0 MW. For the base point, the accuracy of α-matching dc power-flow model is the 

best among these three dc power-flow models. By exactly matching the ac base case, the α-

matching dc power-flow model provides essentially an exact fit to the ac power-flow model, as it 

should. 

Table 3.2 Simulation results for the modified IEEE 118 system 

 Hot-start 

dispersed-

loss dc 

model 

Hot-start 

localized-

loss dc 

model 

Hot-start alpha-

matching dc 

model 

Classical dc 

model 

(for reference) 

Max difference(MW) 16.4 13.2 1.2e-11 59.5 

Average difference (MW) 1.6 1.0 6.5e-13 3.5 

Max difference (%) 4.95% 2.84% 0% 15.4% 

Average difference (%) 0.43% 0.28% 0% 0.98% 

 
Fig. 3.7 MW branch-flow errors between the ac PF and the hot-start dc PFs for the 118-

bus system 

Further, comparisons are conducted on 62,000-bus Eastern Interconnection (EI). The 

simulation results are summarized in Table 3.3. 

Table 3.3 Simulation results for the EI system 
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Hot-start 

dispersed-

loss dc 

model 

Hot-start halved 

localized loss dc 

model 

Hot-start Alpha-

matching dc 

model 

Classical dc 

model 

(for 

reference) 

Max difference(MW) 378.8 57.8 0.9 1525.7 

Average difference (MW) 3.51 1.2 0.01 11.3 

Max difference (%) 57.7 1.6 0.3 173.2 

Average difference (%) 1.70 0.33 0.0058 4.5 

 

 
Fig. 3.8 MW branch-flow errors between the classical dc model and ac model 

 
Fig. 3.9 MW branch-flow errors between the dc model with single multiplier and ac model 

 
Fig. 3.10 MW branch-flow errors between the dc model with halved localized loss compensation 

and ac model 
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Fig. 3.11 MW branch-flow errors between the α-matching dc model and ac model 

The errors in percentage only include lines that had MVA limits in the data set. Compared to 

the pervious test cases, even though the percentage losses do not vary wildly between test 

systems, the total active losses of the EI system is considerably larger due to its size. As 

mentioned before, the classical dc model without loss compensation has the worst performance 

among these three dc power-flow model studies; one cause is the need for the slack bus to 

compensate for the absence of losses in the dc case. By compensating for losses by scaling loads 

at each bus, the dc power-flow model with loss compensation performs significantly better than 

the classical model, something not seen in the modified 118-bus system, giving credence to the 

claim that the model accuracy is system dependent. Further, the errors introduced by the dc 

model with localized loss compensation are reduced by compensating the MW losses locally. By 

exactly matching the ac base case, the α-matching dc power-flow model provides essentially an 

exact fit to the ac power-flow model, as it should. 

3.3 Numerical experiments towards the cold-start model accuracy 

Cold-start dc power-flow models are built when an initial solved ac power flow solution is 

unavailable. In this section, the cold-start dc model based on a fixed-voltage ac power-flow 

solution is examined. Fig. 3.12 summarizes the numerical experiments conducted.   
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ac PF 
dc PF 

with net dispersed loss compensation 
Based on fixed-voltage ac PF solution

V.S.

 

Fig. 3.12 Numerical simulations conducted 

 Branch power-flow comparison 

Comparing the performance of the hot-start dispersed-loss dc model and the cold-start 

dispersed-loss dc model, the performances are very similar. As shown in section 3.1, the fixed-

voltage ac solution is not far from the full ac solution. The loss estimation based on this cold-

start model is obviously acceptable. The power flows calculated based on the cold-start 

dispersed-loss dc model are compared to the original ac PF solution. The simulation results are 

summarized in Table 3.4 and Fig. 3.13. 

Table 3.4 Simulation results for the comparison between cold-start dc model and ac model 

 
Cold-start dispersed-loss dc 

model 

Classical dc model 

(for reference) 

Max difference(MW) 16.3 59.5 

Average difference (MW) 1.6 3.5 

Max difference (%) 4.93% 15.4% 

Average difference (%) 0.43% 0.98% 
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Fig. 3.13 MW branch-flow errors between the ac PF and the cold-start dc PF for the 118-bus 

system 

3.4 Numerical experiments in LMP calculation 

Considering the pervasive use of the dc models in the electricity market, dc models are 

further compared in terms of their LMP calculation and the congestion pattern results. The 

congestion pattern is indicated by the branch binding constraints in the OPF study. The 

simulation results are summarized in Table 3.5 and Fig. 3.14.  

Table 3.5 OPF solutions for the modified IEEE 118-bus system 

Model 
Total cost 

($/hr) 

Binding constraints 

[Branch] 
Average LMP 

($/MWh) 
From bus To bus 

ac model 130060.61 
8 9 

39.56 
9 10 

Hot-start dispersed-loss dc 

model 
131748.45 

8 9 
40.01 

9 10 

Hot-start halved localized loss 

dc model 
131751.98 None None 40.06 

Hot-start alpha-matching  dc 

model 
13175.98 None None 40.06 

Cold-start dispersed-loss dc 

model 
131705.92 

8 9 
39.97 

9 10 

Classical dc model 126434.23 
8 9 

39.86 
9 10 
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Fig. 3.14 LMP comparisons for modified IEEE118 system 

The total cost of each of the loss-compensated dc models is similar to the total cost of the ac 

model. Also, the overall agreement of LMPs is good. However, for the hot-start alpha-matching 

dc model and the hot-start halved localized-loss dc model, since they have no binding constraints, 

the deviations of LMP at some individual buses (related to the congested lines in ac solution) 

were significant. On the other hand, for the classical dc model, the hot-start dispersed-loss dc 

model and the cold-start dispersed-loss dc model, the binding constrains in those three models 

are same as ones shown in the ac OPF results. Although those dc models that did not perform 

well in the power-flow comparison, they did a good job of revealing the congestion patterns that 

would actually occur using the full ac system. But, for hot-start alpha-matching dc model and 

hot-start halved localized-loss dc model, the branch power flows of the binding constraints 

shown in other dc models are 2 to 5MW less than 300MW (line limit for these two branches), 
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which shows how close these models also are to predicting the same congestion pattern. 

3.5 Effect of contingencies on accuracy 

In order to evaluate the change in accuracy of these models for operating conditions that 

deviate from the base case, N-1 contingency analysis is performed in this section. For the 

generator outages, the extra slack is picked up by the system slack bus. For line outages, no 

adjustments in the loss compensation are made, even though system losses change. 

 Modified IEEE 118-bus system 

In this case, all the possible contingencies, which include outages on all 186 branches and 54 

generators, are modeled as change-cases. For each dc model, the dc PF results were calculated 

and compared to the full ac PF result under all the possible outages. The simulation results 

conducted on the modified IEEE 118-bus system are summarized in Table 3.6. 

Table 3.6 Summary of contingencies in the modified IEEE 118-bus system comparing to ac PF  

 

Classical 

dc 

model 

Hot-start 

dispersed-loss 

dc model 

Hot-start 

halved 

localized-

loss dc 

model 

Hot-start 

alpha-

matching dc 

model 

Cold-start 

dispersed-

loss dc 

model 

Max Difference (MW) 77.4 24.9 26.5 21.5 26.7 

Average Difference (MW) 3.67 1.02 1.6 0.19 1.6 

Max Difference (%) 22.6% 8.3% 8.3% 7.2% 8.5% 

Average Difference (%) 1.04% 0.29% 0.44% 0.05% 0.44% 

Since the classical dc model is state-independent and because its accuracy is so poor even for 

the base case, its performance does not degrade much under contingency conditions (c.f. Table 

3.2 and Table 3.6) due to the change in operating point. Similarly the performance of the dc 

power-flow model with loss compensation, which is state-dependent, does not deteriorate much 

the base case (c.f. Table 3.2 and Table 3.6). It is somewhat surprising that even though the 

halved localized-loss model assigns the losses on each branch to that branch, the performance of 
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the halved localized-loss dc model performs worse than the dispersed-loss dc model. The α-

matching model has the best performance. Since the α-matching model is constructed to match 

the based-case exactly, and since the contingency condition will often not be extremely different 

from the base case, it is expected that those errors will be smaller than those of the other models.  

For large-scale power systems, contingency analysis is rather limited due to the computational 

demands, though contingency ranking algorithms can screen contingencies so that fewer need be 

considered. For the EI system, a number of random lines and generators (10 lines and 10 

generators) at different voltage levels are selected to be outaged for testing the equivalents for 

change-cases. For the generator outages, the extra slack is picked up by the system slack bus. For 

line outages, no adjustments are made, even though system losses change. The simulation results 

are summarized in Table 3.7. In this table, the maximum error is the maximum branch power 

flow error that occurs over any branch for all the contingencies.  

Table 3.7 Summary of contingencies in the EI system compared to an ac PF model 

 
Classical 

dc model 

Hot-start 

dispersed-loss dc 

model 

Hot-start 

localized-loss 

dc model 

Hot-start 

alpha-

matching dc 

model 

Max Difference (MW) 1525.5 379.4 382.5 9.23 

Average Difference (MW) 11.35 3.5 3.8 0.02 

Max Difference (%) 174.4 57.7 60.1 2.3 

Average Difference (%) 4.6 1.7 2.3 0.18 

As shown in Table 3.7 and Table 3.3, the α-matching model still performs best. The average 

error is similar to its performance in the base case. Since the α-matching model is constructed to 

match the based-case exactly, and since the contingency condition will often not be extremely 

different from the base case, it is expected that these errors will be smaller than those of the other 

models. However, since this contingency analysis is only conducted on 20 random elements, the 

experiments in this data set may not enough to draw a general conclusion. As we can see from 



37 

 

Table 3.7, the maximum error of the α-matching dc model grows about 10 times larger than is 

seen in the base case. It is possible that α-matching dc model may perform worse than other dc 

models when it comes to some specific contingencies. For other dc models, their performances in 

the contingency analysis are rather similar to their performances in the base-case, which are 

consistent with their models performances in the 118-bus system.  

3.6 Summary 

Considering the pervasive use of the dc power-flow model, the accuracy of dc power-flow 

models is of great concern. In this chapter, accuracy tests are conducted on several state-

dependent and state-independent dc models. The state-dependent dc power-flow models take into 

consideration the system losses and bus voltage values at a suitable state. The state-independent 

dc power-flow models assume a lossless network, one-per-unit voltage values, and small voltage 

angle differences. 

For the state-independent dc model, the large MW power-flow errors of the classical model 

occur on the lines that are located near the slack bus, which is expected since all of losses (not 

accounted for) in the classical model must be compensated by reduced generation at the slack 

bus, a reduction that can become quite large for large systems. This reduced generation will 

change the branch flows radically near the slack bus. For the state-dependent dc models, this 

chapter examines the hot-start dc model and cold-start dc model. The performance of the hot-

start dc models, including the dc power-flow model with net dispersed loss compensation, dc 

model with halved localized loss compensation and α-matching dc power-flow model are 

compared with that of a full ac PF solution. For the cold-start dc model, dc power-flow model 

with net dispersed loss compensation is constructed. 
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Accuracy tests using these four dc models, including classical dc model, hot-start dispersed-

loss dc model, hot-start localized-loss dc model and hot-start alpha-matching dc model,are 

conducted on two test power systems: the modified IEEE 118-bus system and the 62,000-bus 

Eastern Interconnection system. For the 118-bus system, errors introduced by these dc power-

flow models in the power-flow results and LMP calculations are quantified and compared. For 

the EI 62,000-bus system, only the power-flow comparisons are conducted. Also, contingency 

analysis is performed to evaluate the change in accuracy of these dc models for operating 

conditions that deviate from the base case. For 118-bus system, the reestablished operating 

points to all of the possible contingencies are quantified and compared with the full ac solution; 

whereas, considering the computational demands of all the contingencies for EI system, only 20 

random elements are outaged to test for the changed cases. 

The classical dc model is state-independent and simple to construct. However, the accuracy 

of the classical model will not be satisfactory in most applications. Although the net dispersed 

loss-compensated dc model performs similarly to the classical model in the 118-bus system case, 

its performance is much better than the classical model in the 62,000-bus system. Clearly, 

something in the 62,000-bus system not seen in the 118-bus system gives credence to the claim 

that the model accuracy is system dependent. 

In the base-case comparison, the halved localized loss-compensated dc model has better 

performance than the dc model with net loss dispersal Furthermore, since the α-matching dc 

model is structured to match the base case exactly, it performs the best among these four for the 

base case, as expected. It localizes the losses and calculates the branch admittance to exactly 

match the base case. 
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However, in the OPF result comparisons, the localized loss-compensated dc model and the α-

matching dc model do not reveal the congestion pattern for the modified IEEE 118-bus system 

well. At this point, it is not clear whether those two models with acceptable accuracy would be 

good candidates for the electricity market and system planning studies. Further experiments are 

needed to explore their performances in the LMP-based market studies.  

In the PF comparisons, we expected that there would be an accuracy gap between the hot-

start and cold-start models. However, the difference between the cold-start loss-dispersed dc 

model and the hot-start loss-dispersed dc model is not large. In contingency analysis, the 

performance of classical and the loss-compensated models are similar. The α-matching model 

performs the best as expected. 
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CHAPTER 4 . PTDF-BASED DC PF MODEL BASED ON AC PTDFS 

It is known that ac PTDF provides a more accurate allocation of the MW loading on the 

transmission line than classical dc model. In order to obtain a more accurate reduced equivalent 

system for power market analysis and investment planning studies, a hot- start optimal dc power-

flow model based on ac power transfer distribution factors (PTDFs) is proposed in this chapter.   

4.1 Introduction 

Generally, considering the unknown accuracy of the dc PTDFs due to the assumptions involved 

in the dc power-flow models, dc PTDF calculations may contain serious errors when it comes to the 

large deviations from the flat voltage profile, small X/R ratio or large voltage angle differences; 

whereas, the ac PTDF yields more accurate sensitivities of flows to bus injections by taking into 

account resistance, voltage magnitudes as well as angles. Therefore, the equivalent reactances 

evaluated based on ac PTDFs provide a better network that can preserve the essential characteristics 

of the original ac network.  

There are two steps involved in finding an optimal-reactance-only dc model from a full ac 

model: translating ac PTDFs into equivalent dc PTDF’s for the full model and then using these dc 

PTDFs to find a reactance-only model that optimally matches dc PTDF’s for the model. 

For the first part, ac PTDFs are calculated at the base-case load flow result. Then, considering 

the nonlinear properties of the ac power-flow equation, a linear least squares state (LLS) estimation 

process is applied to get equivalent dc PTDFs based on ac PTDFs. By applying a reactance 

evaluation algorithm, an optimal dc network can be obtained for the full system based on the 

equivalent dc PTDFs.  
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The third step (if needed) is to generate a reduced optimal dc equivalent for the full model. In 

this part, the bus clustering is obtained by using k-means++ method based on the dc PTDFs. Based 

on the bus clustering result, the generators and loads are aggregated within each zone. Then, the 

reactance of the equivalent lines for the reduced system is evaluated by using a weighted least 

squares (WLS) state estimation process.  

The flowchart of the whole process is summarized in Fig.4.1. The left-hand side shows the 

process of evaluating the equivalent dc network starting from an ac network. The right-hand side 

shows the process of network reduction starting from a dc network.  

Unreduced Network Reduced Network

Start

 ac PTDF calcualtion

(accounting for V and θ )

Equivalent dc PTDF calculation

Optimum dc unreduced equivalent

Network reduction? YES

End

Bus clustering -K mean++

Reduced equivalent network using 

the updated dc PTDFs

Optimum dc reduced equivalnet

NO

Unreduced dc PTDF calculation

ac dc

 

Fig.4.1 General process of network reduction 



42 

 

4.2 PTDF calculations 

4.2.1 dc PTDF calculation 

In the dc PF model, since dc PTDFs are calculated based on the assumptions of a lossless 

network, one-per-unit voltage values, and small voltage angle differences, the power injection and 

branch power flow are linearly related to the bus voltage angle, which can be written, for an N+1 

bus system with L branches, as: 

           (4.1) 

               (4.2) 

Where 

Pinj :  Bus net injection vector with the dimension of N by 1; 

Pflow : Branch power flow vector with the dimension of L by 1; 

Bbus:  Bus susceptance matrix with the dimension of N by N; 

Bbranch: Branch susceptance matrix with the dimension of L by N; 

Θ:  Bus voltage angle vector with the dimension of N by 1. 

Combing (4.1) and (4.2), the branch power flow is: 

                 
        (4.3) 

Then, the system dc PTDF is written as: 

             
   (4.4) 

Since the bus susceptance matrix Bbus and the branch susceptance matrix Bbranch can be 

calculated in terms of node-branch incidence matrix C and the branch reactance vector x is given as: 
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               )C (4.5) 

                )C (4.6) 
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(4.7) 

Then, the dc PTDF matrix can be expressed as: 

                              (4.8) 

4.2.2 Linearized ac PTDF calculation 

Power transfer distribution factors (PTDF) are defined as the MW change in a branch flow due 

to 1 MW exchange between a bus and the reference bus. The PTDF matrix represents the 

sensitivities of power flows to bus injections can be defined as: 

0xxn

ijn

k
P

P
PTDF





  

(4.9) 

where  

Pij is the power flow through branch i-j; 

Pn is the power injected at bus n; 

x0 is the operating point of the system; 

Superscript n indicates that the bus n is the sending end bus; 

Subscript k indicates that branch k connects bus i and bus j. 

The ac PTDFs are derived using sensitivity properties of Newton-Raphson power flow at a 

base-case load-flow result. The ac PTDF are determined by branch parameters, the operating 

conditions and the network topology. Any changes of network topology or network parameters such 
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as line impedances will affect these sensitivities. Recall the discussion in section 2.2 about the 

assumptions of the classical dc PF model: the dc PTDF is evaluated assuming flat voltage profile 

using the decoupling assumptions. Therefore the dc PTDF depends only on the network topology 

and the network reactances.  

 Polar form of ac PF equations 

Recall that for the typical transmission line model connecting bus i and bus j shown in Fig. 2.1, 

the real and reactive power balance equations at bus i are:  

  
j

jjiijjiijii VBGVP  )sin()cos(   (4.10) 

  
j

jjiijjiijii VBGVQ )cos()sin(   (4.11) 

where 

Pi :the real power injected into bus i, which is Pi
G
-Pi

L
; 

Qi : the reactive power injected into bus i, which is Qi
G
-Qi

L
. 

Pi
G
, Qi

G 
: the real and reactive power of generators injected at bus i;  

Pi
L
, Qi

L
: the real and reactive power of load withdrawn at bus i. 

The process of solving the power flow equations is iterated by using the following equation:  
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Where  
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:  Jacobian matrix with the dimension of (2N-m) by (2N-m), where m is the 

number of PV buses; 



45 

 





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P
 : Power mismatch matrix with the dimension of (2N-m) by 1; 














V

δ
 : Bus voltage and angle mismatch matrix with the dimension of (2N-m) by 1. 
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0sin( ) cos( )Calc
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 Sensitivities of voltage magnitude and angle  

In order to indicate a MW transfer in the system, a vector that describes the seller and buyer is 

defined as matrix sourceP  with the dimension of N by 1, which is constructed based on the 

following guidelines: 
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 It contains only 0’s and 1’s; 

 Element sourceP  (i, 1) at row i is 1 if, in the power system bus i is the source bus; 

 Element at row i is 0 if, in the power system bus i is not the source bus; 

 For convenience, bus N+1 is always designated to be the sink bus. 

Therefore, if bus k is the source bus, sourceP will be: 

source [0 0 1 0 0]TP 

k
th

N elements

 

  (4.14) 

Then, the Jacobian matrix at the present operating point is used to calculate bus voltage 

magnitude and angle sensitivities: 
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   (4.15) 

Therefore, the voltage magnitude and angle sensitivity of the source sending real power to the 

slack bus can be determined as: 







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










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0

P
J

V

δ S
][ 1    (4.16) 

 ac PTDF calculation 

For a transmission line spanning bus i and bus j, real power (Pij) and reactive power (Qij) in a 

line-k connected between bus i and bus j can be written: 
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  iiijiijjiijjiij GVBGVVP 2)sin()cos(      (4.17) 

  iiijiijjiijjii BVBGVVQ 2)cos()sin(      (4.18) 

Considering that the branch power flows are functions of the voltage magnitude and voltage 

angles, ac PTDFs are functions of those voltage magnitudes and angles. Therefore, the derivatives 

of the branch power flow with respect to the voltages and angles can be calculated as: 

ij ij ij ij

ij i j i j

i j i j

P P P P
P V V

V V
 

 

   
        

   
   (4.19) 

ij ij ij ij

ij i j i j

i j i j

Q Q Q Q
Q V V

V V
 

 

   
        

   
   (4.20) 

Also, (4.19) and (4.20) can be rewritten as: 

jijiijjijiijij VdVcbaP      (4.21) 

jijiijjijiijij VdVcbaQ      (4.22) 

 where  

 [ sin cos( )]ij i j ij i j ij i ja VV g b         

 [ sin cos( )]ij i j ij i j ij i jb VV g b        

 [ cos sin( )] 2ij j ij i j ij i j i iic V g b V g         

 [ cos sin( )]ij i ij i j ij i jd V g b        

   [ sin cos ]ij i j ij i j ij i ja VV g b          

   [ sin sin ]ij i j ij i j ij i jb VV g b         

   [ cos sin ] 2ij j ij i j ij i j i ijc V g b Vb          

     [ cos sin ]ij i ij i j ij i jd V g b         

Since i , j , iV  and jV  have already been calculated before, ac PTDFs are calculated by 

(4.19).  The L-by-N ac PTDF matrix is shown as follows: 
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  (4.23) 

4.3 Equivalent dc PTDF calculation 

Considering the inconsistency of the ac PTDFs due to the MW losses in the power system, the 

equivalent dc PTDFs will be evaluated using a linear least squares (LLS) formulation. During this 

process, ac PTDFs are used as measurements to evaluate dc PTDFs.  

Assuming the equivalent L-by-N dc PTDF matrix is written as: 
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  (4.24) 

where 
i

j :  dc PTDF at branch j due to injection at bus i. 

The evaluation process is an iterated process, which is shown in Fig. 4.2. 
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Calculate the ac PTDF losses for each branch

Calculate the mismatch          for each bus
i

jP

Update the power injections/withdraws at each bus

Start : i=1

YES

NO

i < bus no

1

dc ac

Φ Ψ Φ

Use      as measurements Pflow to calculate dc PTDF
iφ

i i i

ac dcΦ ψ Φ

 

Fig. 4.2 Flowchart for dc PTDF evaluation process 

The first step is to extract one column from of the ac PTDF matrixΦ , for example column, i, (

i
φ ), which represents the power division (shift factor) due to the power injection at bus i. Since the 

ac PTDF at the sending end is different from one at the receiving end due to the branch losses, the 

difference between ac PTDF at the sending end and at the receiving end is defined as PTDF losses. 

These PTDF losses indicate the inconsistency property of ac PTDFs.  

For the experiment related to bus i, these ac PTDFs are taken as the power flow measurements 

due to the injection at bus i. In order to match the power flow measurement over each branch, the 

loss over the each branch is treated as the power withdrawal at the receiving end. Since the sum of 

power injections and power withdraws at each bus should be equal to zero, the power mismatch 
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i

jP at each bus is calculated. After this process is repeated for all the buses, the power mismatch 

can be written in matrix form as i
P . Then, the problem is formulated into equations in terms of the 

definition of PTDF. Therefore, dc PTDFs evaluation formulation for experiment i can be written as  

ΦΨΦ
ii     (4.25) 

where 

   )(),(),( 21

i

N

iii PdiagPdiagPdiag  Ψ  

The previous steps for each column of ac PTDF matrix are repeated, then the following equation 

to obtain the equivalent dc PTDF is solved: 

ΦΨΦ  1
   (4.26) 

where 
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Also, (4.26) can be expanded as: 
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  (4.27) 

As shown in (4.27), the equivalent dc PTDF matrix is evaluated in its entirety.  

Or, (4.26) also can be expanded as (4.28) if the PTDF matrix is ordered in a different sequence: 
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(4.28) 

As shown in (4.28), basically, each row of the PTDFs can be evaluated separately. However, this 

form of the evaluation is not convenient to add additional constraints to the evaluation process.  

After the losses are modeled by fictitious loads at each bus in the equivalent dc model and the 

application of the linear least squares state estimation process, the equivalent dc PTDFs are more 
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consistent, at least consistent within each shift factor. The dc PTDF’s are said to be consistent if the 

sum of the PTDFs into each bus is either 0 or 1. 

4.4 Equivalent dc network reactance evaluation 

The main objective is to obtain a set of transmission reactances for the equivalent model such 

that its power flows match the ac power flows of the original system as closely as possible. In this 

section, an optimization procedure is used to determine the equivalent transmission line reactances 

that best fit the PTDF matrix of the reduced equivalent network. The minimization of the Euclidean 

norm, denoted as ||∙||, of the difference between the two power flow vectors is used. 

This optimization problem is formulated as: 

Nixts i

dc

flow

ac

flow

,2,1 ,0   ..

 min



PP
 

(4.29) 

Recall from (4.8) that the dc PTDFs are calculated as Φ=diag(1/x)C[C
T
diag(1/x)C]

-1
. Then, 

multiplying both sides of this equation by the nonsingular matrix C
T
diag(1/x)C

 
and rearranging 

yields: 

( ) ( )diag T
ΦC I 1/ x C 0  (4.30) 

Rewrite node-branch incidence matrix C in terms of columns as 

[ , ,..., ] 1 2 NC c c c  (4.31) 

where ci entries represents the i
th

 column vector of C.  

Then, (4.30) can be re-written as the following set of equations: 

( ) ( ) ,( 1,2,..., )I diag i N  T

iΦC 1/ x c 0  (4.32) 

Also, it can be shown that (4.32) is equivalent to: 
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  ( ) ( ) 1/T diag iΦC I c x 0  (4.33) 

Hence, the set of equations used for evaluating the reactances are: 

  0xΛ /1  (4.34) 

where  

( ) ( )

( ) ( )

( ) ( )

diag

diag
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1
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N

ΦC I c

ΦC I c
Λ

ΦC I c

 (4.35) 

For (4.34), 1/x=0 is an obvious solution to this equation. However, this is not a desirable answer 

for this equation because it represents the case where each bus is isolated from each other. 

Recognizing that the dc network acts as a current divider network, the branch reactance can be 

arbitrary scaled if an identical scalar is used to multiply each branch reactance. Therefore, a 

constraint is added to make the set of branch reactances reasonable and mathematically unique. 

Since this model is constructed based on the ac load flow base case, this constraint is constructed 

based on the original ac PF solution. Two bus voltage angles are chosen and denote them by δi and 

δj. So, the difference of these two bus voltage angles is jiij   . Also, the original ac power flow 

over branch i-j is Pi->j where the from or to power flow may be used Therefore, one extra constraint 

is added to (4.34), which is ijjiij Px /1 , in which, xij is the desired magnitude of the equivalent 

branch reactance of the network connecting bus i and bus j.  Besides this constraint, network 

topology may reduce the rank of Λ further. For example, there is a radial system shown as Fig.4.3. 

For this network with a radial lines, the rank of lambda matrix is 0. That is to say, all these branch 

reactances are arbitrary. This is not surprising since no current division takes place. Therefore, in 

order to get reasonable reactances for a system like this, three additional constraints are needed. 
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Fig.4.3 radial lines sample system  

Assuming the more specific case where all radial lines are removed from the network,  

(4.34) becomes:  

    













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

0

ΛΛΛx ij

ji
TT

P

*
1

**/1  (4.36) 

where 









Λ

N
Λ

m*  , in which Nm is a 1-by-L matrix with the branch i-j
th
 element 1 and all the other 

elements 0. 

Since (4.36) is an over-determined problem, the reactance evaluation process is an error 

minimization process whose solution is straight forward. 

4.5 Numerical example 

In this section, the proposed optimal dc network is demonstrated on a 7-bus system and the 

IEEE 118-bus system. For the 7-bus system, the PF results from the normally loaded condition and 

the heavily loaded condition are compared to the original ac PF results. For the IEEE 118-bus 

system, the PF results for the normally loaded condition and the OPF results are compared to the 

original ac model.  

In this section, once the dc-model reactances are found, the dc PF model with net loss dispersal 

(dc model with single multiplier) is used as a reference model. 

4.5.1 7-bus system under normal loaded condition 
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This sample 7-bus test system is obtained from PowerWord, which is shown in Fig.4.4. 

 
Fig.4.4 7-bus test system under normally loaded condition 

The system parameters are shown in Table 4.1. 

Table 4.1 7-bus system parameters and ac solutions under normally loaded condition 

From Number To Number R X B MW From MW To 

1 3 0.02 0.24 0 22.25493 -22.1252 

1 2 0.06 0.15 0 -62.255 66.05361 

2 6 0.005 0.06 0 -153.524 154.8468 

2 5 0.01 0.12 0 20.1065 -19.8296 

2 4 0.015 0.18 0 73.09677 -71.9798 

2 3 0 0.18 0 74.26676 -74.2668 

3 4 0.015 0.03 0 -33.6081 33.81943 

4 5 0.02 0.24 0 -41.8396 42.26073 

6 7 0.25 0.25 0 -35.5015 41.76386 

6 7 0 0.25 0 -69.3453 69.34535 

7 5 0.006 0.15 0 184.6926 -182.431 
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In terms of the method described in section 4.2.2, the ac PTDFs at the sending end and receiving 

end are calculated as follows: 

  The ac PTDF matrix at the sending end: 

branch\bus 1 2 3 4 5 6 

1-3 0.3492 0.0169 -0.1473 -0.1102 -0.0153 0.0125 

1-2 0.6508 -0.0169 0.1473 0.1102 0.0153 -0.0125 

2-6 0.5421 0.5215 0.5059 0.4915 0.3425 -0.3529 

2-5 0.3315 0.3592 0.2458 0.2114 -0.2493 0.2649 

2-4 -0.0637 0.0573 -0.2528 -0.3265 -0.0426 0.0422 

2-3 -0.0998 0.0440 -0.3355 -0.2546 -0.0335 0.0324 

3-4 0.2459 0.0607 0.5188 -0.3636 -0.0486 0.0448 

4-5 0.1876 0.1176 0.2793 0.3144 -0.0905 0.0867 

6-7 0.1602 0.1542 0.1496 0.1453 0.1012 0.1865 

6-7 0.3907 0.3759 0.3646 0.3543 0.2469 0.4548 

 The ac PTDF matrix at the receiving end: 

branch\bus 1 2 3 4 5 6 

1-3 -0.3457 -0.0167 0.1457 0.1090 0.0151 -0.0123 

1-2 -0.7101 0.0181 -0.1634 -0.1218 -0.0171 0.0133 

2-6 -0.5510 -0.5300 -0.5142 -0.4995 -0.3481 0.3586 

2-5 -0.3313 -0.3586 -0.2460 -0.2119 0.2471 -0.2645 

2-4 0.0614 -0.0561 0.2459 0.3176 0.0413 -0.0414 

2-3 0.0998 -0.0440 0.3355 0.2546 0.0335 -0.0324 

3-4 -0.2490 -0.0614 -0.5252 0.3680 0.0492 -0.0453 

4-5 -0.1914 -0.1198 -0.2849 -0.3208 0.0923 -0.0884 

6-7 -0.2305 -0.2217 -0.2151 -0.2090 -0.1456 -0.2683 

6-7 -0.3907 -0.3759 -0.3646 -0.3543 -0.2469 -0.4548 
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Based on the method described in section 4.3 above, the dc equivalent PTDFs are calculated: 

branch\bus 1 2 3 4 5 6 

1-3 0.343692 0.022125 -0.15418 -0.11531 -0.02545 0.015646 

1-2 0.655901 -0.02034 0.150567 0.113116 0.021105 -0.01432 

2-6 0.510483 0.528169 0.486689 0.480116 0.337389 -0.35253 

2-5 0.308724 0.357557 0.236161 0.204872 -0.25033 0.266663 

2-4 -0.06321 0.054748 -0.24213 -0.31842 -0.03839 0.04084 

2-3 -0.0991 0.038721 -0.32596 -0.25096 -0.02308 0.029519 

3-4 0.244067 0.060663 0.519759 -0.36668 -0.04903 0.045322 

4-5 0.180493 0.11566 0.276448 0.314739 -0.08963 0.086584 

6-7 0.151299 0.148344 0.149446 0.144573 0.107865 0.184748 

6-7 0.357518 0.382484 0.332483 0.332579 0.223637 0.463172 

7-5 -0.48824 -0.47455 -0.50982 -0.5177 -0.65918 -0.35428 

Based on the equivalent dc PTDFs shown above, the equivalent reactances of this 7-bus system 

are calculated by using the reactance evaluation algorithm. Then the power flows for both the 

classical and single-multiplier dc PF models are calculated. The results are summarized in Table 

4.2. 

Table 4.2 Power flow and reactance results for optimal dc model and dc model with single 

multiplier under normally loaded case 

 

Optimal dc model Classical dc model 

X(p.u.) PF (MW) X(p.u.) PF(MW) 

1-3 0.159422 20.65183 0.24 20.48 

1-2 0.101437 -62.616 0.15 -61.10 

2-6 0.034342 -151.449 0.06 -160.61 

2-5 0.074751 19.01595 0.12 25.21 

2-4 0.122693 72.40434 0.18 72.67 

2-3 0.130052 74.15471 0.18 78.22 

3-4 0.021504 -35.364 0.03 -33.32 

4-5 0.170232 -43.8344 0.24 -41.90 

6-7 0.343763 -31.0811 0.25 -56.86 

6-7 0.144073 -74.1606 0.25 -56.86 

7-5 0.092899 186.2982 0.15 179.18 

The dc power-flow results of the optimal-reactance dc model with single multiplier and classical 

dc model with single multiplier are compared with ac PF results, respectively. Both models take into 
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account the MW losses. In this section, the maximum branch MW-flow error, for any branch, in 

percentage is calculated as following:  

%100



ac

i

dc

i

ac

i

i
PF

PFPF
Difference  (4. 37) 

 Fig.4.5 shows the power flow errors in percentage of each branch flow in these two models 

using the ac power from the sending bus as the base value. The largest percentage error for the 

classical dc power flow model (branch 9) is about 54%, while the percentage errors of optimal-

reactance dc model for branch 9 is about 11%. It is shown that optimal dc model can provide a more 

accurate power flow distribution (“current division”) than the classical dc model with single 

multiplier.  

 

Fig.4.5 Percentage of power flow errors in 7-bus model 

A summarized comparison of these results shown in Table 4.3. 
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Table 4.3 Comparisons of power flow results for optimal dc model and dc model with single 

multiplier under heavily loaded condition 

 Optimal dc model dc model with single multiplier 

Maximum error (MW) 4.81 21.35 

Average error(MW) 2.01 5.21 

Maximum error (%) 12.45% 60.16% 

Average error (%) 4.09% 11.66% 

4.5.2 7-bus system under heavily loaded condition 

For this heavily loaded case, the topology and the branch parameters of 7-bus system are the 

same as ones calculated under the normally loaded condition. (Note that the optimal reactance for 

the model will change with loading conditions since the magnitude and distribution of the losses 

will change, yielding different sets of ac PTDFs.) The loads at bus 3 and bus 5 are increased and the 

loads at other buses are adjusted correspondingly to get a converged PF solution.  

 

Fig.4.6 7-bus test system under heavily loaded condition 
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The dc power-flow results of the optimal-reactance dc model and dc model with single 

multiplier are compared with ac PF results, respectively. The power flow errors in percentage of 

each branch in these two models are shown in Fig. 4.7. 

 

 

Fig. 4.7 Percentage of power flow errors in 7-bus model 

The summarized comparison of these results are shown in Table 4.4. 

Table 4.4 Comparisons of power flow results for optimal dc model and dc model with single 

multiplier under heavily loaded condition 

 
Optimal dc model 

(heavily loaded case) 

dc model with single 

multiplier 

Maximum error (MW) 4.45 19.25 

Average error(MW) 2.63 7.89 

Maximum error (%) 9.74% 38.1% 

Average error (%) 4.3% 12.9% 

 

4.5.3 118-bus system example 

In this section, the (modified) IEEE 118-bus system under normal loaded condition is used to 

demonstrate the application of this method. The one-line diagram of the IEEE 118-bus system is 
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shown in Appendix A. The dc power-flow results of the optimal-reactance dc model and dc model, 

both with single multiplier are compared with the ac PF results, respectively. The comparison 

results are summarized in Table 4.5.  

Table 4.5 Comparisons of power flow results for optimal dc model and dc model with single 

multiplier under normally loaded condition 

 
Optimal dc model with single 

multiplier 

Classical dc model with single 

multiplier 

Maximum error (MW) 5.09 17.37 

Average error(MW) 0.78 3.12 

Maximum error (%) 21.33% 170.75% 

Average error (%) 2.46% 11.89% 

The power flow errors in percentage of each branch in these two models are shown in Fig.4.8.  

 

Fig.4.8 Percentage of power flow errors in 118-bus model  

In order to further compare the distribution of the power flow errors in percentage, the error 

duration curve is shown in Fig.4.9. The left-handed plot shows all the results and the right-handed 

plot show the error duration curves between 0 and 0.1 for PF comparison.  
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Fig.4.9 Error duration curve for 118-bus system 

As with all the dc models that we discussed in the section 3.4, this optimal dc model is further 

tested by comparing the OPF results with the ac model. As shown in Table 4.6, the optimal-

reactance dc model reveals the congestion patterns that actually occurred using the full ac system. 

The average LMP calculated by optimal-reactance dc model is similar to the average LMP 

calculated using the ac model. 

Table 4.6 OPF results for optimal dc model and ac model 

Model 
Total cost 

($/hr) 

Binding Constraints 

[Branch] 
Average LMP 

($/MWh) 
From bus To bus 

Optimal-reactance dc model 131726.13 
8 9 

39.99 
9 10 

ac model 130060.61 
8 9 

39.56 
9 10 

Classical dc model with single 

multiplier 
131748.45 

8 9 
40.01 

9 10 

4.6 Conclusion 

In this chapter, a hot-start optimal-reactance dc PF model based on ac power transfer 

distribution factors (PTDF) is proposed. Considering the questionable accuracy of the dc PTDFs 
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due to the assumptions involved in the dc PF models, ac PTDF that yields more accurate 

sensitivities of flows to bus injections is used to construct the optimal-reactance dc network. 

The ac PTDFs are calculated based on a specific operating point of the system. Since the ac 

PTDFs include the losses, the ac PTDFs that result from these are not consistent. That is to say, for 

each bus, the net power into each bus may not be zero if the PTDFs are inconsistent.  

In order to make ac PTDFs consistent, losses are modeled by fictitious loads at each bus in the 

equivalent dc model in order to calculate dc PTDFs that are consistent, at least within each shift 

factor. In light of the definition and desired characteristics of PTDFs, the linear least squares state 

estimation process is applied to get PTDFs that are more consistent. Then the reactance evaluation 

process is applied to the equivalent dc PTDFs to get the optimal-reactance full dc network.  

The seven-bus system under different loading conditions and the IEEE 118-bus system are used 

as numerical examples to demonstrate this method.  The metrics used to evaluate this dc model are 

PF and OPF result. Also, the dc model with single multiplier is used as a reference dc model.  

Comparing the simulation results in Table 3.2 and Table 3.5 this optimal-reactance dc model not 

only matches the ac PF solution well, but also preserves the congestion pattern obtain from the OPF 

results of the original ac model.  
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CHAPTER 5 . BUS-AGGREGATION TECHNIQUE 

In thin chapter, the bus-aggregation technique that is used to preserve inter-zonal power 

flows is presented. This network equivalent preserves the main characteristics of the power 

system and will be used in the power market analysis and investment planning studies. 

5.1 Basic idea 

Considering the application of this network equivalent, the generators and loads as well as 

the inter-zonal power flows need to be retained in the equivalent. The process of generating the 

equivalent involves several steps: 

First, the entire system is divided into different zones. The division process is based on the k-

means ++ method by using the dc PTDFs in terms of their similar contributions to the designated 

inter-zonal power flows. Second, each zone is represented by a single bus. Within each zone, all 

the generators and loads are aggregated and retained at the equivalent bus. Also, all the intra-

zonal transmission lines are ignored while the inter-zonal transmission lines are aggregated and 

represented by a single equivalent transmission line in the reduced equivalent. If there is one 

branch (at least) that directly connects the corresponding zones, the buses in the reduced 

equivalent will be connected by equivalent lines. After the topology of the reduced equivalent is 

determined, the reactance evaluation process mentioned in section 0 is used to determine the 

equivalent transmission line reactances that best fit the PTDF matrix of the reduced equivalent 

network. 

5.2 Problem Formulation 

The main objective of this network reduction is to obtain a set of transmission reactances for 

the reduced equivalent model such that its inter-zonal power flows matches the inter-zonal power 
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flows of the original system. In this optimization problem, the minimization of the Euclidean 

norm, denoted as ||∙||, of the difference between the two inter-zonal power flow vectors is used. 

The network reduction problem is formulated as: 

inter zonal inter zonalmin ( )

. . 0, 1,2, ,

R

flow flow R
x

R

i Rs t x i L

 

 

P P
 (5.1) 

In the full system, the inter-zonal power flows are calculated by summing up all the power 

flows on the transmission lines connecting the corresponding two zones using the following 

equation [33]. 

inter zonal

flow flow flow flow inj

  P Π P Π ΦP    (5.2) 

where 

∏flow :  Matrix used to sum up the line flows with the dimension of LR by L  

inter zonal

flow


P : Vector represents the inter-zonal power flows with the dimension of LR by 1 

L: Number of branches in the full network 

LR :  Number of branches in the reduced network 

Since the reduced equivalent is generated based on the assigned zones and the power flow on 

the equivalent transmission lines (the inter-zonal power flows), the inter-zonal power flows can 

be written based on the PTDF definition: 

inter zonal( ) ( )flow R R inj R

 P Φ P  (5.3) 

where 

inter zonal( )flow R


P : Inter-zonal power flow vector in the reduced system with the dimension of 

LR-by-1; 

ΦR: PTDF matrix of the reduced system with the dimension of LR-by-NR; 

(Pinj)R: Bus net injection vector of the reduced system with the dimension of NR-by-1; 
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NR: Number of non-slack buses in the reduced network. 

As we discussed in section 4.2.1, for the full system, the dc PTDF is calculated as 

diag(1/x)C[C
T
diag(1/x)C]

- .
Therefore, this property also holds for the reduced system. Therefore, 

(5.3) can be further written as: 

   

   
Rinj

T

RR

T

RRR

RinjRR

zonaler

flow

diagdiag PCxCCx

PΦP

1

int

)/1()/1(







 (5.4) 

where 

xR: branch reactance vector of the reduced system with the dimension of LR-by-1; 

CR: node-branch incidence matrix of the reduced system with the dimension of LR-by-NR. 

In the reduced system, the injection at each bus is the sum of the injections at the 

corresponding buses within each zone in the full system [33]: 

               (5.5) 

where 

∏g : The sum the bus injections with the dimension of NR-by-N matrix; 

In order to quantify the contribution of each injection to the inter-zonal power flows, each 

inter-zonal power flow is the summation of all these contributions from different bus injections. 

First, the matrix  is constructed based on the following guidelines: 

 It contains only 0’s and 1’s. 

 Element (i,j) at row i column j is 1 if, in the original system, bus i belongs to zone j. 

 Element (i,j) at row i column j is 0 if, in the original system, bus i does not belong to 

zone j. 

Then, the contribution of each injection to the inter-zonal power flows is written as [33]: 

ΓPΦΠΨ )( injflow diag  (5.6) 

where  
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For the full system, summing up each row of  yields the corresponding inter-zonal 

power flow: 
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 (5.7) 

Based on (5.7), the contribution of each injection to the inter-zonal power flows for the 

reduced system are: 

 RinjR Pdiag )(  (5.8) 

Combining (5.6), (5.7) and (5.8) yields 

 )()( injflowinjgR PdiagPdiag  (5.9) 

Therefore, the reduced PTDF matrix ΦR is: 

  1
)()(


 injginjflowR PdiagPdiag  (5.10) 

Then, applying the reactance evaluation process discussed in section 0, the optimal set of 

reactances for this reduced equivalent can be obtained by using (4.34), (4.35) and (4.36). 
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For (5.11), two bus voltage angles from within zone i and zone j are chosen and denote them 

by δi and δj. So, the difference between these two representative bus voltage angles is
jiij   . 

Also, the original ac inter-zonal power flow over equivalent branch i-j is Pi->j. 

5.3 Numerical example 

This part continues the numerical examples demonstrated in section 4.5. 

5.3.1 7-bus system  

 Normally loaded case 

In this part, the 7-bus system is aggregated into a 4-bus system by using k-means++ method 

based on the equivalent dc PTDFs. The bus clustering is shown in Fig. 5.1. 

 

Fig. 5.1 7->4 bus reduced equivalent 
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Based on the bus-aggregation technique described in 5.2, the equivalent reactances and the 

dc PF flow for the 4-bus optimal-reactance dc reduced equivalent and the classical dc reduced 

equivalent, both with single loss multipliers, are calculated. There are two loading situations 

discussed in this section: normally loaded case and heavily loaded case. 

The results are summarized in Table 5.1. 

Table 5.1 7->4 bus reduced equivalents for optimal dc and classical dc model(normally loaded) 

Branch 
Optimal-reactance dc 

reduced equivalent 

Classical dc reduced 

equivalent 
ac 

From_bus To_bus 
Equivalent 

reactance (p.u.) 

Power 

flow 

(MW) 

Equivalent 

reactance (p.u.) 

Power 

flow 

(MW) 

 

Power 

flow(MW) 

1 2 0.3755 -153.58 0.3791 -156.71 -153.84 

1 3 0.1607 58.18 0.1559 66.71 58.55 

2 4 0.7215 -107.38 0.5316 -106.71 -105.53 

3 4 0.7846 -184.16 0.7302 -173.29 -182.38 

The power flow errors in percentage of each branch for both models are compared in Fig. 

5.2. The maximum power flow error in percentage of the optimal-reactance dc reduced 

equivalent is about 2%, while the maximum power flow error of the classical dc is about 15%. 

The power-flow comparison results are summarized in Table 5.2. 

 
Fig. 5.2 Reduced model branch flow errors in percentage 
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Table 5.2 7->4 bus reduced model comparison of power flow errors aggregated results 

 Optimal dc model Classical dc model 

Maximum error (MW) 2.53 9.14 

Average error(MW) 1.08 5.67 

Maximum error (%) 2.41% 14.61% 

Average error(%) 0.85% 5.87% 

 

 Heavily loaded case 

Since the k-means ++ method used for bus clustering is based on the equivalent dc PTDFs 

obtained in section 4.3, the bus aggregation strategy for this heavily loaded case is different 

from the one under the normally loaded case. 

Cluster 1

Cluster 2

Cluster 3
Cluster 4

 
Fig. 5.3 7->4 bus reduced equivalent 
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By applying the bus-aggregation technique described in 5.2, the reduced equivalent for the 

optimal-reactance dc model and the dc model, both with single multiplier are calculated. The 

results are summarized in Table 5.4. 

Table 5.3 7->4 bus reduced equivalents for optimal dc and dc model with single multiplier 

(heavily loaded) 

Branch 

Optimal dc reduced 

equivalent with single 

multiplier 

reduced dc equivalent with 

single multiplier 
ac 

From_bus To_bus 
Equivalent 

reactance (p.u.) 

Power 

flow 

(MW) 

Equivalent 

reactance (p.u.) 

Power 

flow 

(MW) 

 

Power 

flow(MW) 

1 2 0.1350 38.47 0.0903 58.09 38.87 

1 3 0.1307 -219.43 0.0706 -208.09 -218.58 

2 4 0.2823 -182.78 0.1636 -161.91 -181.17 

3 4 0.2870 -61.79 0.1364 -48.09 -61.27 

For this heavily loaded case, the power flow errors in percentage of each branch for both 

models are shown in Table 5.4. The maximum power flow error in percentage of optimal dc 

reduced equivalent is about 1%, while the maximum power flow error of the dc model with 

single multiplier is almost 50%.  

 

Fig. 5.4 Reduced model branch flow errors in percentage 

The detailed power-flow comparison results are summarized in Table 5.7. 

0.00% 

10.00% 

20.00% 

30.00% 

40.00% 

50.00% 

60.00% 

1 2 3 4 

P
e

rc
e

n
ta

ge
 e

rr
o

r 
in

 p
o

w
e

r 
fl

o
w

  

Branch ID 

Reduced Model Branch Flow Errors 

Optimal dc 

Classic dc 



72 

 

Table 5.4 7->4 bus reduced model comparison of power flow errors aggregated results 

 Optimal dc model Classical dc model 

Maximum error (MW) 1.61 19.25 

Average error(MW) 0.84 15.53 

Maximum error (%) 1.03% 49.45% 

Average error (%) 0.79% 21.6% 

 

5.3.2 118-bus system under normally loaded situation 

In this case, the 118-bus system is aggregated into a 20-bus system based on the k-means++ 

method using the equivalent dc PTDFs.  The bus clustering is shown in Appendix B and the 

topology of the reduced equivalent is shown in Fig. 5.5. 
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Fig. 5.5 118->20 reduced equivalent 

Then, the reduced equivalent for the optimal-reactance dc model and the classical dc model, 

both with single multipliers, are calculated and the dc power flow results compared with the ac 

results. The results are summarized in Table 5.5. 
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Table 5.5 118->20 bus reduced model comparison of power flow errors aggregated results 

 
Optimal dc model with single 

multiplier 

Classical dc model with single 

multiplier 

Maximum error (MW) 11.20 45.23 

Average error(MW) 4.16 11.21 

Maximum error (%) 42.55% 226.15% 

Average error (%) 9.58% 23.32% 

As shown in Fig. 5.6, the power flow error in percentage of optimal dc reduced equivalent is 

much lower than the power flow error of the dc model with single multiplier.  

 

Fig. 5.6 Reduced model branch flow errors in percentage for 118-bus system 
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technique to a large-scale system like EI, three improved strategies were proposed for improving 

the execution time, and memory requirements for calculating the equivalent line reactances. 

5.4.1 Sparsity techniques 

Note that Λ* is a very large sparse matrix with the dimension of (LN +1) by L.  Also, there 

are many intermediate matrices constructed in the solution process that are extremely sparse. 

Hence, sparsity techniques can be applied to advantage throughout the entire computation 

process, speeding up the calculation process as well as reducing the storage requirements. 

5.4.2 Redundancy elimination 

By looking into the structure of Λ
*
, there is a significant number of duplicate rows in the Λ

* 

matrix. By adding a weighting matrix into the optimization formulation, these duplicate rows can 

be removed without reducing the rank of the matrix and without reducing the accuracy of the 

calculated reactances. Generally, the number and location of duplicate rows depend on the 

topology of the network. Recognizing that there is a one-to-one correspondence between each 

block of the Λ
*
 matrix and a unique bus number in the reduced network, it became possible to 

use the effective topology pattern in each block to identify the duplicate rows within each block. 

The duplicate rows correspond to those buses whose node valency is equal to 2. By reducing the 

duplicate rows of the Λ
*
 matrix, the computational burden for evaluating branch reactances can 

be greatly reduced. For example, for the 6073-bus ERCOT system, the number of buses with a 

valency of 2 is about 2292. Therefore, about 13 million rows of the Λ
*
 matrix (30%) can be 

eliminated. This method will produce larger gains for the 62,000-bus EI system. The number of 

buses with a valency of 2 is about 22,000. As a result, about 1.2 billion rows of the Λ
*
 matrix 

(27%) can be eliminated from the full Λ
*
 matrix for the EI model. Eliminating the duplicate rows 

and adjusting the weights appropriately has little effect of the accuracy. While this approach 
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yields reactance values that are almost identical to that when no rows are eliminate, the 

computational requirements are still large. This begs an approach that combines accuracy with 

less computational complexity. 

5.4.3 Threshold 

Even though the duplicate rows are eliminated by adjusting the weighting matrix values 

appropriately, the number of rows of Λ
*
 is still quite large. It was found that engineering-based 

criteria could be used to eliminate a large number of rows of Λ
*
 without suffering a significant 

degradation in branch-reactance accuracy. The criteria involved using a threshold on equation 

coefficients. An explanation of this criterion and its applications follows. 

Just as each sub-matrix of Λ
*
 can be associated with a different bus of the reduced network, 

each equation within each sub-matrix can be associated with a different branch within the 

reduced network. From state estimation theory, and with the particular structure of Λ
*
, equations 

within Λ
* 

with the smallest coefficients have the least effect on the ultimate estimation of the 

branch reactances. Equations with the smallest coefficients are those associated with branches 

most distant from the bus associated with the sub-matrix of interest. With this insight, an 

engineering-based criterion for eliminating equations with small coefficients was examined, 

which is using a minimum threshold criterion on equation coefficients on the Λ
*
 matrix for 

equation retention.  

In summary, using threshold values to eliminate a fraction of the redundant equations in the 

over-determined dc-network parameter estimation problem: 

1) Has negligible effect on line flow accuracy; 

2) Yields significant speed advantages; 

3)  Gives gains that grow exponentially with size of reduced equivalent. 
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5.4.4 Numerical example 

In this section, numerical experiments were conducted using the 6073-bus system ERCOT 

system. The objective of this numerical experiment is to compare the time consumption and the 

accuracy of the network equivalent with and without applying the improved strategies. For these 

experiments, the execution times recorded were for an Intel 3.16 GHz, Core 2 Duo processor 

with 4 GB DDR RAM and 6MB L2 Cache.   

1) Execution time comparison 

In this section, different network equivalents with different sizes are generated based on the 

bus-aggregation technique. The execution time for reactance evaluations by using the full Λ* 

with those using the reduced Λ* matrix with equations eliminated is compared for each reactance 

evaluation process. In this case, the threshold is set to be 0.004 for the reactance evaluation 

process. Table 5.6 summarizes the comparison results.  

Obviously, the larger the network equivalent is, the more execution time required for 

calculation the equivalent reactances. Without any improvement strategies, the reactance 

evaluation process for a 500-bus reduced equivalent takes about 4 hours; whereas, it only takes 

50s to finish the reactance evaluation process with the improvement strategies. Considering the 

execution time ranges from 1.85 s to 13466.21 s, the execution time in Table 5.6 is best plotted 

using a logarithmic scales as shown in  

Fig. 5.7. Also, the speeding–up factor describing the gain in terms of the size of the network 

equivalent is calculated as: 

improments with imeexcution t

improments without imeexcution t
 factor  up-speeding   

The speed-up factor for each case is plotted in Fig. 5.8.  
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Table 5.6 Execution time comparisons with/without improvement strategies   

      Equivalent  

         line 

           evaluation 

            comp. 

 

            Size 

Execution Time Gain 

Without improvements 

(Sec) 

With improvements 

(Threshold=0.004) 

(Sec) 

Speeding-up factor 

(sec*) Log10 (sec) Log10 / Log10 

100-bus 1.85 0.267 1.48 0.170 1.25 0.097 

200-bus 8.41 0.925 5.3 0.724 1.586 0.201 

300-bus 28.71 1.458 13.83 1.141 2.0759 0.317 

400-bus 3224.49 3.508 24.73 1.393 130.38 2.115 

500-bus 13466.21 4.129 50.11 1.700 268.73 2.429 

As shown in  

Fig. 5.7 and Fig. 5.8, it is clearly shown that the larger the reduced network, the more gain 

the improvement strategies provides. The difference is pretty obvious when the size of the 

network equivalent reaches 400 buses.  

 
Fig. 5.7  Execution time of equivalent branch evaluation based log algorithm 
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Fig. 5.8  Speed-up factors for equivalent branch evaluation of different equivalent 

2) Accuracy comparison 

The objective of this study is to find a minimum threshold that could meet the accuracy 

requirements and reduce the calculation burden dramatically.  

In this section, the bus aggregation technique was applied to the full 6073-bus ERCOT 

system to produce a topology corresponding to a 100-bus system with 482 branches. For the 

experiments described in this section, redundancy elimination and threshold elimination are also 

studied together. Three comparisons of the equivalent reactances calculated by using the full Λ* 

with those using the reduced Λ* matrix are conducted: Dimension reductions based on different 

thresholds is conducted and acceptability determined using accuracy of the equivalent reactances 

and accuracy of the power flow results. In the following cases, the same constraints are applied 

for each experiment and fourteen thresholds are used in the equivalent branch evaluation process 

after the application of bus-aggregation technique for different network equivalents. 
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 Dimension reduction 

As it is shown in Fig. 5.9, the threshold varies between 0.001 to 0.05. As expected, the 

percentage of the retained rows in the Λ* matrix is decreases monotonically as the increase of 

the threshold value. Even though the threshold is set to be 0.001, 70% of the rows in the Λ* 

matrix has been eliminated, which reduced the number of calculations significantly. When the 

threshold reaches about 0.05, only 9% percent of the rows in the Λ* matrix remains. 

 

Fig. 5.9 Dimension reduction of Λ
*
 for different thresholds 

 Susceptance value comparison 

In this section, the reactances calculated based on the reduced Λ
*
 matrix are compared to the 

reactances based on the full Λ
*
 matrix. As expected, with the increase of the threshold, the errors 

of reactace grow gradually. After the threshold hits 0.01, the errors introduced by the row 

elimination appears to dramatically increase as shown in Fig. 5.10; however at that point the 

increments between thresholds is ten times the previous increments. 
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Fig. 5.10 Susceptance comparisons for different thresholds 

The reactance-magnitude-error-duration curve corresponding to the aforementioned 

thresholds is shown in Fig. 5.11, which is used to demonstrate the percent of time that a specific 

reactance-magnitude error is exceeded. Since the power flow error in percentage for the larger 

threshold (larger than 0.01) is much larger than ones from the smaller threshold, only the results 

from the threshold that is less than 0.01 are shown.  As shown in Fig. 5.11, the errors that exceed 

1% are pretty low. 
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Fig. 5.11 Reactance error duration curve 

 Power flow comparison 

In this part, the branch power flows calculated based on the reduced Λ
*
 matrix are compared 

with the power flows obtained using the reactances calculated from the full Λ
*
 matrix.  

 

Fig. 5.12 Average errors of power flow 
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 The reactance comparison error-duration curve is shown in Fig. 5.13. This plots shows, in 

percent, the number of branch flow that exceed a given error. The maximum error in percentage 

for power flow is about 22%. 

 
Fig. 5.13 Power-flow error duration curve 
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Table 5.7 Suceptance and power-flow comparisons for different thresholds 

Case No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

Thresholds 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 0.02 0.03 0.04 0.05 

No. of retained rows 13660 12026 10965 10235 9683 9226 8844 8503 8217 7954 6204 5370 4786 4349 

No. of retained rows (%) 28.33% 24.94% 22.74% 21.22% 20.08% 19.13% 18.34% 17.63% 17.04% 16.49% 12.86% 11.14% 9.92% 9.02% 

Reactance 

comparison 

Max_error 
(s.p.u.) 

0.01 0.08 0.15 0.19 0.32 0.39 0.46 0.50 0.56 0.83 2.01 3.72 4.38 5.89 

Max_error 

(%) 
0.13 0.50 0.57 0.92 1.41 1.79 2.17 2.54 3.11 6.51 34.96 62.98 74.33 78.13 

Avg_error 
(s.p.u.) 

<1e-3 <1e-2 <1e-2 <1e-2 0.01 0.01 0.01 0.01 0.01 0.02 0.06 0.10 0.13 0.21 

Avg_error 
(%) 

<1e-2 0.02 0.03 0.04 0.07 0.10 0.13 0.15 0.17 0.27 1.37 2.27 3.12 4.10 

Branch 

power flow 

comparison 

Max_error 
(MW) 

0.41 

(0.01%) 

6.18 

(0.04%) 

8.70 

(0.06%) 

5.54 

(0.17%) 

8.81 

(0.27%) 

15.63 

(0.48) 

23.21 

(0.71%) 

26.91 

(0.83%) 

38.73 

(0.29%) 

56.98 

(0.56%) 

685.44 

(5.17%) 

980.84 

(7.4%) 

1232.62 

(9.3%) 

1419.72 

(10.72%) 

Max_error 
(%) 

0.15 0.61 1.15 2.01 3.20 5.58 8.24 9.52 11.80 20.26 104.12 165.09 198.76 212.50 

Avg_error 
(MW) 

0.02 0.18 0.29 0.30 0.52 0.65 1.00 1.53 2.06 2.20 24.88 37.46 47.19 52.75 

Avg_error 
(%) 

0.0073 0.03 0.06 0.09 0.15 0.24 0.36 0.45 0.57 0.81 5.96 9.11 11.52 12.80 
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5.5 Conclusion 

The main objective of the bus-aggregation technique is to obtain a set of optimal 

transmission reactances for the reduced equivalent model such that its inter-zonal power flows 

matches the inter-zonal power flows of the original system. 

The algorithm for calculating the reduced equivalent is derived step by step. The buses are 

aggregated on a zonal basis by k-means++ method. Each zone is represented by a single bus. 

Within each zone, all the generators and loads are aggregated and retained at the equivalent bus. 

Also, all the intra-zonal transmission lines are ignored while the inter-zonal transmission lines 

are aggregated and represented by a single equivalent transmission line in the reduced equivalent. 

Zones are connected by equivalent lines if and only if there is at least one transmission lines 

branch directly connecting these two zones. After the topology of the reduced equivalent is 

determined, the reactance evaluation algorithm is applied to determine the equivalent 

transmission line reactances that best fit the PTDF matrix of the reduced equivalent network. 

In this chapter, the bus aggregation method is applied to the optimal-reactance dc model 

proposed in CHAPTER 4 . The numerical examples are continued with two systems: the 7-bus 

system under the normally and heavily loaded case and the modified IEEE118-bus system under 

the normally loaded case. In the reduced equivalent comparison, the optimal dc model performs 

much better than the dc model with the single multiplier. However, the MW errors of the optimal 

20-bus reduced dc model are larger than acceptable. There are two likely causes: First, since the 

k-means ++ bus clustering method is a critical step to achieve the accuracy of the reduced model, 

the different selection of the k-means++ starting vector (seed) may result in very different bus 
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clusters, some of which will be better than others. Second, and more likely is that one cannot 

represent this 118-bus system accurately with a 20 bus model.  

In order to apply the bus-aggregation technique to the large-scale system like the EI or 

ERCOT, three improved strategies were proposed for improving the execution time, and memory 

requirements for calculating the equivalent line reactances. 

First, sparsity techniques were applied though the entire computation process.  

Second, a significant number of duplicate rows in the Λ* matrix were eliminated by adding a 

weighting matrix into the optimization formulation. These duplicate rows were removed without 

reducing the rank of the matrix and without reducing the accuracy of the calculated reactances. 

Third, an engineering-based criteria was used to eliminate a large number of rows of Λ* 

without suffering a significant degradation in branch-reactance accuracy. The criterion involved 

using a threshold on equation coefficients.  

From the numerical examples conducted on the ERCOT system, it is clearly shown that 

using speed-up improvement strategies has negligible effect on line flow accuracy if appropriate 

thresholds are used. Further, even very low thresholds yield significant speed advantages and 

gives gains that grow exponentially with size of reduced equivalent. The larger the reduced 

network required, the larger the gain provided by the improvement strategies.  
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CHAPTER 6 . CONCLUSION AND FUTURE WORK 

6.1 Conclusion 

In this thesis, several dc power-flow models are analyzed theoretically and evaluated 

numerically; a novel dc PF model is developed, implemented and tested; the possibility of 

applying these dc models in the various applications has been explored and demonstrated. The 

major conclusions are drawn as follows: 

The state-independent dc power-flow model (Classical dc PF model) assumes a lossless 

network, one-per-unit voltage values, and small voltage angle differences. The impact of these 

approximations and how errors accumulate during the deriving process has been analyzed and 

evaluated numerically.  

The state-dependent dc PF models (hot-start dc PF model with net loss dispersal, hot-start dc 

PF model with halved localized loss compensation, hot-start alpha-matching dc PF model and 

cold-start dc PF model with net loss dispersal ) are constructed based on an initial ac solution. 

Based on an ac base-case solution, different loss compensation methods are applied to find 

reasonable MW losses compensation strategies. For the global loss compensation method, by 

scaling up all the loads in the system, the dispersed dc models compensates for the MW losses 

globally. For the localized loss compensation method, by modeling 50% of the branch loss as 

equivalent injections at both sides of the branch, a localized-loss dc model can be constructed. 

For base-point matching, by specifying the branch admittance h and solving the matching values 

αi, αj, the α-matching dc model can be constructed and match the base-case perfectly. These four 

dc PF models were discussed in detail and their performance evaluated numerically. Accuracy 

tests using these three dc models are conducted on two power systems: a modified IEEE 118-bus 

system, and the 62,000-bus Eastern Interconnection (EI) system. Errors introduced by these dc 
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power-flow models in the power-flow results and LMP calculations are quantified and compared. 

Also, contingency analysis is performed to evaluate the change in accuracy of these models for 

operating conditions that deviate from the base case. For power-flow result comparison, the 

alpha-matching dc PF model performs the best. However, in the OPF result comparison, the 

alpha-matching model does not reveal the congestion pattern for the IEEE118 system predicted 

by the ac OPF solution. 

A novel hot-start optimal dc power-flow model based on ac power transfer distribution factor 

(PTDF) was proposed. As shown in the numerical examples, this optimal dc model not only 

matches the ac PF solution well, but also preserves the congestion pattern obtain from the OPF 

results of the original ac model.  

 The bus-aggregation technique was applied to obtain a set of optimal branch reactances for 

the reduced equivalent model such that its inter-zonal dc power flows match the inter-zonal ac 

power flows of the original system. The buses were aggregated on a zonal basis using the k-

means++ method. Each zone was represented by a single bus. Within each zone, all the 

generators and loads were aggregated and retained at the equivalent bus. Also, all the intra-zonal 

transmission lines were ignored while the inter-zonal transmission lines were aggregated and 

represented by a single equivalent transmission line in the reduced equivalent. Zones were 

connected by equivalent lines if and only if there was at least one branch connecting these two 

zones. After the topology of the reduced equivalent was determined, the reactance evaluation 

algorithm was applied to determine the equivalent transmission line reactances that best fit the 

PTDF matrix of the reduced equivalent network.  

The three improved strategies were proposed for applying the bus-aggregation technique to 

the large-scale system like EI or ERCOT to improve the execution time, and memory 
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requirements when calculating the equivalent line reactances. As shown in numerical example, 

the speed-up improvement strategies have negligible effect on line flow accuracy if appropriate 

thresholds are used. Further, even very low thresholds yield significant speed advantages and 

gives gains that grow exponentially with size of reduced equivalent. The larger the reduced 

network required, the larger the gain provided by the improvement strategies.  

6.2 Future work 

To further improve the adaptability of the proposed dc model, the following work is 

suggested for the future: 

 For the Ψ matrix used in the linear least squares process to evaluate the equivalent dc 

PTDFs, it is shown that the calculation towards this matrix is computationally expensive but also 

requires a large amount of memory. Other than the application of sparsity techniques, the 

dimension of the Ψ matrix can be further reduced by including less ac PTDFs into the evaluation 

process and adding additional constraints to take into account the consistency of the PTDFs. This 

strategy must take into account on the network topology in addition to branch reactance 

magnitudes. The selection of the constraints and the reduction of the ac PTDFs are very critical 

to the accuracy of the equivalent dc PTDFs. 

 For the bus aggregation technique, there are no line limits on the inter-zonal equivalent 

branches. If this approach is to be used to generate networks for OPF studies, methods that 

impose reasonable line limit on those equivalent transmission lines need to be developed. 

 Since bus clustering is a critical step in achieving accuracy with a bus aggregation 

approach, bus clustering by using different PTDFs calculated based on different dc PF models 

can be compared. 
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 A comparison of the performance for all these dc models after using the bus aggregation 

technique.  
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APPENDIX A 

ONE LINE DIAGRAM FOR IEEE 118-BUS SYSTEM 
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APPENDIX B 

BUS CLUSTERING FOR 118->20 BUS REDUCED EQUIVALENT 
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